DISCRETE AND CONTINUOUS Website: http://aimSciences.org
DYNAMICAL SYSTEMS
Volume 21, Number 4, August 2008 pp. 1185-1198

LONG-TIME BEHAVIOUR OF WAVE EQUATIONS WITH
NONLINEAR INTERIOR DAMPING

A. KH. KHANMAMEDOV

Department of Mathematics, Faculty of Science
Hacettepe University, Beytepe 06532, Ankara, Turkey

ABSTRACT. We prove the existence of attractors for higher dimensional wave
equations with nonlinear interior damping which grows faster than polynomials
at infinity.

1. Introduction. The main purpose of the paper is to investigate the long-time
behaviour of the following wave equation:

ure — Au+ glug) + f(u) =0 in (0, +00)x0Q (1.1)
with boundary condition
u=0 on (0, +o00)x 0N (1.2)

and with initial data condition
U(O, ) = U , ut(07 ) = Ui in Q, (13)

where 2 C R" is a bounded domain with a sufficiently smooth boundary.

The problem of the existence of attractors for autonomous wave equations with
linear interior damping was investigated in [1], [2], [5], [9], [12], [17] and references
therein. In [3], [6], [15] the existence of attractors for wave equations with nonlinear
interior damping was established assuming a large value for the damping. In [13]
attractors were studied without assuming large value for the damping in the two-
dimensional case. For the three-dimensional case the large damping restriction has
been removed in [16] and later the result of [16] is improved in [10].

In all articles mentioned above attractors were studied under a polynomial growth
condition at infinity on the damping term. In [7] the attractors were investigated
for one-dimensional wave equations without upper restriction on the growth of
the damping term, where the embedding H(Q) C C(f2) available in the one-
dimensional case is critically used.

In this paper, we study the existence of attractors for higher dimensional wave
equations with nonlinear interior damping which grows faster than polynomials at
infinity. The paper organized as follows: In the next section we state our main result,
in Section 3 we establish the asymptotic compactness property of solutions of (1.1)-
(1.3), and finally in Section 4 we prove the existence of a global (H, H)s —attractor
for the problem (1.1)-(1.3).
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2. Statement of the main result. We begin with the assumptions on the func-
tions f and g.

Assumption 2.1.

e g€ CY(R), g(0) =0, gisodd function and ¢'(-) > a > 0, (2.1)
19'(s)| < c(1+g%(s)), FsER, (2.2)
e timinf2) S 1 for some k> 1, (2.3)
[sl—o0 g(s)
lg(s =) < Blg(s) —g(t)|, ¥ s,te R, forsome >0, (2.4)
e f€CYR), | f(s)<c hmlnfM > =\, (2.5)

|s|—o0 S

where \is the first eigenvalue of —A with zero Dirichlet data.

Remark 2.1. The class of functions which satisfy conditions (2.1)-(2.4) is quite
large. It is easy to see that if a function satisfying (2.1)-(2.2) also has non-decreasing
derivative on R, then it satisfies (2.3) and (2.4). For example, g;(s) = |s|’s + s

S __ . >
(pZO) and 92(5): € 1; lfS_O

et 41, ifs<o M€ such functions.

Applying Galerkin’s method one can prove the following existence theorem.

Theorem 2.1. Assume that Assumption 2.1 holds and
up € H*(Q) NH(Q),  w € HY(Q)NCOW).
Then for every T > 0 there exists a unique strong solution u(t,x) of problem

(1.1)-11.9) on [0.T] x Q. that is u & W20, T+ L2()) 0 (0. T+ HI()) 1
L>(0,T; H?(2) N Hg (Q)) and

uge — Au+g(ug) + f(u) =0,  a.e. on [0,T] x .

Remark 2.2. In the case when g and f satisfy certain polynomial growth conditions
Theorem 2.1 was proved in [8] for initial data (ug,u1) such that ug € H?(Q)NH(Q),
uy € HE(Q) and g(uy) € L?(Q). In [4], the existence of strong solutions of wave
equations with nonlinear damping satisfying some polynomial growth conditions
was studied for a larger class of initial data.

