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ABSTRACT

THE EFFECT OF TURKISH MORTALITY IMPROVEMENTS
ON THE COST OF ANNUITIES USING ENTROPY MEASURE

Biikre YILDIRIM
Master of Science, Department of Actuarial Science
Supervisor: Assist. Prof. Dr. Murat BUYUKYAZICI
June 2014, 60 pages

Over the twentieth century there have been unprecedented and unexpected
gradual decline in mortality rates due to considerable process of eliminating
hazards to survival, which have increased the life expectancy at birth remarkably.
Decrease in mortality rates often been underestimated by annuity and pension
providers. Especially, mortality improvements for post-retirement ages have
significant financial effect on the annuity and pension plans.

To correctly measure the effect of mortality rate improvements on the life
expectancy or annuity costs many demographers use the idea of entropy. Entropy
has also been used as a measure of the rectangularization of the survival function,

variability of the age-at-death and the convexity of the survival curve.

In this thesis work, the Keyfitz definition of entropy is used to measure the effect of
any changes in the force of mortality on the cost of a life annuity. Entropy
parameters investigated to see how they affect the entropy measure. Firstly,
Turkish period life tables are used to calculate the entropy measure for the cost of
annuities. Then a mathematical model for the force of mortality is adopted to

obtain a more theoretically satisfactory conclusion.



This master thesis is comprised of 5 chapters, mainly as; introduction, entropy in
actuarial science, entropy values using Turkish life tables, entropy values and its

behavior using a mathematical model and finally results and conclusions.

In Chapter 2; the formula for the entropy measure for life expectancy at birth is
explained and then the corresponding formula for the life annuity is explained. In
Chapter 3; the value of entropy measure H is calculated using the Turkish Life
Mortality Tables over the period 1931-2015. In Chapter 4; the value of entropy
measure is calculated with an assumption that mortality is following a Gompertz
mortality model. Lastly, Chapter 5 discusses the overall conclusions and makes

some recommendations.

Keywords: Entropy, force of mortality, annuity cost, rectangularization.



OZET

TURKIYE’DEKI OLUMLULUK DEGISIMLERININ ANNUITE
FIYATLARI UZERINDEKI ETKISININ ENTROPI OLGUSU

Biikre YILDIRIM
Yuksek Lisans, Aktlierya Bilimleri Bolumu
Tez Danismani: Yrd. Dog. Dr. Murat BUYUKYAZICI
Haziran 2014, 60 sayfa

20. yuzyll boyunca beklenen yasam suresini etkileyen tehlikelerin azaltilmasi
sonucunda mortalite hizlarinda, daha 6nce gorulmemis ve beklenmedik kademeli
dususler olmustur. Bu nedenle dogumda beklenen yasam suresi onemli bir
bicimde artmistir. GUnimuzde mortalite gelismelerinin yavaslamakta olduguna
dair ya da insan dmrundn belirli bir teorik Ust limiti olduguna dair kesin bir kanit

bulunmamaktadir.

Tarihsel sure¢ boyunca, gdézlemlenen, mortalite hizlarindaki azalmalarin arkasinda
son derece onemli gelismeler bulunmaktadir. Bunlardan bazilari; daha besleyici
gidalarin uretilmesi, temiz su kaynaklari, atik imha alanindaki gelismeler, yUksek
yasam standartlari, daha iyi barinma ve c¢alisma alanlari, motorlu arag
guvenligindeki gelismeler, temel saglik hizmetlerine erisimin kolaylagmasi,

asllamanin yayginlagsmasi ve tibbi gelismelerdir.

Tirkiye'de toplam dogurganlik hizi Tirkiye istatistik Kurumu’'nun hesaplamalarina
gore 2012 yil icin 2.08dir. Bu nifus yenilenme hizi olarak kabul edilen 2.1
degerinin de altindadir. Nifusun yaslanmakta oldugu ve nufustaki geng insan

sayisinin, yani ¢alisma gucune katki saglayan kigi sayisinin azalmakta olduguna



suphe yoktur. Uzun yasama riski, azalan dogurganlik ve mortalite hizlarinin

etkisiyle daha da 6nemli bir hale gelmigtir.

