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ABSTRACT. In this paper, we study the long-time behaviour of solutions of
Cauchy problem for the parabolic p-Laplacian equation with variable coeffi-
cients. Under the mild conditions on the coefficient of the principal part and
without upper growth restriction on the source function, we prove that this
problem possesses a compact and invariant global attractor in L2(R”).

1. Introduction. The main goal of this paper is to discuss the long-time behaviour
(in the terms of attractors) of the solutions for the following equation

up — div(o(z) |VulP 7> Vu) + B(z)u+ f(u) = g(z), (t,z) € (0,00) x R", (1.1)
with the initial data
(0, z) = uo(x), (1.2)

where p > 2, g € L?(R"), ug € L*(R"), n > 2. Here, the functions o, 3 and f
satisfy the following assumptions:

7€ Liyo(R"), 0() 20, 0”77 € Lj, (R"), (13)
B e L>*(R™), B(-) >0, B(x) > Py >0 a.e. in {|z| >re} for some ro >0, (1.4)
fe€CYR), f(s)s>0,VseR, f'()>—c, c>0. (1.5)

The understanding of the long-time behaviour of dynamical systems is one of
the most important problems of modern mathematics. One way of approaching to
this problem is to analyse the existence of the global attractor. The existence of
the global attractors for the parabolic equations has extensively been studied by
many authors. We refer to [1-7] and the references therein for the reaction-diffusion
equations and to [3, 8-15] for the evolution p-Laplacian equations. When o(x) = 1,
B(xz) = A, the existence of the global attractor for equation (1.1) was studied in [3,
8-11] for bounded domains and in [12-16] for unbounded domains.

In this paper we deal with the equation (1.1) which contains the variable coef-
ficients o(-) and B(-). This type of equations have recently taken an interest by
several authors. In [17], for the case S(z) = 0, the authors have shown the exis-
tence of the global attractor for equation (1.1) in a bounded domain. In that paper
the diffusion coefficient o(-) is assumed to be like |z|“ for a € (0,p) and due to
the studying in a bounded domain the authors prove the asymptotic compactness
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property of the solutions by using the compact embeddings of Sobolev spaces. The
existence of the global attractor for equation (1.1), under the assumption

@ n
o(z) ~ |z|" +|z|"a € (0,p),y>p+ =(p—2),

5
has been shown in [18]. Although the authors in [18] have studied the problem
in an arbitrary domain, the compact embeddings could also be used to obtain the
asymptotic compactness of solutions because of the conditions imposed on o ().

The main novelty in our paper is the following: (i) we weaken the conditions
on the function o(-) which are given in [17] and [18], so that the embedding of the

space with the norm <||Vu||Lg(Q) + Hu”m(g)) into the space L?(f2) is not compact,

for each subdomain Q C R"™; (ii) we remove the upper growth condition on the
source term.

The absence of the upper growth condition on f and the lack of the compact
embedding cause some difficulties for the existence of the solutions and the asymp-
totic compactness of the solution operator in L%(R"™). We prove the existence of
the solutions by Galerkin’s method and to overcome the difficulties related to the
limit transition in the source term f, we apply the weak compactness theorem in
the Orlicz spaces. To prove the asymptotic compactness of the solutions, we first
establish the validity of the energy equalities by using the approximation of the
weak solutions by the bounded functions and then apply the approach of [19] by
using the weak compactness argument.

Our main result is as follows:

Theorem 1.1. Let conditions (1.3)-(1.5) hold. Then problem (1.1)-(1.2) possesses
a compact and invariant global attractor in L*(R™).

The present paper is organized as follows. In the next section, we give some
definitions and lemmas which will be used in the following sections. In section
3, the well-posedness of problem (1.1)-(1.2) is proved. In section 4, we show the
existence of the absorbing set and present the proof of the asymptotic compactness
to establish our main result.

2. Preliminaries. This section is devoted to give some definitions and lemmas
which will be used in the next sections. In order to study problem (1.1)-(1.2), let
us begin with the introduction of the spaces W and W,

Definition 2.1. Under conditions (1.3)-(1.4), we define the spaces W and W} as
the closure of C§°(R™) in the following norms respectively,

lullw = Vullpg ey + llull 22 )

2

(H/ ) [Vu(@)]? d (R/ﬁ ) lu(e) P de) |

lullw, =llully + sup fulx

One can show that W is a separable, reflexive Banach space and W}, is a separa-
ble Banach space. Now, before giving the definition of the weak solution of problem
(1.1)-(1.2), let us define the operator A : W — W* as Ap = —div(o(x) |[Ve|" > V) +
B(z)p, where W* is the dual of W. It is easy to show that the operator A : W — W*
is bounded, monotone and hemicontinuous.
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Definition 2.2. The function v € C([0,T]; LQ(R”)) NLP(0;T; W)
NWL2(0,T; L2(R™)), satisfying fOT S flu(t, z))u(t, x)dzdt < oo, u(0,z) = uo(x)

loc

and the equation

(ug,v) + (Au,v) + (f(u),v) = (g,v) a.e. on (0,T),

for all v € W N L*°(R™), is called the weak solution to problem (1.1)-(1.2), where
(-,-) is the dual form between W and W*.