Let us define a generalized solution:
Definition 2.1. A function u € C([0, T]; Hi(2)) N CL([0, T]; L*(£2)) possessing
the properties u(0, -) = ug and u.(0, -) = w; is said to be generalized (weak) solution
to problem (1.1)-(1.3) on [0, T] x €, iff there exists a sequence of strong solutions
{u™(t, )} to problem (1.1)-(1.3) with initial data (uf, u}) instead of (ug, u1) such
that
lim (HU = u"leqo,ry; o) + 1w — vl o, L?(Q))) =0.

n—oo

Using density argument and Theorem 2.1 we have the following theorem.

Theorem 2.2. Assume that Assumption 2.1 holds and (ug,u1) € H := H}(Q) x
L3(Q). Then for every T > 0 the problem (1.1)-(1.8) has a unique generalized
solution on [0,T] x Q, which satisfies

E(u // u(s,x)) utsxdxds—i—/F (t,z))

T Q
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< E(u(r),u(r)) + /F(U(T, x))dz, 0<7<t<T. (2.6)
Q
Moreover if v(t,x) is a generalized solution to (1.1)-(1.8) on [0,T] x Q with initial
data (vo,v1) and max {||(uo, u1)|4 || (vo,v1)ll,} < R, then there exists C = C(R) >
0 such that

E(u(t) —v(t),us(t) — v (t)) < CE(ug — vo,us —v1), ¥ te0,T],
where F(u) = [ f(v)dv, E(u,v) =% (||Vu||2 + ||’UH2) and ||| is a norm in L*(12).
0
Thus under Assumption 2.1, problem (1.1)-(1.3) generates a continuous semi-
group {S(t)}+>0 in H by the formula S(¢)(ug, u1) = (u(t), u(t)), where u(t, x) is a
generalized solution with initial data (ug,uy).
Now let us introduce the following family of sets:

B = {B: B is a bounded subset of H and for any £ > 0, there exists

m =m(e, B) > 0 such that sup \Vu(z)]?dz < e
u,v)eB
() {z:zeQ, Ju(x)|>m}
Definition 2.2. We say that a set A € B is a global (H,H)xs—attractor for the
semigroup {S(t)},~ iff
e A is compact in H ;
e A is invariant, i.e. S(t)A= A, ¥t > 0;
o tlim sup irelJf4 |S(t)v —ull,, =0 for each B € B.
B U

— 00 vE

Our main result is:

Theorem 2.3. Under Assumption 2.1 the semigroup {S(t)}i>0 generated by the
problem (1.1)-(1.3) possesses a global (H,H)s — attractor.

Remark 2.3. By the definition we see that the projection of an element of B
on Hi(9) is a bounded set which has a “compactness” (or regularity) property in
some sense. We will use this property to prove asymptotic compactness (see proof
of Lemma 3.2).

Remark 2.4. By the definition it follows that a global (H, H)g —attractor is max-
imal as invariant set belonging to 5 and minimal as closed attractor attracting
every element of %B. Since every bounded subset of (HE(Q) N L*°(Q)) x L?()
and W 2(Q) x L?(2) belongs to B, a global (H,H)y —attractor attracts each
bounded subset of (H}(Q)NL>(2)) x L?(Q) and W 2+¢(Q) x L2(£2) in the topology
of H, where € > 0.

3. Asymptotic compactness. Let u(t,z) be a strong solution of (1.1)-(1.3) with

initial data (ug, u1). We use decomposition used in [5], [6] and [3]. So we decompose
u(t,z) as a sum w(t, )+ v(t,x), where

w — Aw + g(we) + f(u) =0 in (0, +00)x0Q

w=20 on (0, +o00) x 0N (3.1)

w(0,-) =0, w(0,-) =0 in Q
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and
v — Av 4 g(vg +wy) — g(wy) =0 in (0, +00)x8
v=20 on (0, +o00)x 0N (3.2)
v(0,-) = uo , v:(0,-) = wy in

Lemma 3.1. Let Assumption 2.1 holds. Then for every (ug, u1) € H, there
exists a unique strong solution w € W2°°(0,00; L2(Q2)) N W(0, 00; HY(Q)) N
L°(0,00; H2(Q2) N HE () of (3.1) such that

[Aw(@) || + IVwe ()] + [[wie ()] < e[l (wo, ur)lly), ¥ 20, (3-3)
where ¢(+) : Ry — Ry is a nondecreasing function.

