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Application of finite difference method in determination of static shear stress 
influence on soil liquefaction

The aim of this study is to investigate the effect of static shear stress on the liquefaction 
potential of soil, and to propose a closed-form solution that takes this effect into account. 
Two-dimensional finite-difference-based numerical analyses, involving the use of various 
generic soil and earthquake combinations, were performed. The analyses include slopes 
with nonzero static shear stresses. It is concluded that the effect of the initial static shear 
stress on liquefaction resistance is highly dependent on the soil stiffness and on the initial 
on-site shear stress level, whereas nearly no effect is exerted by earthquake magnitude. 

Key words:

soil liquefaction, static shear stress, finite difference, seismic response, shear stress ratio

Prethodno priopćenje

Berna Unutmaz

Primjena metode konačnih razlika u određivanju utjecaja statičkog posmičnog 
naprezanja na likvefakciju tla

U ovom se radu istražuje utjecaj statičkog posmičnog naprezanja na likvefakcijski potencijal 
tla te se predlaže rješenje u zatvorenom obliku kojim se taj utjecaj uzima u obzir. Provedene 
su dvodimenzionalne numeričke analize temeljene na metodi konačnih razlika pri čemu su 
korištene razne vrste tala i potresnih kombinacija. U analize su uključene kosine sa statičkim 
posmičnim naprezanjima različitim od nule. Zaključeno je da utjecaj početnog statičkog 
posmičnog naprezanja na otpor likvefakciji u velikoj mjeri ovisi o krutosti tla i o veličini 
početnog posmičnog naprezanja na lokaciji, dok je utjecaj potresne magnitude neznatan. 

Ključne riječi:

likvefakcija tla, statičko posmično naprezanje, konačna razlika, seizmički odziv, koeficijent posmičnog naprezanja

Vorherige Mitteilung

Berna Unutmaz
Anwendung der Finite-Differenzen-Methode zur Bestimmung der Auswirkung 
statischer Scherbeanspruchungen auf die Bodenverflüssigung

In dieser Abhandlung wird die Auswirkung der statischen Scherbeanspruchung auf das 
Verflüssigungspotenzial des Bodens untersucht und schlägt die Lösung in geschlossener 
Form vor, mit welcher diese Auswirkung berücksichtigt wird. Es wurden zweidimensionale 
nummerische Analysen durchgeführt, die sich auf der Finite-Differenzen-Methoden 
begründen, wobei unterschiedliche Bodenarten und Erdbebenkombinationen verwendet 
wurden. Mit der Analyse wurden Gefälle mit statischer Scherbeanspruchung von null 
umfasst. Geschlussfolgert wurde, dass die Auswirkung der anfänglichen statischen 
Scherbeanspruchung auf den Verflüssigungswiderstand weitgehend von der 
Bodenfestigkeit und der Größe der anfänglichen Scherbeanspruchung auf den Standort 
abhängt, während die Auswirkung der Erdbebenmagnitude unbedeutend ist. 

Schlüsselwörter:
Bodenverflüssigung, statische Scherbelastung, Finite-Differenzen, seismische Reaktion, Koeffizient der 
statischen Scherbelastung
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1. Introduction 

Soil liquefaction potential is mainly estimated by Seed and 
Idriss’s [1] “simplified procedure”; however, there are several 
other estimation methods that consider excess pore water 
pressure generation [2, 3]. In the simplified procedure, the 
researchers proposed a cyclic resistance ratio factor (CRR) 
to define the resistance of soil to cyclic loadings, and the 
cyclic stress ratio (CSR) as the demand parameter. A detailed 
description of CSR calculation is given in Section 3. In the 
simplified procedure, the two parameters, CSR and CRR, are 
compared to each other. If CSR > CRR, it can be concluded that 
the soil under consideration can liquefy. If CRR is larger, then 
liquefaction is not probable.
To make this comparison easier, charts were proposed in [1]. 
These charts were later on modified by various researchers [26, 
29]. However, the major flaw of this methodology is that CRR 
values and the corresponding resistance charts were developed 
for free-field site conditions only. These free-field sites are 
horizontal (level), and there is no shear stress at these sites 
before seismic excitation. Additionally, this methodology is valid 
for an atmospheric pressure of 1 atm, which is generally not 
the case for inclined surfaces. For example, shear stresses are 
present statically for inclined surfaces (slopes). 
Similarly, structures on level sites also create base shears, 
i.e., initial static shear stress. The effects of this initial (static) 
shear stress on liquefaction potential of the underlying 
soil is discussed in [4-10]. Before these studies, a still-valid 
correction factor (Kα) was proposed in [11], to take the effects 
of these initial (static) shear stresses into account. The CRR 
values for the stress state appearing at the site and the 
reference CRR values (found from “simplified procedure” 
and valid for zero initial static shear stresses) are multiplied 
by the correction factor Kα. In addition to Kα, there is another 
correction factor Ks that corrects the CRR for the vertical 
effective stress. This is beyond the scope of this study but was 
included in the formulation for completeness. The CRR value is 
then calculated by Eq. (1) as defined in [26]:

CRR = CRR1 · Ks · Kα (1)

where
CRR -  cyclic resistance ratio at the current stress state
CRR1 -  cyclic resistance ratio at the current stress state
Ks  -  effective confining stress correction
Kα  -  initial (static) shear stress correction.

The above procedure, which takes the (initial) static shear 
stresses and extra overburden into account in the liquefaction 
potential analysis, has been accepted by many researchers. 
However, there are some variations in the exact numerical 
values of Kα as calculated by various researchers [12-18, 
22-26]. These research studies are discussed in detail in 
the following paragraph. The primary goal of this paper is to 

estimate the numerical value of Kα by making use of simplicity 
of the numerical finite difference analysis. A closed-form 
solution, depending on the basic soil properties of relative 
density (DR) and shear stress ratio (α), is proposed for this 
purpose.

1.1. Literature review

The undrained cycling response of soil is mainly affected by 
the (initial) static shear stresses. As mentioned previously, to 
consider this effect, Seed [11] introduced the Kα correction 
factor, which accounts for these initial static shear stresses for 
inclined ground conditions. Kα was found to be a shear stress 
factor before an earthquake (i.e., initial static shear stress) 
and relative density of soil. This (initial) static shear stress is 
measured in terms of a dimensionless parameter a, which can 
be found by dividing the (initial) static shear stress by vertical 
effective stress, as proposed in [11] and as presented in Eq. 
(2):

 (2)

This dimensionless parameter is the main feature for calculation 
of the initial stress correction factor (Kα), which is also highly 
dependent on relative density. When calculating Kα, the most 
important parameters are the failure criteria, the confining 
stress, and the laboratory test procedure (such as the cyclic 
simple shear and anisotropically consolidated cyclic triaxial 
tests). As mentioned previously, these shear stresses that are 
determined at the site before cyclic loading (i.e., earthquakes) 
also affect sand resistance during cyclic loading. When initial 
static shear stresses exist, the Kα values are higher than unity 
for soils with relative densities higher than 50 % (DR > 50 %). 
This results in an increase in the cyclic resistance ratio (CRR). 
However, for looser sands (DR < 45 %), the situation is just the 
opposite: the CRR values decrease when there is an initial static 
shear stress, i.e., Kα < 1. 
Seed [11] studied dense soils (soils with DR > 50 %) and found 
that the (initial) static shear stresses increase the cyclic 
resistance, thus resulting in a Kα correction factor higher than 
unity. Similarly, studies by [12-18] gave the same results. They 
also concluded that the cyclic resistance ratio of loose, sandy 
soil decreases with the initial static shear stresses, i.e., Kα is less 
than 1.
In a more recent research [19], the authors conducted a 
number of undrained cyclic torsional shear tests using 
Toyoura sand. It was found that static shear stresses may 
have a positive or a negative effect on the liquefaction 
potential of soils, which is also dependent on the failure 
behavior and loading pattern. Similarly, based on undrained 
cyclic triaxial tests conducted at varying levels of initial 
deviator stresses, which enables us to see the combined 
effect of cyclic and static shear stresses on the undrained 
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cyclic response of saturated sands, it is concluded in [20] 
that the relationship between the normalized residual pore 
pressure ratio and the normalized number of loading cycles 
is not affected by the amplitude of cyclic stress, but is 
significantly influenced by static shear stresses. A series of 
undrained cyclic triaxial tests was performed in [21] under 
various initial states on silty sands and it was concluded that 
the a concept can be extended to silty sands. This means that 
the static shear stress can be beneficial or detrimental to the 
liquefaction resistance depending on the initial state of the 
samples and the degree of stress reversal. 
Kα correction factors proposed in [22, 23] are also consistent 
with the previously mentioned studies for a range of relative 
densities, and the researchers verified the results of these 
studies. A practical guideline was proposed by [24] in which 
the effects of the relative density and confining stress as well 
as the relative state parameter index proposed by [25] (xR) are 
used simultaneously. A summary of the recommendations 
by [26] for the Kα correction factor is presented in Figure 1. 
As apparent from this figure, Kα varies between 0.3 and 1.7. 
Similar to the findings of the above mentioned researchers, 
the effect of initial static shear stresses on cyclic resistance 
of soils is positive for dense soils (DR > 50 %) and negative for 
looser sands (DR < 45 %). This results in a Kα correction factor 
value greater than 1 for DR > 50 % and less than 1 for DR < 45 
%. 