Remark 2.1. To give a meaning to the third term on the left hand side of the
equality given in the definition, it is enough to see that f(u) € L*(0,T; L*(R")) +
L?(0,T; L?>(R™)). Let xq, and Yq, be the characteristic functions of the sets

O ={(t,z) € (0,T) x R" : |Ju(t,z)| > 1},
Qo ={(t,z) € (0,T) x R": |u(t,z)| < 1}.

//|f (t,z))xa, (t,z)| dedt = //|f (t,z))| dzdt

0 Rn.

//f (t,x)) txdxdt<//f (t, z))u(t, x)dzdt < oo,

0 Rn
we get f(u)xq, € L'(0,T; L*(R™)) . On the other hand, since

/T/ |f(u(t, ) xa, (t,2)|* dadt Z//|f(u(t,x))|2 dedt

0 R» Qo

=// |(f(u(t, z)) — £(0))|* dadt,
Q2
by Mean Value theorem we have

//|f (t,2))xa, (t, x)] dxdt<C’//|utac| dwdt<C//|utm\ dxdt.

0 R» 0 Rn

Taking into account that v € L>°(0; T} L2 (R™)), we get f(u)xq, € L?(0,T; L?(R"™)).
Since

Since

f(u(ta .17)) = f(u(tv'r))xﬁl (t,l‘) + f(u(tvx))xﬂz (tvx)'
we have f(u) € L*(0,T; L*(R™)) + L*(0,T; L%(R")).

Lemma 2.1. The inequality

2 2
[Vu HLHQ (BO.2r) + lullz2 gm0,y = C llullpzcgny

is satisfied for all w € C§°(R™) and r > 0, where B(0,7) = {z : x € R", |z| <r}
and the positive constant C' depends on r and n.

Proof. Let ¢(-) € C§°(R™) be such that 0 < p(z) <1 and

) <
1, x € B(0,1),
‘P(x)_{ 0, € R™\B(0,2),
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furthermore define ¢,.(z) = ¢(%) and u(x) = (up,)(x). By the Sobolev inequality
we have

~2 ~112
[@llz2(rmy < er [Vl (2.1)

2n .
n+2 (Rn)
Now, since

2 ~12 ~12
||u||L2(B(0,7-)) = HUHLQ(B(O,r)) < ||u||L2(Rn)7 (2.2)

and
i 2n
(ﬂ/ V()| da
’ +2 nt2
< / Vu(x) )| 42 / fu|#2 [ (Vo) (5| da
T T

2 2
<c3 (||VU||L7@2(B(072T)) + ||u||L2(B(O,2r)\B(O,r))) ; (2.3)

from (2.1)-(2.3), we obtain

n+2 n+2
n

- (R/ 9 (up, ) (@) 72 da

n

2n
n+2

or()

2 2 2
om0 < 8 (19012 2 gy + 1020200, ) -

By adding ||u||iz(R"\B(0,r)) to the both sides of the above inequality we get the
claim of the lemma. O

Lemma 2.2. Assume that the conditions (1.3)-(1.4) are satisfied. Then for all
u € C§°(R™) the inequality
ull p2gny < Cllully
which yields W C L?(R™), is satisfied.
Proof. The Holder inequality yields
|Vu(a;)|"%2 dx
B(0,r)

_2n__ p(n+2)—2n
p(n+2) p(n+2)

< / o(x) |Vu(z)[” dz / D (x)dz ,
B(0,7) B(0,r)
for every r > 0. From the assumption (1.3) it follows that

Vull, () lully (2.4)

2n_ <c
n+2 (B(0,r))

On the other hand by condition (1.4), we have

1
||U||L2(Rn\3(o,r0)) <Bo * lullw - (2.5)

Taking into account the previous lemma and (2.4) - (2.5), we obtain the result. [
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Lemma 2.3. Let the conditions (1.3)-(1.4) are satisfied. Then By, : W — W is a
continuous map and klim |lu — Bi(u)|ly, = 0, for every u € W, where
—00

k, s>k,
By (s) = s, |s|<k, forseR.
-k, s<—k,

Proof. By the definition of W, for any u € W there exists a sequence {um,}_; C
C§°(R™) such that

T~ =0, (2.6)

which according to the Lemma 2.2 yields

W}i_r}loo lu— Um”m(m) =0. (2.7)
Now, let us show that
Tim | Bi(u) ~ Be(un)lly = 0. (2.8)

