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Abstract

This study mentions Hartley-Ross type unbiased ratio estimators of
the finite population mean in the stratified random sampling using the
auxiliary variable. We propose a class of unbiased estimators using the
estimators in Kadilar and Cingi [5],[6]. We derive the variance equa-
tions, up to the first degree of approximation, for all proposed estima-
tors. The proposed estimators have been compared with the mentioned
estimators in theory. Finally, we also demonstrate theoretical findings
by the support of numerical illustrations.
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1. Introduction and Notations

In the simple random sampling, Hartley and Ross [3] first defined the unbiased
ratio estimator. Then, the unbiased ratio estimators in the stratified random
sampling were presented by Pascual [10]. Singh et al. [11] and Kadilar and
Cekim [4] proposed Hartley-Ross type unbiased estimators for the simple random
sampling using various auxiliary information. Recently, Khan and Shabbir [7],
[8] and Khan et al. [9] have also suggested several Hartley-Ross type unbiased
estimators under the ranked set sampling and the stratified ranked set sampling.

A finite population U = (U, Usa, ..., Uy) of size N is assumed that the popu-
lation of N units be divided into L strata with IV}, elements in the h—th stratum
(h = 1,2,...,L). Let nj be the size of the sample drawn by using the Simple
Random Sampling without Replacement from a population of size N;. Suppose
that values yn; and xp; be on the study and auxiliary variables in the stratum

h, respectively, where ¢ = 1,2,...,ny. Let the h—th stratum sample means be
nh MNh

Yy = i > ypi and T = ﬁ > xpi, respectively. Let the stratified mean es-
L i=1 L i=1

L L
timator for y and x be , respectively, 7, = > Wy7, and Ty = >, W,Tp.
h=1 h=1
Here W), = (Np/N) is the known stratum weight. The population means of
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_ _ L _
the study and auxiliary variables are supposed that Y = Y = > W,Y), and
h=1

. L _ _ Ny, o N,
X=Xg4= hzl Wi X5, where Y, = Nih Zl Yy, and X, = N% 21 Xpi, respectively.
= im =

The well-known ratio estimator of the population mean, Y, is given by Cochran
[1] as

(11) Yyc = 7?,
where ¥ = % Later, the bias of this estimator is estimated unbiasedly by Hartley
and Ross [3] as
n(N —1
B =——<(y—7x
(yC) N(n — 1) (y 7’1‘)

and they obtain the unbiased ratio estimator

— n(N-1)

1.2 =T X+ —=<(Y—Tx
(1.2) Yur =T +N(n—1)(y TT),
for the population mean in the simple random sampling.

Kadilar and Cingi [5], [6] define some estimators using the coefficient of kur-
tosis (f2) and the coefficient of variation (C,) of the auxiliary variable under the
stratified random sampling as

— Yet + stt
( ) 1 Yst Tor + stt 3

Ysi& + 6251& (:L')

1.4 t = 75 — )
( ) 2 Yst Tst + ﬂ2st($)

o (YBZ(x))st +Cacst
(1.5) 5 = U @a@)y + Cont

o (YC’w)St + Bast(x)
(1.6) ta = Ya (@Cy); + Bost(z)
and

Tst



where

C:cst = Z thrh7 ﬂQst Z Whﬂ2h

h=1
L
(XBa(2)),, = D WiXnBon(z), (@a(x Zthhﬁ% z),
L
(XCh),, = ZWhXthm (@Cx) Zththh,

and k is a constant that makes the mean squared error (MSE) of ¢5 minimum.
The biases of the estimators, in (1.3)-(1.7), are obtained, to the first degree of
approximation, respectively, as follows:

i w, Sy i =1,2,3,4
J XS’J [; thh< ;Ch yxh)] yJ 3 Ly 9y

and
— 1 [& Y
B(ts) = (k—1)Y + < > Wi <XS ksyzh) :
h=1
such that
YL YRR
52 _ i = Y 2 SQ _ i = y 2
yh N, — 1 Z=Zl<yh h) » Pxh N, —1 le(xh h) ’
Np,
1 — — Ny, —ny,
Sych = i—Y i— X d = —
yah N, —1 ;(yh n)(@n n) and v, Nonn
where
XSl = Yst + Czsta XSQ = Ysi& + 6251&(:17)7
XSS = (YﬁZ(x))st + C:vst and XS4 = (Yca:)st + ﬂ2st($>-

2. Proposed Estimators

We improve Hartley-Ross estimators using the proposed estimators by Kadilar
and Cingi [5], [6] with their unbiased biases, and in this way, we obtain the following
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estimators:

YNewl = Y=
C:vst

YNew2 = Y

(2.2) Yo

L _
Ys
> Wi (X;Q Son — Syxh>‘| ;

h=1
Ynews = 7 st
New3 st (f52 (x))st + Cmst

L
1 v
2. _ 2 st 2
(2.3) Xo [Z Win <X Sth Syxh>‘| ;

h=1 s

7 X4
st (fcw)st + BQst (-T)

L _
1 ]
2.4 - § w2 5t 62 S
( ) XS4 [ h’yh (XS4 xh Sy h 9

h=1

YNews =

_ L _
Yst — 1 2 Yst 2
2.5 ews =k=—X—(k—-1)y, — = E W =55, — ksye ,
(2.5)  YNews Tut ( ) Yst XL—1 hWh(X h Sy h)]

where 7, and s, are unbiased estimators of Y, and Syz, respectively.
To obtain the variance of the suggested estimators, we define

L L
Uy =Y (1+00), T = X(1491), and Y Wiynsyen = Y WSy (1402)

h=1 h=1
such that
E(¥) = E()=E@) =0,
EW) = Voo, E(W]) = Vay, E(93) = Doy,
E(WoY1) = Vii, E(Wo¥2) = Do, and E(9102) = D1,
where

L E|(@n—Xn) @n—Yn)
T el (G ) 7 |
h=1




L T+S+1 g2 . r+s—1 T+S
Z:: Wy (M Z W O i3,

H22h
Dr,s = B 2 (r+9) ’
Yr?s <Z Wh’yhsymh)
h=1
and
L — —
pgn = = 2 W = T (=)' h= 12,00 L.

We express the proposed estimators ynews, ¢ = 1,2, ...,5 with regard to 9J’s as:

Y(1+30) (14 ad) ™"

YNewl =
1
ZWh'}/h( +190)52 S/llzh <1+192)) R
XSl h=1 )
YNew2 = ?(1+190)<1+(5191)_1
1 [& Y (1 + )
_ W2 7052 S oh 1+19 ) ,
o [Z m( Yo Sen = Suan (1+02)
YNew3 = ?<1+190)(1+90191)_1
1 [& Y (1 + )
S 2 ATV g2
Xos [;Wh%( X3 Sih Symh(1+192))]7
Ynews = Y(1+90)(1+wdp) ™
1 [& Y (1 + )
- 2 2\ TY0) @2
X4 L; Wh’Yh( Xsu S Syzh (1+792))] ’
and
YNews = kY (1+90)(1+91)" = (k—1)Y(1+)
L
—= Z h (RS2, (1+ 90) — kSyen (1+92)) |,
X =
where
X X X, XC,
a:XSt,(s:XSt,QO:( ﬂQ(z»St,andw:( ’)st.
Xs1 Xs2 Xss3 Xgy

In this way, we obtain the variance equations of the proposed estimators that
are given in (2.1)-(2.5), respectively, as follows:
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- Ys?,
V(yNewj) = Y AG + XSj [Z Wh Yh ( XS] ymh>‘|
(2.6) X Z W, ( S h gy~ Sythg> ,j=1,2,34
53 =1
and
I 2
V(yNew5) = Y AG + — [Z RSﬂl kSymh)
h=1
L
2R | Y Wiy (RS2, (Ag + k (1 — k) Va,0)
h=1
(2.7) —kSyan (Bo + k(1 — k) V20))],
where
Y
Ag = Voo + 0?Vag — 20V 1, Rf§
and

By =—-0Vi1+ Do1—0D1o+ 02‘/270, 0=a, §, ¢, wand k.

Note that the term of 4} is ignored, because it is equal to approximately zero.
For minimizing the variance, given in (2.7), we obtain the optimum value of k by

A
(2'8) kopt = ﬁ7
where
L L L
A = YWy = Z Wi RS2, Syan + Y Y Wiy W2 R (S2,Syer + S3:Syen))
h=1 h=1t=1
L
R Z W}%’Yh (Rsih (_2‘/1,1 + ‘/2,0) - SythO,l)]
h=1
and
1 [& ’
—2
II = Y Vao+ ? ZW;?’YhSyach
L
+QRZ WiEvnSyen(—D1o — Vi1 + Vap).
h=1

Replacing this optimum value in (2.7), to make the V (ynews) minimum, we get

(29) Vmin (yNewS) =20 - —



where

L
[=Voo |V~ 2R Wins2,
h=1

I 2
Z Wf%'YhSzh‘| :

h=1

R2
IS

3. Efficiency Comparisons

In this section, we compare proposed unbiased estimators given in (2.1)-(2.5),
with the mentioned estimators, given in (1.3)-(1.7). Firstly, comparing the vari-
ance of the proposed estimators in (2.6) with the MSE of the estimators given in
Kadilar and Cingi [5], we have the following inequality

V (Ynew;) < MSE(t;) =Y Ag, where 6 =, 6, ¢, wand j = 1,2, 3,4,

if
JR— L JR—

2Y Y S?