Figure 1. Kα correction factors, modified from [24]

2. Numerical simulations

A series of analyses were performed using the finite difference 
commercial software FLAC [27] to assess the effect of the 
initial shear stress on the soil liquefaction potential. The 
analyses were carried out in two dimensions (2D) as this is the 
universally accepted procedure for slope stability analysis. In 
the numerical assessment scheme, a 2D static and dynamics 
analysis of an inclined surface was carried out. To be consistent 
with recommendations of the numerical analysis software, and 
in order to prevent any numerical distortions, the sizes of the 
meshes were adjusted so that they were less than 10 % of the 
wavelength of the highest frequency component of the input 
wave. The boundary conditions were selected as “free field,” 
which enables a reduction in model size and, in turn, a reduction 
in computational effort. A typical mesh used in numerical 
simulations of slope is presented in Figure 2.

Figure 2. Two-dimensional finite difference model

In the numerical analysis, the material was selected as clean 
sand with varying shear wave velocities and, in turn, with 
varying stiffness values. The shear wave velocities of the soils 
ranged from 50 m/s to 400 m/s. The hysteretic degradation 
and damping curves [28] for PI = 0 were used to implement the 
nonlinear behavior of the model. The Mohr–Coulomb failure 
criteria were implemented in the model. The properties related 
to the soils used in the finite difference analyses are listed in 
Table 1. As can be seen in this table, a cohesion value of 5 kPa 
is applied although it is mentioned that the soil is clean sand, 
because of numerical stability.
The relationships from a standard penetration test are used to 
calculate relative densities (DR) through the Vs values. According 
to [30], Vs = 80 × N1/3. After calculating the value of N, it is 

Soil no.
Shear
wave

velocity, Vs [m/s]

Relative density, DR 
[%]

Volumni modul, K 
[kPa]

Shear modulus, G 
[kPa]

Cohesion, c 
[kPa]

Friction angle, φ 
[°]

1 50 8 9750 4500 5 28

2 100 15 39000 18000 5 28

3 150 45 88000 40500 5 29

4 200 60 156000 72000 5 30

5 400 80 624000 288000 5 30

Table 1. Properties of soils used in analysis
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converted to DR using the table proposed in [31]. The shear and 
bulk modules are utilized in the numerical analysis. The shear 
modulus is calculated using the well-known equation G = r × 
Vs

2, where r is the unit mass of the soil. K is calculated using 
elastic relationships—K = E/(3 × (1 - 2ν)) and G = E/(2 + (1 + 
ν))—where E is the elasticity (Young’s) modulus, and ν is the 
Poisson’s ratio. 
Point A in Figure 2 indicates the location where initial (static) 
shear stresses are greater than zero. Point F in the same figure 
represents the level surface response. That is the reason for 
such a skewed mesh, where a larger portion is located on the 
right side of the mesh. An attempt was made to obtain both 
the slope and level surface responses from the same analysis. 
Point F is the location at which there are no initial (static) shear 
stresses, i.e. it is the free-field point. Figure 3 shows shear 
stress values at the end of the static analysis. As seen in this 
figure, the shear stress value at Point F is nearly zero, whereas 
shear stresses are present if we cut the slope from Point A. To 
compare the effects of this initial shear stress on liquefaction 
potential, points on a vertical line below Points A and F are 
considered at every 1 m.