Since
|B(u) — Br(v)| < |lu—v|, Yu,v € R,
by (1.4) and (2.7), we have

m—0o0

lim sup / B() | Bu(u)(x) — Br(um)(@)|? do
s

<1181 e () limsup [t = | )y = 0- (2.9)

By (2.6), it follows that

m—o0
E E

lim [ o(z)|Vun(z)] de = /U(ac) |Vu(z)|? dz, (2.10)

for every measurable £ C R™. By the last equality, we find

lim suplim sup / o(z) |VBg(u)(z) — VB (um)(x)|" dz
r—00 m— o0 Rn\B(O,T)

<2Plim suplim sup / o(z) |Vum|? dz + 2Plim suplim sup / o(z)|Vul? dx

r—00 m—r o0 r—00 m— o0

R™\B(0,r) R™\B(0,r)
=2P 1 im sup / o(z)|VulP dz = 0. (2.11)
e R"\B(0,r)

By (2.4) and (2.6), there exists a subsequence {upm, }oi

, such that
Vi, (z) = Vu(z) a.e. on B(0,7).

Then by Egorov’s theorem for any § > 0 there exists a measurable Es C B(0,r)
such that mes(Fs) < § and

Vi, () = Vu(z) uniformly on B(0,r)\E;. (2.12)
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By (2.10) and (2.12), we get

lim sup / o(z) |VBk(u)(x)—VBk(umj)(x)‘pdx < 27 im sup/a(x) |Vu(z)|? dx

j—o0 §—0
B(0,r) By
+ lim suplim sup / o(x) [VB(u)(z) — VBk(umj)’p dx
0TI s ke alue) <k SIN(BONES)
<2P ' im sup o(x) |Vu(z)[” dz
§—0

{z: k—6<|u(x)|<k+d6}NB(0,r)
_op+1 / o(2) V()| do

{z: |u(z)|=k}NB(0,r)

—~

<ortl o(x) [Vu(x)[” de + 2+ / o(z) |[Vu()|” dz = 0.

{z: u(z

~

=k} {z: u(z)=—"k}

By the same way, one can show that every subsequence of {u,,} -_, has a subse-
quence satisfying the above equality. So, we have

lim o(x) |VBg(u)(z) — VB (um)(x)|" dz = 0. (2.13)

m—oo
B(0,r)

By (2.9), (2.11) and (2.13), we obtain (2.8).
Now, let us show that for any v € C§°(R") and k € N there exists {vy, }._; C
C§°(R™) such that

| Br(w) = vm |l = 0. (2.14)

lim
m— 00

0, 2| > 5

= m’

1
Ne  T-m2le 1
Denote vy, (x) = (pm * Bi(u))(z), where pp,(z) = { Kmle =3, a) <

meNand K1 = [ ¢ TPde. Since u € C5°(R"), by the definition

of the function By(-), we have By(u) € Wy ™°(B(0,7)) N Co(B(0,7)) and v, €
C§°(B(0,r 4+ 1)), for some r > 0. It is well known that

Tim | Bi(u) = Ul ) = 0. (2.15)

By (1.4) and (2.15), we obtain

m— o0

lim sup / B(x) |vm(x) — Br(u)(z)|* dz = 0. (2.16)
o

Also by (2.15), we have
Vo, — VB (u) in measure on R™.

Since

IVUml oo (rry S IVBe(U)llpoo(gny <€ Vm,k €N,
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applying Lebesgue’s convergence theorem, we get

im o(z) |Vug(z) — VBg(u)(2)|” dz
Rn

= lim / o(x) |Vug(z) — VBg(u)(x)|” dz = 0.

m—o00
B(0,r+1)

which together with (2.16) yields (2.14). By (2.8) and (2.14), for every u € W and
k € N there exists a sequence {u,, },_, C C§°(R") converging to By (u) in the norm
of W. It means that By (u) € W, for every u € W.

Now, using the argument done in the proof of (2.8), one can prove that if
{um},°_, converges to u in W as m — oo, then {Bj(uy,)} _, converges to By (u)
in W as m — oo. Also, by the definition of the function Bj(+), it is easy to show
that {By(u)},-, converges to u in W as k — oco. O

Remark 2.2. By (2.8) and (2.14), for every u € W and k € N there exists a
sequence {vy, }o_; C C§°(R™) such that
n}gnm | Br(u) = vm|ly, = 0 and sup [[vm|[ oo (gny < k-
On the other hand, by the definition of Bj(-), for every u € L*°(R"™) and k >
[ull oo (), we have
Bj(u) =u a.e. on R™

Hence, for every u € WN L*(R™) there exists a sequence {w,,},~_; C C§°(R™)
such that

Ai_lznoo lu — wnlly =0 and sip ||wm||Loo(Rn) < ||u||Loo(Rn) +1.