Proof. Since uniqueness of the strong solution is trivial, we will prove the existence
of a solution which satisfies (3.3). Let {¢;};-, be eigenfunctions of —A in Hj(Q),
ie.
“Aei =g G

[Vers |Q: 07
Since © C R™ is a bounded domain with sufficiently smooth boundary, by standard
elliptic theory we have ; € C=(Q), i = 1,2,... . Set w™(t) = 371, am;(t)p; and
consider the following system of ordinary differential equations:

2
4 0" (0,) + (U@, T) + (G ). )
Ff®).e) =0, j=Tm (3.4)

with initial conditions
am;(0) =0, a;nj(O) =0, j=1m (3.5)
where (w,¢) = [w(z)p(z)dzr and u(t,z) is the generalized solution of (1.1)-(1.3)
Q

with initial data (uo, u1). Existence theory of ordinary differential equations implies
that there exists a solution of (3.4)-(3.5) on [0, T},,). Multiplying both sides of (3.4)
by 2X; 4 a,,;(t), summing from 1 to m and integrating over [0, ] C [0, 7},) we obtain

t
IVu (0)]? + | Aw™ @) + 2 / / g (W] (5, 2)) |V (s, )| deds
0 Q

Lt
:—221//f’(u(s,x))umj(s,x)wf;j (s, x)dxds,
=1 "q

which together with (2.1), (2.5) and (2.6) yields
IV @11 + |aw™ @) < er(ll(wo, w)ls) T, 0<t < T
Hence w™(t,-) can be extended to an interval [0, T] and

IV @I + [|aw™ @)1 < er(ll(wo, w)ll)T, 0<t<T. (3.6)
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Differentiating both sides of (3.4), multiplying by 2 dt2 @m;j(t), summing from 1 to
m and integrating over [0, ] we obtain

t
Hwﬁ@m2+HVw?GWQ+2//Q%w?@¢wﬂw$@¢wfdﬂb
0 Q

:Hwﬁmm2—2//f%M&wa@ﬂW%H&xﬂﬂb
0 Q

which again together with (2.1), (2.5) and (2.6) yields
lf 017 + Ve (O < ealll(uo, wrlly), ¥t =0, (3.7)

On the other hand multiplying both sides of (3.4) by 4 a,;(t), summing from 1 to
m and integrating over [0,7] we find

T
//mw@mMW@wmws@wmemw

0 Q
and consequently

T

[ [ MGatui (s, a)dads < ealltua. w) ). (3.8)
00
where N (z f g (y)dy. Taking into account (3.6), (3.7) and applying [11, The-
orem 14.4, p. 131] (3.8) we can say that there exists a subsequence {my} such

that

w™ — w weakly star in L> (0, T; H*(Q) N H (Q))
w;"™ — w;  weakly star in L°°(O T; H} (Q))
wi* — Wy weakly star in  L°°(0,T; L?(2)) (3.9)
T

}fg(w;n’“)d)d:cds — ffg(wt)1/)dzds, Fape L>((0,T) xQ)
0Q 0Q

Now passing to limit in (3.4) we obtain
(wie (1), 05) + (Aw(t), ;) + (g(wi(t)), #5)
+ (f(u(t), ;) =0, ae on[0,T], j=1,2..

from  which we find that g(w) € L>(0,T;L*(2)) and
w € W2%°(0,T; La(2)) N WHoo(0,T; HA () N L>°(0,T; H*(Q2) N H()) satisfies
(3.1); a.e. on [0,T] x Q.

Now let us prove inequality (3.3). Passing to limit in (3.7) we have

lwet )1 + IV (I < ea(ll(wo, w)lly),  for aa. ¢ > 0. (3.10)
Denoting 2™ (t) = w™ (t + At) — w™(t), from (3.4) we obtain

(217 (1), 05) + (V2" (1), Vi) + (g(wi® (£ + At)) — g(wi" (), #;)
+ (f(ult+ At) = f(u(t),p;) =0, j=TLm (3.11)
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Multiplying both sides of (3.11) by % ( ap;(t + At) — an;(t)), summing from 1 to
m and integrating over [0, 7] we find

