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Abstract—In this study, resonant frequency of annular-ring mi-
crostrip patch on uniaxial medium is determined using equivalent mod-
els of the structure obtained in Hankel Transform Domain depending
on TE and TM mode decomposition. For the simplification of the
tensor form formulations, equivalent matrix operators are defined in
cylindrical coordinates instead of the differential ones. Then, eigen-
value problem is solved by the application of the moment method and
obtained resonant frequency characteristics are compared with that of
the isotropic case for different anisotropy ratio values and structural
parameters. Equivalent circuit models for the structure having mul-
tilayered substrates and superstrates are given in order to be used in
the following studies on uniaxially anisotropic circular type microstrip
patches.

1. INTRODUCTION

Spectral domain analysis has been found to be advantageous in the
design of microstrip components such as antennas and resonators
providing Green’s functions in closed form [1–18]. In spectral
domain analysis, by imposing the boundary conditions on the
transformed field expressions, Green’s functions can be determined
in rectangular and cylindirical coordinates using Fourier Domain [4–
6, 8, 9] or Hankel Trasform Domain formulations [2, 3, 7, 11–18]. In the
case of multilayered substrates and superstrates, such a formulation
process requires lengthy field derivations and application of multiple
boundary conditions [9, 13]. Instead of this procedure, immitance
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approach has been preferred in Fourier Transform Domain as presented
by Itoh [1]. Depending on this formulation, various rectangular
type microstrip structures are analyzed in literature without a need
to the detailed formulations [9, 14]. This is due to the recursive
nature of the equivalent models which can be easily extended to
the multilayered case using impedance transformation equations of
transmission lines. Similar to the Fourier Domain analysis of
rectangular patch type structures, Hankel Transform Domain analysis
of circular disc microstrip antenna with isotropic substrate is firstly
presented in the study of Araki and Itoh [2]. Then, equivalent models
in Hankel Transform Domain are developed and used for the analysis
of a circular type isotropic structure with parasitic elements [7].

In later studies on microstrip structures, anisotropic materials,
especially the uniaxially anisotropic ones have been considered due
to their advantages [13–18]. It is known that some metamaterials
exhibit uniaxial type anisotropy both in permittivity and permeability
tensors [19]. In the following designs of rectangular and circular type
microstrips, metamaterials and other uniaxially anisotropic substrates
will have been used to obtain special operational characteristics.
Annular-ring microstrip as another important type of circularly
symmetric type microstrip patch has been preferred in the design of
various microwave components, in the measurement of permittivity
values of unknown dielectric substrates and in medical hyperthermia
applications in its isotropic form [10–12]. These structures are
also designed using uniaxially anisotropic materials and analyzed in
spectral domain [14, 17, 18]. In some recent studies, new designs
of annular ring microstrip structure for different purposes are also
presented [20, 21].

In the analysis of circular type microstrip structures on anisotropic
substrates, Hertz vector formulation in Hankel Transform Domain
has been preferred in later studies [15, 16]. Hertz vector formulation
in the same domain has later been used for double substrate,
uniaxially anisotropic annular ring microstrip antenna by Vasconcelos
et al. [17]. Then in a recent study, superconducting annular ring
microstrip antenna on a uniaxially anisotropic media is analyzed
using lengthy field formulations in spectral domain [18]. In those
studies, formulations are complicated even in the case of single layered
substrate. Simpler formulation depending on immitance approach
in Hankel Transform Domain has not been given in literature for
the analyses of annular ring microstrip patch on uniaxial microstrip
structure. In the present study, instead of using general spectral
domain immitance approach in rectangular coordinate system [1],
complicated and lenghty formulations for circular patch [15, 16] and
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for annular ring patch [17, 18], analysis of a microstrip circular ring
structure on uniaxial medium is performed by using equivalent circuits
determined based on the Hankel-transform-domain formulations. In
order to simplfy the lengthy field derivations in determining the TE
and TM equivalent models, equivalent matrix operators for cylindrical
coordinates are presented and used similar to the Fourier domain
equivalent matrix operators defined by Chen and Beker [22]. By using
matrix operators instead of the differential ones, formulations in tensor
form are simplified. It is shown that by properly combining the field
expressions, mode decomposition is achieved and equivalent circuits
according to the immitance approach in Hankel Transform domain
are seperately obtained for TE and TM modes. Then, equivalent
circuits are generalised for multilayered substrates and superstrates
case. Formulations are validated by comparing the resulting Green’s
functions with that of the isotropic case when anisotropy ratio is
taken as A = 1. Resonant frequency characteristics of the annular
ring microstrip structure on uniaxial medium are then obtained using
moment method and presented as the function of anisotropy ratio value
and structural parameters.