— w2 (“th — SyanB )

XSj }; rYh ij 0 yzhDo

L . 2

1 Y 52 ‘
Sj h=1 Sj

Secondly, comparing the variance of the proposed estimator in (2.7) with the MSE
of the estimators given in Kadilar and Cingi [6], we have

V (ynews) < MSE(ts) =Y~ {k*QC T (k- 1)2} ,

where
C=Voo—2V1 1+ VW2 and 0 =k,
if
v’ [W(J (k1) - Ag}
—2R |:EL: W}?Vh (RSﬁh (Ag + k(1 —k)Vayp)
(3.2) e

—kSyzn (B + k(1 — k) Vay))]

2
W}?’}/h (RSﬁh — kSywh) < 0.
1

1[L
4+
th

Finally, we also compare the minimum variance of the proposed estimator in (2.9)
with the minimum MSE of the estimators given in Kadilar and Cingi [6]. For this
reason, it can be written as

=2 C
min ew M Emin t5) =Y ——
Vinin (YNews) < MSEmin(ts) Crl



if
—2 C A?
. V' — |- =
(8:3) Ct1 { n]<0’
where the optimum value of k* is
1
k="
ot O 41

If the conditions (3.1)-(3.3) are satisfied, the proposed estimators are more efficient
than the mentioned estimators t;, ¢ = 1,2, ..., 5, under the determined conditions.

4. Empirical Study

To show the merits of the proposed estimators among the other estimators,
two data sets previously used by Kadilar and Cingi [5] and Cingi et al. [2] are
considered. First data set consists of 854 districts in Turkey. Summaries of the
Population I are shown in Table 1.

Population I (Source: Institute of Statistics, Republic of Turkey [5]):

Y; the apple production amount in 1999, X; the number of apple trees in 1999.
Stratum: Regions in Turkey (as 1: Marmara; 2: Aegean; 3: Mediterranean; 4:
Central Anatolia; 5: Black Sea; 6: East and Southeast Anatolia).

Table 1. Descriptive Statistics for the Population I

Stratum | 1 2 3 4 5 6

Ny, 106 106 94 171 204 173
np 9 17 38 67 7 2

W 0.12 0.12 0.11 0.20 0.24 0.20
Yy 1536 2212 9384 5588 967 404
X5 24375 27421 72409 74365 26441 9844
Cun 2.02 2.10 2.22 3.84 1.72 1.91
Ban(x) 26.68 34.57 26.14 97.6 27.47 28.11
Syh 6425 11552 29907 28643 2390 946
Seh 49189 57461 160757 285603 45403 18794

Second data set consists of 923 districts in Turkey. Similarly, summaries of the
Population II are shown in Table 2.

Population II (Source: Ministry of Education, Republic of Turkey [2]):

Y'; the number of students in 2007, X; the number of schools in 2007. Stratum:
Regions in Turkey (as 1: Marmara; 2: Aegean; 3: Mediterranean; 4: Central Ana-
tolia; 5: Black Sea; 6: East and Southeast Anatolia).



Table 2. Descriptive Statistics for the Population IT

Stratum | 1 2 3 4 5 6

Ny, 127 117 103 170 205 201

np 31 21 29 38 22 39

Wh 0,14 0,13 0,11 0,18 0,22 0,22

Y, 20804.59 9211.79  14309.30 9478.85  5569.95 12997.59
X, 30.81 30.29 43.19 30.21 29.50 57.54
Cyn 0.85 0.83 1.09 1.01 0.99 0.84
Ban(x) 2.51 2.09 8.42 3.49 4.07 8.2

Sy 30486.75 15180.77 27549.70 18218.93 8497.78 23094.14
Szh 26.05 25.08 47.12 30.4 29.33 48.26

The sample sizes of each stratum are selected with the help of the Neyman allo-
cation method for two data sets. From Table 3, we infer that proposed estimators
have the smaller MSE values than the corresponding estimators in literature, and
therefore, the proposed estimators are more efficient than the estimators existed
in literature for two population data sets I and II.

Table 3. MSE and Variance values of ¢; and ynew; ratio estimators

Population I

Estimators MSE Estimators Var

tq 213983.25 | Ynew1 191806.32
to 214105.63 | Ynew2 191936.66
t3 213976.29 | YNews 191798.91
ta 214023.46 | YNewa 191849.14
ts 208772.05 | YNews 184456.47
Population IT

Estimators MSE Estimators Var

t1 814512.10 | YNew1 806132.37
to 852070.00 | ynew? 844601.86
t3 852070.20 | ynews 799000.85
tyg 806065.00 | ynewa 797453.31
ts 801131.20 | yNews 747600.45

5. Conclusion

In this article, we study on the estimators given by Kadilar and Cingi [5], [6] to
obtain the unbiased estimation of the population mean in the stratified random
sampling. Both the theoretical and empirical results show that the suggested
unbiased estimators have smaller variance values than the compared estimators
under the determined conditions. Moreover, the results in Table 3 clearly indicate
that the suggested estimator of yyews is the best estimator for the data sets used

in Section 4.
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