3. Well-posedness. We prove the existence of the weak solution to problem (1.1)-
(1.2) by Galerkin’s method.

Theorem 3.1. Assume that the conditions (1.3)-(1.5) are satisfied. Then for any
ug € L2(R™) and T > 0, there exists a weak solution to (1.1)-(1.2).

Proof. Let us consider the approximate solutions {u,,(t)}2°_; in the form
m
U (t) =D comr(t)er,
k=1

where {e;}32, C C§°(R") is a basis of the space W}, and the functions {cx(t)}7,
are the solutions of the following problem :

m m m
(£ dutienes)+ (A cmae) + (18 cnva.e)
k=1 k=1 k=1
=(g,e;), t>0, j=1,...m, (3.1)
> emr(0)ex — ug strongly in L?(R™) as m — oo.
k=1
By the boundedness, monotonicity and hemicontinuity of A : W — W* it follows
that this operator is demicontinuous (see [20, Lemma 2.1 and Lemma 2.2, p. 38]).

So, since det({e;,ex)) # 0 and f is continuous, by the Peano existence theorem,
there exists at least one local solution to (3.1) in the interval [0, T},). Multiplying
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the equation (3.1);, by the function ¢,,;(t), for each j, summing these relations for
j=1,...,m and integrating over (0,¢), we have

[l (£) ||L2(R,L —|—2// ) |V (1,2)|” + B(z )|um(7,x)|2) dxdr

0 R‘n

+2/t/f(um(T7£L'))um(T,£U)d$dT

0 Rn

:2/ / 90t (7, 2)d2dr + (O 0 < £ < T, (3.2)
0 Rn

Since by the last equality

||Um||Loo(o TiL2(Rm)) = €1 (3.3)

we can extend the approximate solution to the interval [0,7], for every T > 0.
Taking into account (3.3) in (3.2), we get

[l (¢ HLz(Rn) +// ) |V (1,2)|” + B(z )|um(7,x)|2) dxdr

0 R™

¢
—i—//f(um(T7 ) ), (7, x)dxdr < o, Vt € [0,T], (3.4)
0 R»
where f(tp (t,2)) = f(tm(t, )+t (t, 2) and ¢ is the constant in condition (1.5).
Now, multiplying equation (3.1); by the function c;,,;(t), for each j, summing these

relations for j = 1,...,m, integrating over (s,T) and taking into account (3.3), we
have

/Humt HLZ(Rn dt+/ (um(T7m)>d$

Rfl
S/ (2) [Vum(s,z)|P dv + /,8 ) [t (s, 2))? da + /F U (8, 7))dT + c3,
Rn R’VL
where F(u f f(s)ds. Integrating the last inequality over (0,7") with respect to

the variable s and taking into account (3.4), we get

||Umt||L2(g,T;L2(Rn)) < cue), (3.5)

for every € € (0,T). By the estimates (3.3)-(3.5) and the boundedness of the oper-
ator A : LP(0,T; W) — L7T (0, T; W*), we obtain (up to a subsequence) that

Um — u weakly star in L>°(0,T; L?(R")),

Umt — ug weakly in L?(e,T; L*(R™)), Ve € (0,T),

U — u weakly in LP(0,T; W), (3.6)
Aupy — x weakly in Lﬁ(O,T; W),
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as m — oo, for some y € Lv%l(O,T; W*). So, by (3.6), we get
u € C([e, T); L*(R™)). (3.7)

2n_

Since by (2.4) and (3.4), the sequence {u,,} is bounded in LP(0,T; W, i (R™)),

loc

using (3.5) and Aubin type compact embedding theorem (see [21, Corollary 4]),
we have the compactness of {um} in L'(e,T; L, ,(R")) for every ¢ € (0,T). Hence

loc

there exists subsequences {u }n 1 C {u(k 2 }n 1 C e CH{um} ; and g, (0
such that
ugji —u ae. on (g, T)x B(0,k),

as n — 0o. Now, applying the diagonalization procedure, we obtain (up to a subse-
quence {uﬁﬁ,{}) that
Um —u  a.e. on (0,7)x R", (3.8)

as m — oo. Now, because the sign of the function f(u) is the same as the sign of
u, together with (3.4), it follows that

¢
[ [ Flut(r,2)uf, (1, 0)dedr < s,

onm" ~ , Vteo,T], (3.9)
/] ) Yy (7, ) ddT < 5

oR

3%

where u}, = max{u,,,0} and u;, = min{u,,,0}. Since the function f(-) is continu-
ous, increasing, positive for z > 0 and f(0) = 0, we can define an N-function (see
[22] for definition)

o

which has a complementary N-function G as follows:

[yl
_ [ 7
O/ 7

By definition of G(-) and (3.9);, we get

//G T:cdxd7<//f (r,2) )k (r, 2)dwdr < s,

0 R™ 0 R™

and consequently we obtain

| Pt

<es+1, (3.10)
LE((0,T)xB(0,k) )

for every k € N, where L% ((0,T) x B(0,k)) is the Orlicz space (see [22] for defini-

tion). On the other hand, defining g(s) = —f~!(—s) for s > 0, we can construct a
new N-function ® such as
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Choosing y = — f(u;,) and taking into account (3.9),, we get