Figure 3. Shear stresses at the end of static analysis

Using the mesh in Figure 2 (10 to 20 m thick, 50 m wide), five 
generic homogeneous soil profiles with different relative 
densities ranging from 8 to 80 % (whose properties are listed in 
Table 1) were shaken by nine different earthquakes, from records:

 - Loma Prieta Earthquake (1989), Mw = 7.0, Bran Station 
(BRN)

 - Kobe Earthquake (1995), Mw = 6.9, Chihaya Station (CHY)
 - Morgan Hill Earthquake (1984), Mw = 6.2, Coyote Lake Dam 

(CYC)
 - Gazli Earthquake (GAZ) (1976), Mw = 7.0
 - Kocaeli Earthquake (1999), Mw = 7.4, Gebze station (GBZ)
 - Imperial Valley Earthquake (1979), Mw = 6.4, Cerro Prieta 

(IMP)
 - Loma Prieta Earthquake (1989), Mw = 7.0, Santa Cruz USCS 

Lick Observatory Station (LP)
 - Kocaeli Earthquake (1999), Mw = 7.4, Sakarya (SKR)
 - Superstition Hills Earthquake (SUP) (1984), Mw = 6.5. 

The details for the input motions used are presented in Table 2. 

3. Evaluation of results

The results of the numerical analyses were evaluated using 
a simplified procedure [1]. As described in Section 1, in the 
simplified procedure, the CSR and CRR values are compared and, 
if CSR is larger than CRR, then the soil is said to be liquefiable. 
The CSR values are calculated by dividing the average shear 
stress by the static effective stress. This is given in Eq. (3) below, 
as proposed in [1]: 

 (3)

In this equation, CSReq(z) is the CSR value at a depth of z, 
amax is the peak ground acceleration, g is the gravitational 
acceleration,  gn is the unit weight of the soil layer, and 
s’ν(z) and rd(z) are the vertical effective stress and mass 
participation factor at depth z, respectively. In this equation, 
gn is multiplied by the depth to find the mass of the soil 
column (also known as the total vertical stress). Further, 
this mass is multiplied by amax  to find the maximum shear 
stress that occurs during the earthquake. The factor 0.65 
is the conversion of this maximum stress to the average 
shear stress. This average shear stress is then divided by the 
effective vertical stress, which is calculated by subtracting 

Earthquake name, year Record station Mw PGA [g] Closest distance [km] Duration [s]

Loma Prieta, 1989 BRN 7.0 0.50 10.3 25

Kobe, 1995 CHY 6.9 0.11 48.7 55

Morgan Hill, 1984 CYC 6.2 0.71 0.1 30

Gazli, 1976 GAZ 6.8 0.61 - 16

Kocaeli, 1999 GBZ 7.4 0.24 17.0 28

Imperial Valley, 1979 IMP 6.4 0.17 26.5 30

Loma Prieta, 1989 LP 7.0 0.36 12.5 15

Kocaeli, 1999 SKR 7.4 0.40 3.1 45

Superstition Hills, 1987 SUP 6.3 0.89 4.3 22

Table 2. Summary of earthquakes used in numerical analyses
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the pore water pressure from the total vertical stress at the 
depth considered. 
The mass participation factor rd(z) was calculated as proposed 
by NCEER [26] for noncritical projects, and details on this are 
given in their study. This factor is proposed to be a function of 
depth only, and it assumes the value of 1 at the surface. Then it 
decreases while going deeper, and assumes the value of 0.504 
at a depth of 30 m. 
The next step is to calculate the CSR value at the free-field state, 
where the effects of the slope (initial shear stresses) can be 
neglected. The CSR value is also calculated using Eq. (3) for the 
free-field point (Point F in Figure 2), where there is no static shear 
stress. These two CSR values are then divided by each other to 
calculate the resulting Kα correction factor, as shown in Eq. (4). 

 (4)

The CSRF and CSRA values are corrected for an overburden 
stress Ks. This correction is made because, although they seem 
to be at the same level, the overburden stresses they encounter 
are different as their depths from the ground surface are not 
the same. 
In the calculation of Kα, the steps below were followed for 
a specific example: Vs = 50 m/s during the 1980 Loma Prieta 
earthquake (BRN). The data are presented in Table 3:

 - After application of strong ground motion data from the base 
of the model:
 - The maximum shear stress and maximum acceleration at 

point F are read (Column 12 in Table 3 right). 
 - The maximum shear stress and maximum acceleration at 

point A are read (Column 3 in Table 3left). 
 - The values of α are calculated by dividing the shear stress 

values by the effective vertical stress at the points considered 
(Columns 7 and 16 in Table 3 for Points A and F, respectively). 