2. THEORY

Annular-ring microstrip patch on uniaxially anisotropic medium with
the optical axis is chosen as the symmetry axis is shown in Fig. 1.

Figure 1. Microstrip ring structure on uniaxially anisotropic medium.
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Permittivity tensor of the substrate is

[ε] =

[
εr 0 0
0 εφ 0
0 0 εz

]
= ε0

[
εr2 0 0
0 εr2 0
0 0 εr1

]
(1)

where z is the optical axis.
In order to decompose the field expressions in the form of TEz

and TMz modes, Hertz vectors are defined in the direction of optical
axis [17] as

Π̄e = Πeâz (2)
Π̄h = Πhâz (3)

with their Hankel Transforms satisfying the wave equations in the form

∂2Π̃e(α, z)
∂z2

+ γ2
e1,0Π̃e(α, z) = 0 (4)

∂2Π̃h(α, z)
∂z2

+ γ2
h1,0Π̃h(α, z) = 0 (5)

where γe1,0, γh1,0 are the propagation constants along the z direction
in substrate and in air regions, respectively and α is the radial wave
number.

Hankel Transform pair is defined [2] as

ψ̃(α, z) =

∞∫

0

ψ(r, z)Jn(α)rdr (6)

ψ(r, z) =

∞∫

0

ψ̃(α, z)Jn(α, r)αdα (7)

Solutions of (4), (5) for substrate region (0 < z ≤ d) are in the form

Π̃h1 (α, z) = (Ah1 (α) sin γh1 z + Bh1 (α) cos γh1 z) (8)

Π̃e1 (α, z) = (Ae1 (α) sin γe1 z + Be1 (α) cos γe1 z) (9)

where γ2
e1 = εr2

εr1
(ω2µoεoεr1 − α2), γ2

h1 = (ω2µoεoεr2 − α2).
Similarly for the air region (εr1 = εr2 = 1, z > d)

Π̃ho(α, z) = Aho(α)e−jγho(z−d) (10)

Π̃eo(α, z) = Beo(α)e−jγeo(z−d) (11)

where γ2
eo = γ2

ho = (ω2µoεo − α2).
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Total electric and magnetic field expressions are expressed [9] as

H̄ = jωεo∇× Π̄e +∇ (∇ · Π̄h

)
+ ω2µoεoεr2Π̄h (12)

Ē = ω2µoεoΠ̄e +
1

εr2
∇ (∇ · Π̄e

)− jωµo∇× Π̄h (13)

To simplify the solution of (12) and (13), instead of using conventional
vector operators, equivalent matrix operators are defined for cylindrical
coordinates in Table 1, similar to the equivalent matrix operators in
Fourier domain [22]. By considering azimuthal symmetry, ejnφ type
field variation is assumed and ∂/∂φ = jn is taken.

Then, by starting with (12) and using matrix operators in Table 1

Hr = −ωεo
n

r
Πe +

∂

∂r

∂

∂z
Πh (14)

Hφ = −jωεo
∂

∂r
Πe +

jn

r

∂

∂z
Πh (15)

Hz =
(

ω2µoεoεr2 − ∂2

∂z2

)
Πh (16)

And similarly by starting with (13) and using matrix operators in
Table 1

Er =
1

εr2

∂

∂r

∂

∂z
Πe + ωµonΠh (17)

Eφ =
1

εr2

jn

r

∂

∂z
Πe + jωµo

∂

∂r
Πh (18)

Ez =
(

ω2µoεo − 1
εr2

∂2

∂z2

)
Πe (19)

Table 1. Equivalent matrix operators used in cylindrical coordinates.

Cylindrical vector operators Equivalent matrix operators

F̄ (Frâr + Fφâφ + Fzâz) [Fr, Fφ, Fz]
T

∇ψ
(

∂
∂r r̂ + jn

r φ̂ + ∂
∂zFz

)
[ ∂
∂r , jn

r , ∂
∂z ]T

∇·F̄
(

1
r

∂
∂rrFr + jn

r Fφ + ∂
∂zFz

)
[1r

∂
∂rr, jn

r , ∂
∂z ][Fr, Fφ, Fz]T

∇×F̄ 1
r

∣∣∣∣∣∣∣∣

r̂ rφ̂ ẑ
∂
∂r jn ∂

∂z

Fr Fφ Fz

∣∣∣∣∣∣∣∣




0 − ∂
∂z

jn
r

∂
∂z 0 − ∂

∂r

− jn
r

1
r

∂
∂rr 0







Fr

Fφ

Fz




∇2ψ
(

1
r

∂
∂r (r ∂

∂r )− n2

r2 + ∂2

∂z2

)
ψ [1r

∂
∂r , −jn

r ,− ∂
∂z ][r ∂

∂r , −jn
r , −∂

∂z ]T ψ
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can be obtained. Hertz vectors for substrate and air regions in (8)–(11)
can be expressed in the form of inverse Hankel Transform as