// (1,2))dxdr < //f (1,2))u, (1, z)dxdr < cs,

0 R 0 Rn
and consequently
Hf(u; ‘ s+ 1, (3.11)

for every k € N. By using (3.8), continuity of f() and the functions max{s,0} and
min{s, 0}, it can be inferred that

{ f(ut) = f(ut) in measure on (0,T) x B(0, k),

L3 ((0.7)x B(0,k) )=

fluz) = f(u™) in measure on (0,T) x B(0, k). (3.12)

Now, taking into account (3.10)-(3.12) and using the [22, Theorem 14.6, p. 132],

we get
T T
/ / Flut (t,z))v(t, z)dzdt — / / flut(t,z))o(t, x)dzdt, ¥ ve Eg,
0 B(O k) 0 B(O k)
/ / flu ot ))w(t, x)dxdt —>/ / flu=(t,2))w(t, z)dzdt, Yw € By,
0 B(0,k) 0 B(0,k)

for every k € N, where ¥ is the complementary N-function to ® and Ez , Ey are
the closures of the set of bounded functions in the spaces L%((0,7) x B(0, k)) and
L3 ((0,T)x B(0, k)), respectively. The last two approximations together with (3.6);
yield that

/T / flut(t,2))o(t, z)dwdt — /T / F@t (t,z)u(t, x)dwdt,

0 B(O k) 0 B(O k)
/ / fu,, (t,x))v(t, v)dxdt —>/ / flu™ (¢, x))v(t, x)dxdt,
0 B(0,k) 0 B(0,k)

for every v € L*°((0,T) x R™). Now, since

Flum(t, @) = fug (8, 2)) + fuy, (8, ),

we obtain
T T
/ / fum(t, z))v(t, z)dzdt %/ / flu(t,x))v(t, z)dzdt, (3.13)
0 B(0,k) 0 B(0,k)
for every v € L°((0,T) x R"™) and k € N. By (3.4)-(3.6), we have
(Um, €;) = (u,e;) weakly star in L°°(0,T), (3.14)
(Umt,ej) — (ug,e;) weakly in L?(e,T), Ve € (0,T),
(A, e;) = (x,€;) weakly in L71(0,T), (3.15)
(

f(um),e5) — (f(u),e;) weakly in L*(0,T). (3.16)
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As a result, we can write that
(s €5) = — (65 — (F(w), e5) + {g,€) weakly in L'(=,T). (3.17)
On the other hand by (3.4), we have

f/f(“m(tax))um(t,x))dxdt < .

0 Re

Taking into account (3.8) and applying Fatou’s lemma to the last inequality, we
obtain

T
//f(u(t,x))u(t,x))dxdt < cso.
0 Rn
As it was mentioned in the Remark 2.1, the last inequality gives us that

f(u) € L*0,T; L' (R"™) + L*(R")).
So, by (3.17) and the density of {e;}32, in W}, we get
(u, v) = = (x,0) = (f(u),v) + (g,v) ae. on (0,T),
for every v € Wy, which together with Lemma 2.2 and Remark 2.2 , gives
(u, v) = = (x,0) = (f(u),v) + (g,v) ae. on (0,T),

for every v € W N L*(R"™). From the last equality it follows that
ug € LY(0;T; LY(R™) + W*) and

ug = —x — f(u) +g, in L'0;T; L*(R™) + W™). (3.18)
By u € L*>(0,T; L?(R"™)) and u; € L'(0; T; L*(R™) + W*), we have
u € C([0,T); L*(R™) + W™)
and consequently
u € Cy(0,T; LY (R™) + W)
Since by [23, Lemma 8.1, p. 275],
L>®(0,T; L*(R™)) N Cs(0,T; L*(R™) + W*) = C,(0, T; L*(R™)),
we get
u € C4(0,T; L*(R™)). (3.19)
Also, by (3.1), (3.15) and (3.16), we have
(Ui, e5) — (g — x — f(u),e;) weakly in L'(0,T), j=1,2,..,
which, together with (3.18), yields that
(U, ej) — (ug,e;) weakly in L'(0,T), j=1,2,....
The last approximation and (3.14) give us
(um(0),e5) = (u(0),e;), j7=1,2,... .
On the other hand, since

Um (0) = ug strongly in L*(R™),
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we have u(0) = up. Hence, taking into account (1.3)-(1.5), (3.6) and passing to the
limit in (3.2) when m — oo, we get

Ju) 2 ey <2 / [ starutra)dodr + 1)

0 R™

and consequently we have
. 2 2
tim sup [u(8)]2eny < [u(O)]2 e, -
t—0

By (3.7), (3.19) and the last inequality we obtain
we (0,7 I(R™).