1 2 3 4 5 6 7 8 9 10

De
pt

h 
[m

]

a m
ax

 [g
]

t m
ax

 [k
Pa

]

s 
[k

Pa
]

s’
 [k

Pa
]

CS
R α r d K s

CS
R 

[s
=1

 a
tm

]

0 0.09 --- --- 0 --- --- 1.000 1.0 ---

1 0.03 9 14 6 0.05 1.58 0.994 1.2 1.223

2 0.07 13 27 12 0.10 1.07 0.989 1.2 0.824

2 0.10 13 41 18 0.14 0.73 0.983 1.2 0.562

3 0.10 16 54 24 0.14 0.69 0.977 1.2 0.523

4 0.06 28 68 30 0.08 0.92 0.971 1.2 0.697

5 0.09 20 81 36 0.12 0.55 0.966 1.2 0.411

5 0.13 19 95 42 0.19 0.45 0.960 1.2 0.334

6 0.13 25 108 48 0.18 0.52 0.954 1.2 0.221

7 0.21 33 122 54 0.29 0.61 0.948 1.2 0.339

8 0.27 39 135 60 0.37 0.65 0.943 1.2 0.432

8 0.39 41 149 66 0.53 0.62 0.937 1.1 0.596

9 1.01 37 162 72 1.37 0.51 0.931 1.1 1.505

10 0.28 14 176 78 0.37 0.18 0.914 1.1 0.397

11 0.16 2 189 84 0.21 0.01 0.894 1.0 0.216

11 0.13 2 203 90 0.17 0.00 0.874 1.0 0.174

12 0.14 2 216 96 0.18 0.00 0.854 1.0 0.181

13 0.16 2 230 102 0.20 0.01 0.834 1.0 0.197

14 0.14 2 243 108 0.17 0.00 0.814 1.0 0.162

14 0.15 2 257 114 0.18 0.02 0.794 1.0 0.169

15 0.04 3 270 120 0.05 0.02 0.774 1.0 0.047

11 12 13 14 15 16 17 18 19 20
De

pt
h 

[m
]

a m
ax

 [g
]

t m
ax

 [k
Pa

]

s 
[k

Pa
]

s’
 [k

Pa
]

CS
R α r d K s

CS
R 

[s
 =

 1
 a

tm
]

K α

0 0.22 0 0 0 --- --- 1 1.0 --- 0

1 0.19 1 18 8 0.27 0.02 0.992 1.2 0.329 0.269

2 0.15 3 36 16 0.21 0.00 0.985 1.2 0.251 0.305

2 0.15 4 54 24 0.22 0.00 0.977 1.2 0.261 0.465

3 0.12 5 72 32 0.18 0.01 0.969 1.2 0.210 0.402

4 0.17 4 90 40 0.24 0.02 0.962 1.2 0.288 0.413

5 0.11 4 108 48 0.15 0.03 0.954 1.2 0.181 0.440

5 0.13 5 126 56 0.18 0.03 0.946 1.2 0.206 0.616

6 0.13 5 144 64 0.18 0.04 0.939 1.1 0.205 0.929

7 0.12 4 162 72 0.16 0.04 0.931 1.1 0.175 0.517

8 0.15 4 180 80 0.20 0.04 0.907 1.1 0.212 0.490

8 0.13 4 198 88 0.16 0.04 0.880 1.0 0.168 0.281

9 0.16 4 216 96 0.20 0.04 0.854 1.0 0.204 0.136

10 0.19 5 234 104 0.22 0.04 0.827 1.0 0.222 0.559

11 0.28 5 252 112 0.33 0.04 0.800 1.0 0.318 1.472

11 0.26 4 270 120 0.30 0.03 0.774 1.0 0.282 1.622

12 0.26 4 288 128 0.29 0.00 0.747 0.9 0.268 1.481

13 0.27 4 306 136 0.28 0.00 0.720 0.9 0.262 1.329

14 0.30 4 324 144 0.30 0.00 0.693 0.9 0.270 1.670

14 0.21 3 342 152 0.21 0.00 0.667 0.9 0.186 1.099

15 0.04 2 360 160 0.04 0.00 0.640 0.9 0.036 0.764

Table 3. Case study for Vs = 50 m/s for BRN record at point A (table left) and point F (table right)
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 - The CSR values are calculated using Eq. (3) for the considered 
depths for points F and A separately (Columns 6 and 15 in 
Table 3, respectively). 