Πh1 (α, z) =

∞∫

0

(Ah1 (α) sin γh1 z + Bh1 (α) cos γh1 z)Jn(αr)αdα (20)

Πe1 (α, z) =

∞∫

0

(Ae1 (α) sin γe1 z + Be1 (α) cos γe1 z)Jn(αr)αdα (21)

Πho(α, z) =

∞∫

0

Aho(α)(α)e−jγho(z−d)Jn(αr)αdα (22)

Πeo(α, z) =

∞∫

0

Beo(α)(α)e−jγeo(z−d)Jn(αr)αdα (23)

Field expressions in (14)–(16) and (17)–(19) can be written using
(20)–(23) in terms of Hankel Transform by using the Bessel function
identities and then decomposed in the form of TEz and TMz modes
by using electric or magnetic field coefficients. For this purpose, field
components and current density expressions are expressed as

H±, E±(r) = Hr, Er(r)± jHφ, Eφ(r) (24)
J±(r) = Jr(r)± jJφ(r) (25)

By this way, it is possible to define Green’s impedance functions
in Hankel Transform Domain in the form[

Ẽ+(α)
Ẽ−(α)

]
=

[
Z++(α) Z+−(α)
Z−+(α) Z−−(α)

] [
J̃+(α)
J̃−(α)

]
(26)

Hankel Transforms of (24), (25) are then organised as

H̃, Ẽ

(
e
h

)
(α) = H̃+, Ẽ+(α)± H̃−, Ẽ−(α) (27)

J̃

(
e
h

)
(α) = J̃+(α)± J̃−(α) (28)

where F̃(±)(α) is in the form

F̃(±)(α) =

∞∫

0

F (r)Jn±1(α, r)rdr (29)
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Figure 2. Equivalent transmission line models in Hankel Transform
domain due to TE and TM modes decomposition.

This makes it possible to express field expressions seperately
for each modes case in terms of single Bessel function of the form
Jn±1(α, r) and thus in the form of Hankel transform in (29) as similarly
given in [15] for circular disk structure. So, it is possible to separately
determine equivalent transmission line models for TEz and TMz cases
as shown in Fig. 2.

In this figure, characteristic impedances for uniaxially anisotropic
medium are defined as [9]

YTM1 = −Hr1

Eφ1
=

ωε0εr2

γe1
(30)

YTE1 =
Hφ1

Er1
=

γh1

ωµ0
(31)

and for the air region as

YTMo = −Hr0

Eφ0
=

ωε0

γe0
(32)

YTEo =
Hφ0

Er0
=

γh0

ωµ0
(33)

Propagation constants γe0, γe1 and γh0, γh1 corresponding to
TEz and TMz modes, in air and substrate regions, are given above.
It is clear that characteristic admittance expressions in (30)–(33)
reduce to that of the isotropic case if propagation constants are taken
equal to each other as γe1 = γh1 = γ. Then Green’s functions



44 Gürel and Yazgan

of the structure can be easily determined by applying impedance
or admittance transformation equations on the equivalent models in
Fig. 2.

Input admittance expressions while looking downward and upward
from the patch surface can be written as

Ye1 = −jYTM1cotγe1d (34)
Yh1 = −jYTE1cotγh1d (35)

and

Ye0 = YTM0 (36)
Yho = YTE0 (37)

where, Z(ω) matrix elements can be obtained by using the total
admittance expressions of the transmission line models given above
as

Ẽe = −ZeJ̃e = − 1
(Ye1 + Ye0)

J̃e (38)

Ẽh = −ZhJ̃h = − 1
(Yh1 + Yh0)

J̃h (39)

Then, Green’s impedance functions are obtained from

Z++ = Z−− =
Ze + Zh

2
(40)

Z+− = Z−+ =
Ze − Zh

2
(41)

where

Z++ =
ωµ0

γ0 − jγe1 cot(γe1d)
− γh1µ0

ωε0 − jωε0εr2cot(γh1d)
(42)

Z+− =
ωµ0

γ0 − jγe1 cot(γe1d)
+

γh1µ0

ωε0 − jωε0εr2cot(γh1d)
(43)