[ [taturr e+ a0) - gl @) ¢ + a6) - v (1) dod

0 Q

T
<U(|lz" )1 + IV="(0)]” + / lu(t + At) —u(t)|* dt)
0

which together with (2.1), (2.5), (2.6) and (3.7) yields

T
g{ﬁ//@WWﬁ+Am—mw“@»wwa+Aw—@w@mm“;
0 Q

<ea(||(uo, ua)lly),  for At >0,

where [ > 0 and ¢4(+) : R+ — R4 is a nondecreasing function. Taking into account
(3.9) and applying Fatou’s lemma from last inequality we obtain

T
o | [ otunte-+ 80) = glann) ante-+ 20) - wi(t) e
0 Q

<es(|[(uo, ur)lly),  for At >0,

and consequently

T
//ﬂmmwnwﬁwwmms@mwmmmm,%Tzu (3.12)
0 Q

Now differentiating (3.1); with respect to t we obtain

%wtt — Awt + Eg(wt) + f/(u)ut =0. (313)
By (2.2) and (3.12) we find Zg(w;) = ¢'(w)wy € L*((0,T) x ), which to-
gether with g(w;) € L%(0,T;L*(Q)) yields g(w;) € C(0,T;LY(Q)). Applying
[14, Lemma 8.1, p.275] we have g(w;) € Cs(0,T;L*(2)). On the other hand
since Aw; € L>®(0,T; H-Y(Q)) and f'(u)uy € L*®(0,T;L*(Q)) from (3.13) we
find Zwye € L'(0,T; L*(Q2) + H~1(€2)), which together with wy; € L>(0,T; L*(12))
yields wy; € C(0,T; LY(Q) + H~1(2)). Applying again [14, Lemma 8.1, p.275] we
have wy; € Cs(0,T; L3(Q)).
Denote

S
S
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Since gy, (w;) € L>(0,T; L>°(Q) N H(2)) by (3.13) have

t

/ <§twtf< >vgn<wt<s>>>d8+ / (Vi (s), Vg (wi(5))) ds

0
t 5 t

+/<5 (we(8)), gn(we (s > +/ w)ut, gn(wt)) ds = 0. (3.14)
0 0

Let us estimate each integral in (3.14):

/ 8wtt( )s gn(wi(s)) ) ds = (w(t), gn(wi(t))) — / wtt(S)vggn(wt(S)) ds
4 <8t > / < ot

0
t

— {wre(£), gn (we(£))) — / / gt (wi(5, 7)) [wee (5, 2) | deds

0 {z:2€Q, |wi(s,x)|<n}

 Nwa®)] 9w (6)] - / / o (wi(s,2)) (s, 2)|? deds. (3.15)
0 Q

(Vwi(s), Vgn(we(s))) ds

/ g (wy(s,2)) [Vwy (s, z)|* deds > 0. (3.16)

{z:2eQ, |we(s,x)[<n}

I
/Z

t

/: { S99, 1e(5) ) ds = w0 gm w1 (1)

-/ <gn (). (n(9)  ds = alwn(0), 9 we(8) = 3 ()]
0

)—‘

25 llgn(we(t NI (3.17)

Using (2.5) and Young inequality (see [11]) we have

t t

[t @ guw)ds =~ [ [ 1uats,0)] gnue(s, )| deds

0 0 Q

> — c]/ |ue (s, )| |g(we(s, z))| deds > —c]/g(ut(s,:E))ut(s,x)dxds

0 Q 0 Q

- c]/g(wt(s,:E))wt(s,:t)d:vds. (3.18)
0Q
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Taking into account (3.15)-(3.18) in (3.14) we find

3 190 r )1 < o O lgCur el + [ [ ws(5.2)) s (5. 2) dds

0 Q

+c ]/g(ut(s,;v))ut(s,x)dfcds + ]/g(wt(s,x))wt(s,x)dxds

00 00
which together with (2.6), (3.10) and (3.12) implies

¢
lowe®)] < es(lan, wn)le) + [ [gtuwils.)unls,e)dads, t20, (@19
00
where ¢5(+) : Ry — Ry is a nondecreasing function.