Now, since the operator A : LP(0,T; W) — Lﬁ(O,T; W*) is bounded, monotone
and hemicontinuous, to prove that x = Au, in addition to (3.6)3 and (3.6)4 we

T
need to show thatlimsup [ (A, (t), um(t)) dt < f )) dt (see [20, Lemma

m—oo ()

2.1, p. 38]). By (3.2), we have

T
(Aum ( m(t)) dt = z) [V, (7, )|p B(x) [um (T, )|2 dxdr
0/ U , U // U x)|” + U x ) T

0 Rn

O/RZ ) (7, ) = f(un (7, 2))um (7, 2)) dedr

1
2 o O) ey — 5 I (T3 -

Since u,(0) — up in L?(R™), taking into account (3.6) and (3.8), and applying
Fatou’s lemma, we find

limsup/<Aum,um dt < // (1, z)dzdr
m— 00

0 th,

- / [ fatroyutr)dadr + 5 1O — 5 10D - (320

0 RTL

On the other hand, by Remark 2.1 and Lemma 2.3, we can test (3.18) by By (u) on
(e,T) x R™, which gives us

T

[ o), Buwye) dt = /T [ @) Buta)t.)dadt - /T [ w0 Buta) e e

€ e R" e Rm™

Jr/u(s,;U)Bk(u)(zs,x)dacf/u(T,ac)Bk(u)(T,x)dx

R™ R

1 1
+ 5 1B gy = 5 1BL@)E) 2y
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Taking into account Lemma 2.3 and passing to the limit as k — oo, in the last
equality, we obtain

/( ))dt = // u(t, x)dxdt — hm //f(u(t,x))Bk(u)(Lm)da:dt

€ € R" e Rn»

1 2 1 2
+ 5 (@) gy = 5 1Dy - (3:21)

Since, the sequence {f(u(t, z))Bg(u)(t,x)}re, is non-decreasing and By (u) — u in
C([0,T]; L?(R™)), by monotone convergence theorem, we have

Jim /T / Fult ) Bi(u) (¢, ) dwdt = /T / Fult 2))u(t, 2)dadt,

e R™ e R™

which together with (3.21) yields

/( ) dt = // u(t, z)dxdt — //f (t, 2))u(t, z)dxdt

€ € R" e R

1 2 1 2
+t3 () 2(pny — 3 [e(T) 2 gm) -

Since u € C([0,T]; L?(R™)), passing to the limit in the last equality as ¢ — 0, we

get
T
/ ) dt = // u(t, x)dxdt — //f (t,z))u(t,z)dzdt
0

0 Rn 0 Rn

2 2
T3 uw(O) |72 gny — 5 [u(T) |2y -

Taking into account the last equality in (3.20), we obtain xy = Au, which completes
the proof of the existence of the solution. O

Theorem 3.2. Let u and v be weak solutions of problem (1.1)-(1.2), with initial
data ug and vy, respectively. Then

[u(T) = (D)l g2 (ny < € o = voll p2gny » VT 20, (3.22)
where ¢ is the same constant in (1.5).

Proof. Denoting w = u — v, we have

{ zt((;g (:Al(;(; t 1;)0).— Av) —cw + f(v+w) — f(v) =0, (3.23)
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Testing (3.23); by By (w) on (g,T) x R™ and taking into account the monotonicity

of the function f, we get

w(T ) By (w)(T, x)dz — % 1Bk (w) (T)[72 ey

// ) [Vu(t, z)[P 7% Vu(t, z) - VB (w)(t, z)dzdt
e R™

/ / ) IVu(t, 2)[P~* Vo(t, z) - V Bg(w)(t, z)dedt
£ R?L

T
S/w(m,a)Bk(w)(s,x)d;E — % ||Bk(w)(€)||2Lz(Rn) + c//w(%t)Bk(w)(t,m)dwdt.

R™ e Rn

By the definition of Bj(-) and monotonicity of the function sP~! for s > 0, we have

T

/ / o(z) |[Vu(t, )P Vu(t, z) - VB (w)(t, z)dxdt

e R"
T

- / / o(z) |[Vo(t,z)[P % Vo(t, z) - VB (w)(t, z)dxdt
e R"

o(z) |Vult,z)|P? Vu(t, z)-V (u(t, z) — v(t, z))dzdt

Il
—=

¢ {zeR™|w(tx)|<k}

o(x) [Vu(t,z)|" > Vo(t, z)-V (u(t, ) — v(t, z))dedt

|
—

¢ {zeR™|w(t,x)|<k}

o(z)(|Vu(t,z)|” — |Vu(t7$)\p71 |Vo(t, z)|)dzdt

—=

>

¢ {zeRm,|w(tz)|<k}

+ o(z)(|[Vo(t,z)[P — |Vol(t, x)\p_l |Vu(t, z)| )dxdt

—

e {zeR" uw(ta)|<k}
T

_ / / (@) ([Vult, )P~ = [Vo(t, 2)["") [Vu(t, )| dedt

e {zeR",|w(t,z)|<k}
T
—~ o(z)(|Vu(t, )P~ = |Vo(t,z)[P~") [Vu(t, 2)| )dadt > 0.