 - The values of Ks (Columns 9 and 18) are calculated using 
the chart of Seed and Harder [22] for clean sands. Then the 
normalized CSR values according to the overburden pressure 
(Columns 19 and 20) are calculated by dividing Columns 6 
and 15 by Columns 9 and 18, respectively.

 - Then, the values of Kα are calculated using Eq. (4), i.e., dividing 
Column 19 by Column 10, to obtain Column 20.

When all cases, including all depths, earthquakes, and relative 
densities, are treated together, the result is not that meaningful. 
In the literature [11, 12, 24, 26], the Kα correction factors were 
calculated according to the stiffness, i.e., relative density, and 
were presented in graphs that were plotted for different relative 
densities. Thus, in this study, this factor is classified according 
to the relative densities. Figs. 5 through 9 in Section 4 show the 
NCEER recommendations as well as the results obtained from 
probabilistic analyses. These figures present the Kα correction 
factors for relative densities (DR) of 8 %, 15 %, 45 %, 60 %, and 80 
%, respectively. In addition to the values obtained from the finite 
difference analyses, the recommendations of NCEER [26] are 
also embedded in these figures. NCEER [26] recommendations 
are mainly developed using the results of cyclic simple shear, 
cyclic ring torsional shear, and anisotropically consolidated 
cyclic triaxial tests that investigate the effects of static shear 
stresses on cyclic resistance.
The results of the numerical analyses seem to fit properly with 
the NCEER [26] recommendations. These results could also be 
used to obtain a formulation to find the values of Kα. For this 
purpose, a probabilistic analysis was performed to relate the 
initial shear stress ratio (α) and the stiffness of the soil (defined 
as the relative density DR of the soil profile in this study) with Kα. 

4. Probabilistic analyses

Although technological advancements and considerable 
progress have been made over the last several decades, 
dynamic analyses are still lengthy and complex. Therefore, 
dynamic analyses are not preferred at the preliminary design 
stage. This study aims to define a formulation for Kα that can be 
used in preliminary analyses, as it is thought that the conduct of 
dynamic analyses is still difficult and time consuming, and that 
it requires a wide variety of data. 

4.1. Selection of descriptive variables

The values of Kα are predicted from the results of numerical 
analyses using the methodology explained in previous sections. 
Afterwards, a simple and user-friendly relationship that uses 
the results of these numerical analysis for predicting the Kα 
value, is estimated. The maximum-likelihood methodology 
is selected as probabilistic tool for this purpose. For a proper 

probabilistic analysis, the descriptive parameters that dominate 
the liquefaction potential of the soils in the existence of initial 
static shear stresses must first be described.
The important parameters defining Kα are the initial shear stress 
ratio (α) and the stiffness of soil (defined as the relative density 
DR of the soil profile in this study). Figure 4 shows the variation 
of Kα values with different peak ground acceleration (PGA) values 
of the earthquakes. As can be seen in this graph, the PGA of an 
earthquake does not mean anything from the point of view of Kα. 
For example, when PGA = 0.2 g, the Kα values range from 0 to 2.5 
and are the same when PGA = 0.9 g. For this reason, PGA is not 
selected to be a variable for predicting Kα in probabilistic analyses. 

Figure 4. Kα correction factors for different PGAs

4.2. Relationship proposed for estimation of Kα

After testing a series of alternatives as descriptive variables, DR 
and α are selected to be the main variables in the relationship 
proposed for the estimation of Kα. The limit state function of the 
equation that best fits the results obtained from the numerical 
analysis is presented in Eq. (5). As is clear from this equation, the 
trends of numerical values of the initial shear stress correction 
factor (Kα) depend on the functional forms of DR and α. These 
functional forms are estimated separately using the maximum-
likelihood methodology. The details of this methodology can be 
found in various resources such as [29].