Equation (26) can be given in admittance form
[

J̃+(α)
J̃−(α)

]
=

[
Y++(α) Y+−(α)
Y−+(α) Y−−(α)

] [
Ẽ+(α)
Ẽ−(α)

]
(44)

where Green’s admittance functions are obtained by matrix inversion
as

Y++(α) = Y−−(α)=− γh0

2ωµ0
− ωε0

2γe0

+
(

jrh1

2ωµ0
cot(γh1d)+

jωε0εr2

2γe1
cot(γe1d)

)
(45)
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Y+−(α) = Y−+(α)=− γh0

2ωµ0
+

ωε0

2γe0

+
(

jrh1

2ωµ0
cot(γh1d)− jωε0εr2

2γe1
cot(γe1d)

)
(46)

Expressions (45) and (46) reduce to that of the isotropic case
when propagation constants of TE and TM modes are taken equal
to each other verifying the given formulation [2]. Hankel transform
domain Green’s functions of the same structure having multilayered
substrates and superstrates can be recursively obtained in simple
manner by eliminating the need for the determination of the field
expressions and application of boundary conditions in all layers. For
this purpose, equivalent circuit models determined in this study can
be recursively extended for multilayered case as shown in Fig. 3. In
the given equivalent models, characteristic admittances for nth layer
can be determined for TM and TE models as

YTMn =
ωε0εrn//

γen
(47)

YTEn =
γhn

ωµ0
(48)
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Figure 3. Hankel Transform Domain equivalent transmission line
models for multilayered structure having uniaxial layers (a) for TM
and (b) for TE modes.
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and propagation constants are γ2
en = εrn//

εrn⊥
(ω2µoεoεrn⊥ − α2), γ2

hn =
(ω2µoεoεrn// − α2) where εrn// and εrn⊥ indicate the permittivity
values along the non-optical and optical axes of the nth uniaxial layer.

Then, input impedance or admittance expressions Zen, Zhn or Yen,
Yhn on the patch surface (i.e., at the nth interface) for TM and TE cases
can be obtained from the impedance or admittance transformation
equations of the multilayered transmission lines as

Yen = − 1
Zen

= − 1
(Yen+1 + Yen−1)

(49)

Yhn = − 1
Zhn

= − 1
(Yhn+1 + Yhn−1)

(50)

where

Ye,hn−1 = YTM,TEn

YTM,TEn cos(γe,h n(dn − dn−1)) + jYh,en−2 sin(γe,h n(dn − dn−1))
Yh,en−2 cos(γe,h n(dn − dn−1)) + jYTM,TEn sin(γe,h n(dn − dn−1))

(51)

and

Ye,hn+1 = YTM,TEn+1

YTM,TEn+1 cos(γe,h n(dn+1 − dn)) + jYh,en+2 sin(γe,h n(dn+1 − dn))
Yh,en+2 cos(γe,h n(dn+1 − dn)) + jYTM,TEn+1 sin(γe,h n(dn+1 − dn))

(52)

where other admittance expressions such as Yh,en±2 can be recursively
obtained.

After determining all input admittances, they can be properly
combined at the patch surface as in the case of single layered substrate
to obtain Green’s functions of the multilayered structure in Hankel
Transform Domain. Green’s impedance functions of the structure can
be directly obtained by inverting the admittance matrix in (44) as

[
Ẽ+(α)
Ẽ−(α)

]
=

[
Z++(α) Z+−(α)
Z−+(α) Z−−(α)

] [
J̃+(α)
J̃−(α)

]
(53)

Eigenvalues of (53) can be determined by applying the moment method
of Galerkin’s type by expanding the Hankel Transforms of unknown
current distributions on the conducting patch in the form of series
summation of the basis functions as

J̃±(α) =
M∑

m=1

Cm±J̃m±(α) (54)

In this study, basis functions are chosen as the TM current mode
functions of the circular disk cavity which have closed form Hankel
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transforms [10]. The unknown Cm± coefficients can be determined by
substituting Hankel transforms of the basis functions J̃m±(α) in (54)
and taking inner products of each of them with both sides of (53) as
summarized in [10]. The resulting equations can be written in the form

M∑

m=1

[Zim(ω)] [Cm±] = 0 i = 1, 2, . . . , M (55)

with the matrix elements

Z11
im(ω) = Z11

mi(ω) =

∞∫

0

J̃si+(α)Z++(α, ω)J̃sm+(α)αdα (56a)

Z12
im(ω) = Z21

mi(ω) =

∞∫

0

J̃si+(α)Z+−(α, ω)J̃sm−(α)αdα (56b)

Z22
im(ω) = Z22

mi(ω) =

∞∫

0

J̃ssi−(α)Z−−(α, ω)J̃sm−(α)αdα (56c)

Then, the roots of determinant of the coefficient matrix are searched
from

det |Zij (ω = 2π(fr + jfi))| = 0 (57)

where resonant frequency is the real part of the solution.