Mortalite hizindaki suregelen bu dusus beklenenden daha fazla oldugu igin
genellikle dikkate alinamamistir. Dolayisiyla primler eksik tahmin edilmektedir.
Ozellikle emeklilik sonrasi yagslar icin ortaya c¢ikan mortalite iyilesmelerinin
emeklilik planlarini duzenleyen kuruluglar ve anuite garantisi veren sirketler
uzerinde Onemli finansal etkileri olmustur. Sosyal guvenlik sisteminin yapisi
nedeniyle mevcut olan eksiklikler de mortalitedeki gelismelerin etkisi ile birlikte

kotulesmektedir.

Entropi ilk olarak Alman fizik¢i Rudolf Clasius tarafindan 1865'de, Sadi Carnot ve
Lord Kelvin’in dnceki ¢alismalarini da temel alarak tanitiimistir. Clasius sistemler
arasindaki mukemel isi1 transferlerinde bile kullanilabilir enerjinin bir kisminin
kaybolmasinin kaginilmaz oldugunu bulmustur ve bu kaybolmayi entropideki artis
olarak tanimlamistir. Entropi; termodinamigin dogadaki en temel kanunlarindan biri
olan ikinci yasasidir. Bu su anlama gelir; tim slrecler kacinilmaz enerji kaybi
(entropi artis1) nedeniyle %100’den daha az verimle g¢aligmaktadir. Entropi
kavrami modern bir bilim dali olan bilgi kuraminda da énemli bir role sahiptir ve bir
mesajin igerdigi bilginin beklenen degerini ifade eder. Bilgi kuraminin 1948’de
Amerikali matematik¢i Claude E. Shannon’in 6ncl c¢alismasi “A Mathematical

Theory of Communication” da bulundugu kabul edilmektedir.

Gegctigimiz yillarda birgok demograf entropi &l¢itini toplumlarin  mortalite
karsilastirmasi amaciyla kullanmistir. ilk olarak Nathan Keyfitz entropi 6lgttini
mortalite hizindaki herhangi bir degisimin beklenen yasam suresi Uzerindeki
etkisini 6lgmek icin bir indeks olarak kullanmistir. Yuksek entropi degeri dusuk
entropi degerine gore, beklenen yasam suresinin mortalitedeki degisimlere daha

duyarl oldugunu gdstermektedir.

Entropi kavrami birgok arastirmaci tarafindan yasam fonksiyonu igin
dikdortgensellesmenin bir olguti olarak da kullaniimistir. Dikdortgensellesme
gectigimiz yuzyilda yuksek mortaliteden dusuk mortaliteye gecisin neredeyse
tamamlandigi birgok gelismis Ulkede ortaya ¢ikmistir. Dikdortgensellesme ya da
bagka bir deyigle, yagsam egrisinin artan yagsama olasiliklari ve beklenen yasam

suresine bagll olarak duzlesmesi, yasam fonksiyonunun gittikgce dikdortgen bir
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sekil almasidir. Yagama olasiliginin ileri yaslara kadar bire yakin kalip kisa bir
zaman araligi i¢inde sifira dismesi sonucu dikdortgen bir sekil ortaya cikar.
Mortalite hizlarindaki gelisim insanlarin daha ileri yaslarda &lmesine neden
olmustur. Bu, 6lum yasindaki degiskenligin azalmasi ve olumlerin yagsamin daha

ileri yillarinda birikim gostermesi anlamina gelir.

Bu tez gcalismasinda Keyfitz'in entropi tanimi, mortalitedeki degisimlerin anuite
degerleri Uzerindeki etkisinin bulunmasi igin kullaniimistir. Daha sonra entropide
yas, cinsiyet, mortalite degisimi ve faiz orani gibi parametrelerinin etkileri
incelenmigtir. Oncelikle 1931- 2015 vyillari arasindaki Tirkiye periyot hayat
tablolari kullaniimis ve entropi anuite degerleri igin hesaplanmistir. Daha sonra,
teorik olarak daha tatmin edici bir sonuca ulasilabilmesi igin mortalite hizi igin

Gompertz modeli kullaniimig, yeni hayat tablolariyla islemler tekrar edilmistir.