Denote by K(t) a solution operator of (3.1), i.e. (w(t),w:(t)) = K(t)(uo,u1).
Let (o) € (HA() 1 HYE) x (H}(©) N CQ0). () m(t)) = S(0)(uo.mm)
(w(t),wi(t)) = K(t)(uo,u1) and v(t,) = u(t,) — w(t,). As shown above w €
W22 (0, T; L2(2)) N Who2 (0, T; HE (Q)) 0 L>(0, T; H2(2) N HY(S2)). Then by The-
orem 1.1, v € W2 (0, T; L2(Q)) N W (0, T3 HL(Q)) 1 L=(0, T: HX(Q) N HL(Q))
satisfies (3.2); a.e. on (0,T) x Q for every T > 0. Multiplying (3.2); by v, inte-
grating over (s,t) x © and taking into account (2.4) we obtain

. t
E(v(t), v (t)) + B//g(vt(s,x))vt(s,x)dxds < E(v(s),ve(s)), ¥t>s>0,

s Q

(3.20)
and using Young inequality (see [11])

//g(wt(s,x))wt(s,x)da:ds

0 Q
Sﬂ//(g(ut(svx)) = g(ve(s, @) (ue(s, x) — vi(s, x))dxds

0 Q
<30 //g(ut(s,x))ut(s,x)da:ds—i—//g(vt(s,x))vt(s,x)da:ds
0 Q 0 Q

SCG(H(U(), ul)HH), ¥t>0. (321)

where ¢6(-) : R4+ — Ry is a nondecreasing function. Using density argument it is
easy to see that (3.21) also holds for every (ug,u1) € H}(Q) x L?(Q).
By (3.19) and (3.21) we have
lg(we @) < ez([[(uo, wr)lly), 20,

where ¢7(+) : R+ — R4 is a nondecreasing function. Taking into account the last
inequality together with (2.6) and (3.10) in equation (3.1); we obtain (3.3). O
Lemma 3.2. Assume that Assumption 2.1 holds and B € 8. Then for any e > 0
there exist 6 = 0(g) > 0 and Ty = To(e, B) > 0 such that

IS(T) — K(T)6)l,, <&, ¥T>Ty, and ¥ 6 e Os(B), (3.22)
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where Os(B) is —neighbourhood of B in H.

Proof. Let 0 = (ug,u1) € (H*(Q) N HYHQ)) x (HHQ) N C(Q)), (u(t),u(t)) =
S(t)(ug,ur) and (w(t),wt(t)) = K(t)(ug, u1). Then as mentioned in proof of Lemma
3.1, the function

v=u—we W>»>(0,T; L*(Q)) N Wh>(0,T; H} () N L>(0,T; H*(Q) N H} (Q))
satisfies (3.2)1 a.e. on (0,7) x  for every T > 0.

ug(z) +m, up(x) < —m
Set Up(x) =< 0, lug(z)| <m

uo(x) — uo(z) >m
Multiplying (3.2); by t+1 (v(t,x) — up(z)) and integrating over (0,7") x © we have

T

T
1 1
017 dt — / Vuo)dt—/ o (O] dt
0

?
C

t+ 1 t+1
0

/g ug(t, x) / (s, x)dsdxdt
Q

(uo(x) — Uo(x))dzdt

£

IN

O\’ﬂ O\’ﬂ
o\)ﬂ

t

1

g(wt(t’x))t—i——l/ (s, x)dsdxdt —
0

—

+

NI oS~ 8 o~——~ 2

g(wt(fax))H—l

o)
2

a0, 2)) = (wo(e) — To(a)) e

o)
2

1
T+1

Now let us estimate first four terms on the right side of (3.23).
Using Young and Jensen inequalities (see [11]) we find

// (w(t, x) t+1/vt(sxdsd:vdt <//N)\gwtt:v )))dadt

0 Q

//M t+1 th ds d:vdtg//N()\g(wt(t,x)))dxdt

0 Q 0 Q

//A t+1) ?/Uf(s’x)ds dzdt < 7/N(A9(wt(t,:v)))d:vdt
0

0 Q

1
+ {ém{M(vt(s,x))dsdxdt7 FA>1, (3.24)

z

where M (z fg )dz and N(z) = [¢~'(z)dz. By (2.1) and (2.3) there exists
0

(vi(T),v(T) — o) + (u1,up — o) - (3.23)

+

=
S
|
<

=N

I(k) > 1 such that
g(kx) > U(k)g(x), ¥z eR,
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and consequently
g(k"x) > (I(k)"g(z), ¥ x€R.