¢ {zeR™ |w(t,x)|<k}
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By the last two inequalities, we find

[ vl D) Buw) (T 0) 5 1B D < [ wle)Buw)e, )i

R™ R™

T
1 2
= S IB@ O + ¢ [ [ w0 Buw)t)dde
€ R"
Passing to the limit as k — oo and € — 0 in the above inequality and taking into
account (3.23)2, we obtain
T

1 2 1 2 2
5 ”w(T)HL?(R") < 5 l[uo — UOHLz(R") + C/ ”w(t)HL?(R") dt, VI >0,

which by Gronwall’s lemma yields (3.22). O

Thus, by Theorem 3.1 and Theorem 3.2, under the conditions (1.3)-(1.5) the so-
lution operator S(t)ug = u(t) of problem (1.1)-(1.2) generates a strongly continuous
semigroup in L?(R™).

4. Existence of the global attractor. We begin with the existence of the ab-
sorbing set for the semigroup {S(f)};5-

Theorem 4.1. Assume that the conditions (1.3)-(1.5) are satisfied. Then the semi-
group {S(t)},>q has a bounded absorbing set in L*(R™), that is, there is a bounded

set By in L2(R™) such that for any bounded subset B of L2(R"), there exists a
To = To(B) > 0 such that S(t)B C By for every t > Tj.

Proof. Multiplying the equation (3.1); by the function ¢,;(t), for each j, summing
these relations for j =1, ...,m, we get the following equality :

1d
o lm () gy + / 7o) [Vt )" do + [ (o) un (t,2)* d
R’!‘L

Rn

/f Uy (t, ) ) Uy (8, ) d —/ (X)um (t,x)dz, ¥Vt >0. (4.1)

R™

/ (2) [Vum(t, z)|P dz > (R/ )|V, (t,2) P dz |

by taking into account Lemma 2.2 in (4.1), we obtain

d 2 2 2
dat Hum(t)”m(Rn) +a Hum(t)”m(Rn) < c2 ||g||L2(Rn) +2,

Since

3

and consequently

. 1
it 0y < € im0y + - s+ 2)
for some ¢; > 0 and ¢z > 0. By (3.6); and (3.6)2, we have
Uy, — u weakly in O([e, T); L*(R™)), VYT >¢ >0,

which yields
U (1) — u(t) weakly in L*(R™), Vt > 0.
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On the other hand, since u,(0) — ug strongly in L?(R"), passing to the limit in
the last inequality we find that

. 1
By = {u € LR ullsgary < o (ea ol + 2+ 1}
is an absorbing set for {S(¢)},5,- O

Now, let’s prove the asymptotic compactness property of the semigroup {S(t)},~, -

Theorem 4.2. Let conditions (1.3)-(1.5) hold and B be a bounded subset of L*(R™).
Then the set {S(tm)om}om_, is relatively compact in L?(R™), where t,, — oo,

{Sﬁm}f;:l C B.

Proof. By Theorem 4.1, there exists Ty = To(B) > 0 such that
1S@¢ll 2(rny < €1, V t>Ty, Ve € B. (4.2)
For any T > 0 and {t,, } C {tm} such that t,,, > T + Tj let us define
up(t) == SE+tm, —T)Pm,- (4.3)

So, uy is the solution of (1.1) with the initial condition ux(0) = S(tm, — T)@m,-
Putting uy, instead of u in (1.1), formally multiplying the obtained equation by uy
and tuy, integrating over (0,7) x R™ and then taking into account condition (1.3)
-(1.5) and (4.2)-(4.3), we find the following estimates

el oo mwy + 1anell e 0, 2 ()
T

+ [ [ fluk(t,2))u(t, z)dedt < ca,
0 Rn
”uk”LP(O,T;Wl’%(B(O,r))
luktll p2erip2(mny) < Cers Ve €(0,T), Vr>0.