Hesaplamalar entropinin cinsiyet degiskenine ¢ok duyarli olmadigini ancak yas,
yil, faiz orani ve mortalite degisimlerine karsi duyarli oldugunu géstermistir. Antite
ve entropi degerlerinin kullanilan faiz ile ters, yas ile dodru orantili oldugu

gOrulmustar.

Bu yuksek lisans tezi bes kisimdan olusmaktadir. Bunlar baslica: Girig, Aktluerya
biliminde entropi, Turkiye hayat tablolari kullanilarak entropi degerleri,
Matematiksel model kullanilarak entropi degerleri ve son olarak Sonug¢ ve
Onerilerdir. Bolum 2'de; ilk olarak dogumda beklenen yasam suresi icin entropi
Olcutlu formull agiklanmis daha sonra bu formal annuite degerleri icin kullanilabilir
hale getirilmigtir. 3. Bolum’de entropi Olgutinin degeri, 1931-2015 Turkiye
mortalite tablolari kullanilarak hesaplanmigtir. Bolum 4’de entropi degerleri
mortalitenin matematiksel bir modele uydugu varsayimi altinda hesaplanmis ve bu
modelin parametrelerine goére davranigi incelenmistir. son olarak Bolim 5 elde
edilen genel sonuglar hakkinda bilgi vermekte ve ileride yapilabilecek galismalar

icin 6nerilerde bulunmaktadir.

Anahtar Kelimeler: Entropi, mortalite hizi, anuite dederi, dikdortgensellesme.
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1. INTRODUCTION

Over the twentieth century there have been unprecedented and unexpected
gradual decline in mortality rates due to considerable process of eliminating

hazards to survival, which have increased the life expectancy at birth remarkably.

Aging is still an uncertain process and there is much debate as to whether there
are upper limits to human longevity. However, it is clear that there is no conclusive
evidence to suggest that current mortality improvements are tending to slow down

and no fixed theoretical limit to human longevity is apparent today [1].

Going back in history, there exist a number of extremely important developments
behind the observed reductions in mortality rates. These include; more nutritious
foods, clean water supply, improvements in waste removal, improvements in
sanitary conditions, higher standards of living, better housing and working
conditions, improvements in motor vehicle safety, access to primary medical care
for the general population, availability of immunizations, medical advances, etc.
Throughout the years each of these developments will make a smaller impact to

mortality improvement.

Further reductions in mortality will depend upon factors such as; development of
new diagnostic and surgical techniques, emergence of new forms of disease,
presence of environmental pollutants, cigarette smoking, improvements in
exercise and nutrition, incidence of violence, ability and willingness to pay for the

development of new treatments and technologies.

Over the years, this evolution has led death causes to change from infectious
diseases, such as tuberculosis, diphtheria and cholera, to degenerative and
chronic diseases, such as cancer and cardiovascular diseases which effect mostly
older ages [2]. In other words, mortality from exogenous causes is mostly
eliminated, and the remaining variability in the age at death is generally caused by

genetic factors [3].

Figure 1.1. demonstrates the improvements in mortality rates of Turkey for
females and males respectively over the years 1931 to 2015. It can be seen that
mortality rates have fallen considerably. There are significant mortality

improvements in some decades and almost no improvements in other decades.
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Fig. 1.1. Mortality rates of Turkey for females and males
respectively over the years 1931 to 2015.



Life expectancy at birth in the early times among humans was likely 20 to 30 years
[4] proven by tombstones inscription, skeletal remains, and genealogical records
[5]. When the first population data in history began being collected in 1750 in the
Nordic countries, life expectancy was around 35-40 years. Then rapid
improvements began at the beginning of 20™ century and life expectancy reached
60-65 years by the middle of the 20™ century. Most of the life expectancy increase
occurred in the last two centuries. The 20" century in particular has made a huge
increase in life span compared to all other centuries. Since then life expectancy
gains mostly have been due to medical factors which have reduced mortality
among older persons. By the beginning of the 21 century, life expectancy at birth

has reached about 70 years even 80 years in some countries, such as Japan [6].