 (5)

There is a random model correction term (e) in the proposed 
model. The reasons for such an error term can be summarized 
as the insufficiency of the mathematical model proposed (it 
may not have the ideal form) and because some descriptive 
parameters may be missing that may also affect the soil 
liquefaction potential when (initial) static shear stresses exist. 
This random model correction term is assumed to have a 
normal distribution with a zero mean in an unbiased model. 
The standard deviation of this term is referred to as se and 
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must be estimated. Therefore, we have a set of unknown 
parameters Θ which includes both the θ values (θ1–θ5) in Eq. 
(5) and se. 
The values of θ (θ1–θ5) are estimated so that the likelihood 
function in Eq. (5) assumes its maximum value. All values of 
DR and the corresponding a values obtained as a result of the 
numerical analyses are listed for this purpose. Then, the Kα 

values, which were calculated as presented in Table 3 for each 
depth and scenario, are added to this list and are denoted as  
Kα,measured. Then, using Eq. (5), Kα values are calculated and 
denoted as Kα,calculated. θ values for the maximum-likelihood 
function are then calculated. The θ values obtained as part of 
the maximum-likelihood methodology are presented in Table 4. 
Eq. (5) assumes the form presented in Eq. (6):

 (6)

Table 4. Kα model coefficients

The final form of Eq. (6) after inserting the model coefficients is:

 (7)

The proposed and calculated Kα values are presented 
comparatively in Figs. 5–9. There are some deviations in 
these figures. However, it can be said that results of numerical 
analyses are in agreement with the results obtained from the 
formulation (Eq. 5). This equation is the best fit among many 
others when considering all the data. The differences in these 
figures are the results of possible missing parameters in the 
mathematical model. It is impossible to cover all the parameters 
in such a model, but this limited number of parameters is 
sufficient to obtain an appropriate value for Kα. There may be 
other factors that affect Kα. These are assumed to be included 
in the error term. 

Figure 5. Kα correction factor and proposed relation for DR = 8 %

Figure 6. Kα correction factor and proposed relation for DR = 15 %

Figure 7. Kα correction factor and proposed relation for DR = 45 %

Figure 8. Kα correction factor and proposed relation for DR = 60 %

Figure 9. Kα correction factor and proposed relation for DR = 80 %

θ1 θ2 θ3 θ4 θ5

0.035 35 0.9 0.08 7
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5. Conclusion

Given the confines of this study, 2D finite-difference-based 
slope stability analyses were performed. These analyses 
considered not only the static but also the dynamic stress 
states and performances. Using the results of these numerical 
analyses, a simplified formulation to obtain Kα was proposed, as 
presented in Eq. (7).
The results obtained from the numerical analyses were 
consistent with the values given in the literature. As stated by 
NCEER [26], the Kα values increase with an increase in α for 
dense soils and decrease with an increase in α for loose soils. 
A maximum threshold value of 2.15 was proposed based on the 
results of numerical analyses. 
The results of probabilistic analyses showed that, from the 
liquefaction point of view, the most important parameter 
affecting the behavior of the slopes during cyclic loading is 
the stiffness of soil. Although it is a well-known fact that the 
liquefaction resistance increases with the soil stiffness at level 
sites, the existence of the initial shear stresses increases or 
decreases the liquefaction resistance of the soil when compared 
to level sites. If the soil is stiff (DR > 35 %), the presence of the 

initial shear stress is beneficial for liquefaction resistance. 
However, if the soil is loose (DR < 35 %), everything is opposite. 
Increasing the initial (static) shear stress, and thus increasing 
α, decreases the liquefaction resistance of soils. The results of 
the numerical analyses led to the same result. For soils with DR 
values higher than 35 %, the existence of the initial shear stress 
benefits the soil for liquefaction. 
The other important factor is the initial stress ratio (α). A change 
in α will clearly change the liquefaction resistance. Although 
not included in the formulation, the shape of the slope (height, 
obliquity, etc.) is one of the main factors. The shape of the slope 
is an indirect indicator of the shear stresses developed in the 
area. It is denoted by α and is also affected by the stiffness of 
the soil and potential failure surface.
The formulation that estimates Kα, which was obtained as 
a result of numerical analyses and is presented in this paper, 
should be used with caution. As the number of cases is limited 
and Kα does not depend on the case history or laboratory test 
data, the formula can be used for comparison purposes in a 
preliminary analysis. For a final accurate result, a dynamic 
numerical model should be implemented, and its results should 
be used.
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