3. NUMERICAL RESULTS

In this part, resonant frequency variation of an annular ring microstrip
patch on uniaxial medium is presented. In the numerical solution
of the resonant frequency as the determinant of the moment method
matrix, FORTRAN programming software is used. In Fig. 4, resonant
frequency versus anisotropy ratio is shown for dominant TM11 mode
operation by varying the anisotropy ratio of the substrate where
anisotropy ratio is defined as A = εr2/εr1. In this figure, resonant
frequency shift corresponding to two different normalized substrate
thicknesses are shown for lossless and lossy substrate cases.

As it is seen from the figure that uniaxial anisotropy effect on
the resonant frequency of ring resonator is significant and must be
taken into account especially for thick substrate case. The increase
or decrease in resonant frequency is the result of decrease or increase
in effective permittivity due to adjustment of the substrate anisotropy
ratio. Substrate losses can be ignored due to very small effect on
the resonant frequency as shown by the dashed lines. In the case of
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Figure 5. Normalized resonant
frequency versus inner ring radius
for different anisotropy ratio val-
ues, εr2 = 4.6, d = 1.2 mm.

high anisotropy ratio (A = 2), resonant frequency shift when substrate
losses are considered and not considered is around 0.2% for thick
substrate case (d/a = 0.2) and for low anisotropy ratio case (A = 0.5)
the change in the resonant frequency is around 0.07% for thin substrate
case (d/a = 0.05). According to the small change in resonant frequency
in each case, substrate loss effect is ignored in the following parts.

In Fig. 5, resonant frequency versus inner radius of an annular ring
is shown. In this figure relative permittivity value along non-optical
axes are taken as εr2 = 4.6 and substrate thickness as d = 1.2 mm. It
is observed in the figure that if anisotropy ratio is adjusted to a smaller
value than one (i.e., smaller than isotropic case), resonant frequency
decreases. Opposite is true when anisotropy ratio is greater than unity.
These results indicate the main effect of the substrate anisotropy and
ring radius on the resonant frequency of the annular ring microstrip
patch. In Fig. 6, the variation of normalized resonant frequency with
substrate thickness is shown for different anisotropy ratio values.

In this figure, each of the three cases is normalized with
corresponding value at d = 0.2mm. Then anisotropy ratio is adjusted
by varying εr1, i.e., permittivity value along the optical axis. It
is observed in the figure that for the cases of A ≤ 1, incremental
shift is observed in resonant frequency while for the case of A > 1
decremental shift is observed. This effect becomes clear when thickness
of the substrate is increased. In literature, for isotropic substrate
microstrip annular ring antenna, resonant frequency shift due to
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Figure 6. Normalized resonant frequency versus substrate thickness,
for different anisotropy ratio values, εr2 = 4.6, b = 2a.

increase in substrate thickness for TM11 mode operation was previously
presented in literature for isotropic substrate case and explained with
the dependence of resonant frequency on the magnetic and electric field
densities in near field [9].

The same situation is observed in Fig. 5, when A = 1 (isotropic
case). For A = 0.5 case, similar behavior is observed. However,
it is interesting to note that when anisotropy ratio is greater than
one, (A = 2), normalized resonant frequency behavior changes. In
this case, even though resonant frequency value is greater than that
of the isotropic case in magnitude, due to decreased optical axis
permittivity, normalised resonant frequency starts to decrease with
increasing substrate thickness. In this case, optical axis permittivity
compensates the effect of near field distribution on the resonant
frequency shift in TM11 mode operation. Thus uniaxially anisotropic
annular ring microstrip patch with A > 1 can be proposed as good
resonator in this mode.

4. CONCLUSION

Annular ring microstrip patch on uniaxial medium is analyzed in
Hankel transform domain. Equivalent circuit models in this domain
are determined from field decomposition following a similar procedure
with the general spectral domain immitance approach in rectangular
coordinate system. In the study, resonant frequency is determined
for different anisotropy ratio values and structural parameters. The
results point out that uniaxial anisotropy considerably affects the
resonant behavior of the structure with respect to isotropic case.
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In the following studies, similar structures with circularly symmetric
type patches can be designed in multilayered form with anisotropic
substrates and superstrates for which Green’s functions will be easily
determined according to the given recursive type formulations.
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