These estimates can be justified by using Galerkin’s approximation as it was done
in the previous section. So, repeating the argument done in the proof of Theorem
3.1, for the subsequence of uy, without changing the name of it, we have

up, — w weakly in LP(0,T; W),

ur, — w weakly star in L°°(0,7T; L?(R™))
uke — wy weakly in L2(e, T; L2(R™)),
Auy — x weakly in L%(O,T; W),

up — w ae. in (0,7) x R",

flug) = f(w) in D'(0,T x R™),

(4.4)

where x € L7-1(0,T; W*), w € L>(0,T; L2(R"))NLP(0, T; W)NW ' 2(¢, T; L2(R™))
T

and [ [ f(w(t, z))w(t,x)dzdt < oco. Now, putting uj instead of w in (1.1) and
0

Rn
passing to the limit, we find

wy + X + f(w) = g.
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Taking into account Remark 2.1 and Lemma 2.3, and testing the above equation
by Bi(w) on (s,T) x R"™, we obtain

T T T
/ (x(8), Bi(w)(8)) dt = / / o) By (w)(t, 2)dwdt ~ / / F(w(t, 2)) By (w) (¢, 2)ddt

s Rn s R»
+/w(s,x)B;€(w)(s,x)da:— /w(T,a:)Bk(w)(T,x)dx
Rfl R’Vl
1 2 1 2
+§ ||Bk(w)(T)||L2(Rn)_§ ”Bk(w)(S)HLQ(R”) , VI'>s>0.
Again repeating the argument done in the proof of Theorem 3.1, passing to the

limit as £ — oo and integrating the obtained equality from € to T' with respect to
s, we get

T T
7( — &) |lw(T I\L2(Rn)+// dtds+///f (z,t))w(z, t)dzdtds
e s Rn®
T
/Hw ||L2(Rn)d$+/// w(z, t)dzdtds, YT > &> 0. (4.5)
€ s R™

Now, putting uy, instead of w in (1.1), testing this equation by B, (u) on (s, T)x R",
integrating the obtained equality from € to T' with respect to s and passing to the
limit as m — oo, we obtain

T T
3T = T sy + [ [ (Aa0). 0 dvas

T T
+///f(uk(t,x))uk(t,x)dxdtds

€ s Rm
T T T
1
:§/||uk(s)\|iz(Rn)ds+/// x)ug(t, x)dzdtds, YT > e > 0. (4.6)
€ € s Rm®

By (4.2)-(4.4), we have

liminf// (Aug(t), ug(t dtds—// )) dtds
k—o0

~timinf / / (Aug(t) — Aw(t), ug(t) — w(t)) dtds

203liminf//Huk (t)|[5y dtds, (4.7)
k—
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and

it / / [ sttt it > / / [ fwt oot satas. 1)

e s R" R™
So, by (4.4)-(4.8), we obtain

(T = limint o (7) — (D) +2calimint [ (s-2) Jun(s) — w(s) [y ds

. 2
<timint [ fn(s) = w(s) [}y ds. Y72
and consequently

T
(T = &)liminf [[u(T) = (T3 ) +ealiminf / s Jun(s) = w(s) 52 n ds
2e

<hmlnf/|\u;€ HL2(R")dS VT > 2e.

Taking into account (4.2), (4.3) and (4.4)2 in the integral on the right hand side of
the above inequality, we have

/||uk ||L2(Rn)ds<2015+261/||uk w(s)||2(gnyds, VT > 2e.

Applylng Holder inequality, we get

/Huk HL?(Rn)dS
1
2

1 T
log? (£) <2f s s (s) = w(s) [ oy ds> L p=2,
< 5

- p=1 T P
p=2 P
(p 5 (Tp T (25);771)) <2f s Jug(s) — w(s)||1£2(Rn) ds) , p>2,
for T' > 2e. The last three inequalities together with (4.4)2-(4.4)3 give us

P 2
linig.}fllggf lur(T) = wi(T) |72 ny

2cie cs 1og(21), p=2,
< _— _ p=2 p=2 T>2
_T—€+T—5 %(TP—?—(2€)P—?>,]9>2, VT 2 2,

and consequently

lim inf hkmgf 1S (tm)pm — S(tk)wkHiZ(Rn)

m—r o0
T
2cie Cs IOg(E)’ pP=2,
< _ — > 2e.
_T_€+T—g{ —2:1 Tif?—(%)zj),p>2, VT 2 2
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Passing to the limit in the above inequality as T' — oo, we have

lim inf lim inf ||S () om — S (k) ekl p2(gny = 0-

m—oo  k—oo

By the same way, one can show that

lim inflim inf [[S(tm, )m, — S(tmi)Omillp2(rny =0, (4.9)

k—oo i—00

for every subsequence {my},- ;. Now, using the argument done at the end of the
proof of [19, Lemma 3.4], let us show that the sequence {S(tm)@m }one, is relatively
compact in L2(R™). If not, then there exists £y > 0 such that the set {S(tm)om ooy
has no finite g-net in L2(R™). This means that there exists a subsequence {my} -,
such that

||S(tmi)50mi - S(tmk%omk ||L2(Rn) >e9, 1 F£ k.
The last inequality contradicts (4.9). O

Thus, taking into account Theorem 4.1, Theorem 4.2 and applying [24, Theorem
3.1] we have Theorem 1.1.

Acknowledgments. The authors are grateful to the referees for helpful sugges-
tions.
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