In Europe, Eurostat states that the total fertility rate has dropped to 1.5 in 2012,
which is below the rate of 2.1, considered to be the replacement rate of
populations. In Turkey the total fertility rate for year 2012 is 2.08 according to
calculations of Turkish Statistical Institute (TUIK) [7]. Due to these reasons,
without arguing that the world’s population is getting older and younger people in
population who constitutes the work force is declining with the contribution of
declining fertility rates. The effect of longevity risk is even more important with the
consequences of falling fertility rates and improving mortality. It has agitated the
plan providers, especially for products offering annuity guarantees.

This persistent decrease in mortality rates was unexpected and as a result they
have often been underestimated by annuity and pension providers. Especially,
mortality improvements for post-retirement ages have a significant financial effect
on the annuity and pension plans. Because of the tax-paid structure, the
deficiencies of public finance are aggravated by mortality improvements. Also due
to low fertility rates, the ratio between old people and young people decreased

over time [2].

Which takes us to entropy: The term entropy in physical sciences evolves around
the definitions of the thermodynamics [8]. In thermodynamics the second law
states that in a system or process, entropy is the disorder or randomness.
Thermodynamic entropy is a measure of how disordered a system is. A system

which in an imbalanced state ,for example a hot region next to a cold region, will



always tend to even out, with the heat flowing from hot to cold region until the

systems even out.

Entropy was first introduced when the steam engine became science
(thermodynamics) by the German physicist Rudolf Clasius in 1865, based on
earlier work by Sadi Carnot and Lord Kelvin. Clasius found that even for perfect
exchanges of heat energy between systems, a loss of useful energy is inevitable.
He called this loss an increase in entropy. The increase in entropy is the amount of
heat transfer divided by the absolute temperature. This is one of the basic laws of
nature, known as the second law of thermodynamics. This means that all
processes must operate at less than 100% efficiency due to the inevitable loss of

heat energy, entropy rise [8].

The concept of entropy also plays an important role in the modern discipline of
information theory. Information theory is generally considered to have been
founded in 1948 by the American mathematician Claude E. Shannon in his
pioneer work “A Mathematical Theory of Communication” [9]. In information
theory, entropy quantifies the expected value of the information contained in a

message.

To correctly measure the effect of mortality rate improvements on the life
expectancy or annuity costs many demographers use the idea of entropy. During
the past decades, the concept of entropy has been adopted by several

demographers.

For example, Pollard [10] focused on the function of mortality rate and its effects
on life expectancy. He used discrete differences in life expectancy at two moments
in time, and analyzed the effect of difference between two mortality rates. The
second approach by Keyfitz [11] introduced the concept of entropy into the field of
demography as a measure of the elasticity of the life expectancy for proportional

changes in mortality rates.

As stated by Keyfitz, entropy of a survival model is the time derivative of the life
expectancy. He used the entropy measure as an index to measure the effect of
any change in the force of mortality on life expectancy. A high value of entropy

measure indicates that the life expectancy has a greater sensitivity to a change in



the force of mortality than a lower value of entropy measure. So a high value of
entropy measure means that future reductions in mortality rates would have an
impact on life expectancy. On the other hand, a low value of entropy measure
means that life expectancy is relatively ‘immune’ to future reductions in mortality
rates. The particular advantage of the concept of entropy is that it allows the
sensitivity of the life expectancy to changes in mortality rates to be summarized in

a single figure index.

The concept of entropy has also been used as a measure of the rectangularization
of the survival function by a number of researchers (e.g. Goldman and Lord [12],
Nagnur [13], Nusselder and Mackenbach [3]). Rectangularization showed up over
the past century in most developed countries of the world in which the

transformation from high mortality to low mortality is nearly complete [13].

Rectangularization or the flattening of the survival curve is a trend toward a more
rectangular shape of the survival function due to increased survival rate and
expectation of life. A rectangular curve emerges when the probability of survival
stays close to one up to old ages and then drops to zero over a short age range
(sharp down slope) at very old ages, due to demographic transition from high to
low mortality levels. Improvements of the mortality rates have caused people to die
at older ages. This means that; the variability in the age at death declines and
deaths are concentrated to the upper years of life. Also, a way of analyzing the

rectangularization is to observe the temporal variations in the values of entropy.