The last inequality together with (2.1) yields that

//N g(we(t, x)))dxdt

T
//9 wy(t, ) (k)" g(we(t, x)))dzdt
00

T

<(l(k) ”k"//g wy (t, 2))wy (t, x)dxdt.
0 Q

Setting A = (I(k))™, by (3.24)-(3.25) we obtain

[ foe

0 Q

< k))"k"//g(wt(t,:v))wt(t,x)dxdt

0 Q
T
In(T +1)
1(k))™ {ég(vt(tvw))vt(f,x)dxdt,

which together with (3.21) implies

J oo

0 Q

< <<Z<k>> Kt

ve(s, x)dsdxdt

/vt(s, x)dsdxdt

In(T + 1)
(1(k))"

By the same way we find

T t
1
//g(ut(t x) t 1/vt (s, z)dsdxdt

0 Q

< (e +

+
0
In(T + 1)
(1(k))"

) colll(wo, @)l KT 20, n=1,2....

) (o, w)lly)s T >0n=1,2,..,

(3.25)

(3.26)

(3.27)
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where cg(+) : Ry — R4 is a nondecreasing function. By definition of @y (z), we have

7 / () (o) = ()] < / / ot )| o
0

1
Sm/ / Tl lg(we(t, x))| dedt
0 {z:zeQ, |we(t,x)|<p}
T
wmf [ letudto) deds

0 {z:zeQ, |we(t,x)|>p}
m 1
<mg(p) In(T + 1)mesQ + F//H-—lg(Wt(t’ x))wy (t, x)dzdt
0 Q

<mg(p) In(T + 1)mesQ + %Cﬁ(”(ﬂo, ur)lly), ¥FT >0, ¥ p>0. (3.28)

Similarly we have

[ sttt wo(w) — o) o

0 Q

<mg(p) In(T + 1)mes§ + %CS(H(UQ, u)lly), FT >0, ¥Fp>0. (3.29)

Taking into account (3.26)-(3.29) in (3.23) we find

T
1

T
5 [ IVe®IPat < S+ 09l + [
0

2
— lo(e) |

t+1
0

nin  IM(T+1) m
+ (0w + B 2 (s, )l + s, w)l)
IR
1 1
+2mg(p) (T + Vmes + = oD () — ol + 5 o ol
+ |lur| [|wo —@oll, F¥T >0, ¥Fp>0, ¥Fm>0, n=1,2,..
which together with (2.1) and (3.20) yields

T

(T + DE@(T), 0,(T)) < /Hl_lE( (), e (1)) dt
0
1 In(T +1) / [Vuo|? dz + 2mg(p) In(T + 1)mesQ
-2

{z:2€Q, |ug(z)|>m}
nn , (T +1) m
+an(lun, wn)lh) (e + D 4 )

+co(||(uo, u1)llyy), ¥ T >0, ¥Fp>0, ¥m>0, n=1,2,...,

where ¢o(+) : Ry — R is a nondecreasing function. Choosing m and n large enough
then p small enough, from the last inequality we obtain (3.22) for large T. O
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Now we can prove the asymptotic compactness property of solutions, which is
included in the following theorem:

Theorem 3.1. Assume Assumption 2.1 holds and B € 9. Then any sequence of the
form {S(tn)0035% 1, tn — 00, O, € O:,(B), €, \\ 0, has a convergent subsequence
n H.

Proof. Since by Lemma 3.1 the sequence {K (t,,)0,,}72; is relatively compact in H,
there exists a subsequence { K (ty,,, )0n,, }oo_; which converges in H. So for any € > 0
there exists Ny = Ni(g), such that

1K (b, )0, = B (b )by < 50 F ok = N0, (3.30)
On the other hand by Lemma 3.2, there exists No = Na(e), such that
1St )00 = K (b, )bl < 50 ¥ = N,

which together with (3.30) gives that

||S(tnm)9nm - S(tnk)enk HH <e Fmk> maX{Nl, NZ}-
In other words {S(tn,,)0n,, }oo_, is a Cauchy sequence in H and consequently con-
verges in H. O

From this theorem immediately the following corollary follows.