Entropy is also a measure of the variability of the age-at-death and a measure of
the convexity of the survival curve [5]. If the survival curve is completely
rectangular, entropy is zero and everybody lives to a certain age and then dies at
that age hence the variability in the age-at-death is zero. If the survival curve
declines in a linear form with age and the number of deaths are equal at all ages,
entropy is 0.5. If mortality is independent of age in other words the force of

mortality is equal at all ages, entropy equals the unity.

In this thesis work, the Keyfitz definition of entropy is used to measure the effect of
any changes in the force of mortality on the cost of a life annuity. Then we
investigate some parameters of the entropy to see how they affect the entropy
measure -for example; the effects of the age and gender of the pensioner at

5



inception and the rate of interest. Firstly we use period life tables to calculate
entropy measure from annuity values and life expectations. Then we consider a
mathematical model for the force of mortality to obtain a more theoretically

satisfactory conclusion.

This master thesis is comprised of 5 chapters, mainly as; introduction, entropy in
actuarial science, entropy values using Turkish life tables, entropy values and its

behavior using a mathematical model and finally results and conclusions.

In chapter 2; the formula for the entropy measure for life expectancy at birth is
explained and then the corresponding formula for the life annuity is explained. In
chapter 3; the value of entropy measure H is calculated using the Turkish Life
Mortality Tables over the period 1931-2015. In chapter 4; the value of entropy
measure is calculated with an assumption that mortality is following a Gompertz
mortality model. Lastly, chapter 5 discusses the overall conclusions and makes

some recommendations.



2. ENTROPY IN ACTUARIAL SCIENCE

In this chapter we take into account the formula of the entropy measure for life
expectancy at birth and then introduce the corresponding formula for the life
annuity. After brief explanations of some basic actuarial terms in Section 2.1,
Section 2.2 presents the theory of entropy in life expectancy from Keyfitz [11] in

2.2.1., and the entropy measure for annuity costs in 2.2.2.
2.1. Notation

Some important terms which frequently used in the following sections will be

defined basically here.

A life table shows fundamental parameters of a population for each age or age
group, such as; the number of survivors, the number of deaths, the probability that
they die or live to their next birthday and the life expectancy. It describes the
mortality and survival pattern of a population. From this point forward, a number of

fundamental statistics can be derived.
There are two types of life tables:

I. Period (static) life tables show the current probability of death (for people
with different ages, in the current year). It is based on the mortality

experience of an entire population.

II.  Cohort, or generation, life tables are based on mortality experience over the
lifetime of people from a given cohort (which usually covers one year) over

the course of their lifetime.

Mortality data and life tables, originate from observations concerning a whole
national population or a specific part of a population (e.g. retired workers, disabled

people, etc.) or an insurer’s portfolio, and so on.

The past life table data does not assure future outcome. Hence in order to price
insurance products, and obtain the solvency of insurance companies, actuaries
must develop projections of future insured events. To do this actuaries develop

mathematical models for mortality, next life tables are generated. The life tables



are called mortality tables if they show death rates and morbidity tables if they

show various types of sickness or disability rates.
The standard notations required for a life table includes:

Number of Survivors

Radix is the number of people alive at the age of 0. It is shown as |, and this is the

starting point for I,. I, is the number of survivors at age x. It is the number of

X
those original radix who are still alive on their x" birthday. As age increases the

number of people alive decreases to a finite limit of 0. Also, @ is the limiting age of

the mortality table and |, is zero forall N> ®.

Also, Io can be calculated as;
W

IO = Z ldx
x=0

Number of Deaths

Number of people who die between age x and x+n is defined as ,0,. It can be

calculated using the formula;

do=d +d, +.+d

X+l X+n-1+
= Ix - Ix+n

Probability of Living and Dying

Probability of dying between age x and x+n is defined as g, .

Also, when mortality is following a mathematical model ,(, can be calculated as;



X
Qo =1-exp[—[ p1,da]
0
Probability of surviving between age x and X+N is defined as P, .