Corollary 1. Under Assumption 2.1 for every B € B, the sets w(B) = tQO L;tS(T)B

and B(B) = N N U S(7)0:(B) are nonempty invariant compacts which attract
e>0 t>0r>t
B.

4. Proof of Theorem 2.3. Since 6 € ‘B, for every § € H, by Corollary 3.1 the set

w(l) = tgo L>JtS (7)0 is nonempty invariant compact which attracts a semitrajectory
- T_

beginning from 6. Set

Z={peH, St)p=¢p, ¥t>0}.

It is easy to see that under condition (2.5) the set Z belongs to B.

Let 6 = (uop,u1) € H and (po, 1) € w(6). By the definition of w(f) there exists
a sequence {t,} _, such that ¢, — oo and

S(tn)(uo,u1) — (o, 1) strongly in H. (4.1)

On the other hand by (2.6) the Lyapunov function L(u(t), us(t)) := E(u(t), u:(t)) +
JF(u(t,z))dz is nonincreasing and lower bounded on any semitrajectory
Q

tL>JO(u(t), u¢(t)). So there exists a constant [/, such that

lim L(S(¢)(uo,u1)) =1,

t—oo

which together with (4.1) yields
Lo, 1) =1, ¥ (po, 1) € w(0). (4.2)

Set (p(t), i (t)) = S(t) (o, ¢1). Since (p(t), @1 (t)) € w(0), by (2.1), (2.6) and (4.2)
we have ¢(t) = ¢o, 1 = 0 and consequently (g, p1) € Z. Thus w(f) C Z for every

0eH.
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Now let us show that @(Z) = Qo tQO L>JtS(7')OE(Z) is a global (H, H)xs— attrac-
€ ~UT >

tor. By Corollary 3.1 the set &(Z) is invariant and compact. Hence it is sufficient
to prove that @(Z) attracts every element of B. Assume it is not true. Then there
exist g > 0, B € B, {v,} C B, t,, — oo such that

inf [|S(tn)vn —ul| >0, n=1,2,.... (4.3)
wew(2)

By Theorem 3.1 and Corollary 3.1 for any § > 0 there exists T(6) > 0 such that
S(t)B C Os(w(B)), ¥Ft=>T(9). (4.4)

On the other hand as shown above for any ¢ > 0 and ¢ € w(B) there exists
t(e,¢) > 0 such that

S(t)p € O:(w(p)) C O:(Z), Ft=t,p) (4.5)
By the continuity of S(¢) and (4.5) there exists (t(e, ¢), ¢) > 0 such that
S(t(&‘, @))Oé(t(s,ap),ap) (90) € OS(Z)'
Since w(B) is compact and w(B) C U Os(c,p),0) (@), there exist . > 0 and a

pew(B)
finite number Oy (¢5), t§ (i = 1, k<) such that

ke
05.(@(B)) € B 03 (o)
( =1, ke

S(t5)0s: (#5) € O=(Z), i
Now let &,,, \, 0. Then by the argument above done for every m € N, there exist
S >0, kpy € N, {@7 e C w(B), 6" >0 (i = 1, kyy) and 7 > 0 (i = 1, k) such
that
K,
0s,,(@(B)) € U 05y (&)

L (4.6)
S(t;”)O(;:n (<P;n) € Osm (Z)a 1=1, km

Since t,, — oo, for every m € N there exists n,, € N such that

tn,, = m—+T(0,)+ max t".
1<i<kpm
On the other hand by (4.4) and (4.6) for every wv,, there exists
t7 (im € {1,2,...,km}) such that S(T(6,,) 4t )vn,, € Oc, (Z). So setting 7, =
tn, —T(0m) —t7" and wy, = S(T(6m) + 17" Jvn,, We have 7, — 00 as m — oo and
Wy, C O, (Z) for every m € N. Consequently by Theorem 3.1 and Corollary 3.1
there exists a subsequence {m, } such that

lim inf [[S(7m, )wm, —ul| =0,
V=00 uED(Z)

or

lim  inf )HS(tnm)vnmu —ul| = 0.

v—00 uew(Z

The last equality contradicts (4.3). Thus @(Z) is a global (H, H)s— attractor.
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