_ xn
npx__

IX

Also, when mortality is following a mathematical model , p, can be calculated as;

Py =exp[— p,da]
0

Since the only possible alternatives from one age x to the next X+n are living and

dying, the relationship between these two probabilities;

an + n pX :1'
Life Expectancy

Another statistic that can be obtained from a life table is life expectancy. Life
expectancy is the average number of years of life expected to remain for a person

atage X . lItis defined as e,.

ex:tz_l:tpx

Also, when mortality is following a mathematical model, e, can be calculated as;

The expected lifetime is often used to compare mortality in various populations.
The definition of e, is based on the probability distribution of the lifetime
conditional on being alive at age x . Thus when x=0 the mortality at all ages

contributes to the value of e,.



Within populations, differences in life expectancy exist with regard to gender.
Females tend to outlive males in all populations, and have lower mortality rates at

all ages, starting from infancy.
Force of Mortality

Force of mortality refers to an instantaneous rate of mortality at a certain age

measured on an annualized basis. In a life table, we consider the probability of a
person dying between age x and age X+t; as (,. In the continuous case, we

could also consider the conditional probability that a person who has attained age
x will die between age x and age x+t. This is called the force of mortality and

defined as follows:
1O

<
yX:IimM:Iim—

t—0 t t—0 t
Where TX is the remaining lifetime of a person at age x. And hence it represents
the instantaneous rate of mortality at a given age x..
From

Fo(x+t)_Fo(X) — Fo(x+t)_Fo(X)

PIT, <t]=F ()=

1-Fy(x) S(x)
we obtain
_is(x)
,szlim FO(X"'t)_Fo(X): fo(x)= dx z—ih’]S(X)
t—0 tS(x) S(x) S(x) dx

Hence, once the survival function S(x) has been assigned, the force of mortality

can be derived.

Life tables can be constructed using projections of future mortality rates, but more
often they are snapshots of age-specific mortality rates in the recent past. For
these reasons, the older ages in the life table may have greater chance of not

being representative of what lives at these ages may experience in future, as it is
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predicated on current advances in medicine, public health, and safety standards
that did not exist in the early years of this cohort.

Annuity Cost

People generally feel a necessity to make savings to help them when they retire.
An annuity specifically provides that. Everyone at the same age group makes
equal payments to a life insurance company to be a beneficiary of the
accumulated payments in the future under the condition of reaching a certain age.
In this manner the survivors from this group gets more than they pay initially. No
one knows when they will die and the payment is conditional on staying alive
therefore, life annuities are conditional annuities. Making regular savings, rental
payments, coupon and bond interest payments, life insurance premiums are
examples of annuity problems. If not recognized, the changing mortality rates can
and will cause companies to fail to meet their liabilities.

A life annuity consists of a series of payments which are made while the annuitant
(of initial age x) lives. To ensure the future payments insured needs to make

contributions to the fund, this quantity is called net premium. The net single

premium of a life annuity is its expected present value, ax. Itis defined as
ax = I P, exp[-at]dt
0

Where o is the force of interest rate.
Survival Function

Survival function gives the proportion of individuals reaching the age Xx. Assume
that the function S(t), called the survival function and defined for t>0 as

follows:
S(t) =P[T, >t]

T, denotes the random lifetime for a newborn. Where W is the limiting age it is
usual to assume that the possible outcomes of T, lie in(0,w) and the probability

measure outside this interval is zero.
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The survival curve moves towards a rectangular shape with time due to
improvements in mortality rates and increases in life expectancy, and hence the

term rectangularization is used to describe this feature.

Rectangularization of survival curve is also associated with a reduction in the
variability of age at death. As deaths become concentrated in a narrow age range,
the slope of the survival curve becomes steeper, and the curve itself begins to

appear more rectangular.

The point of maximum downwards slope of the survival curve progressively moves
towards the very old ages; this feature is called the expansion of the survival

function.
2.2. Methodology
2.2.1. Entropy and Life Expectancy

A measure of uncertainty associated with a random variable comes from the field
of information theory and is called entropy. In actuarial science entropy is a single
figure index that quantifies the effect of proportional change in the force of
mortality over the whole range of age on life expectancy. It gives the percentage
change in life expectancy produced by a reduction of one percent in the force of

mortality if equal progress is achieved against mortality at all ages.

Entropy determines the expected uncertainty on the result of an experiment and
presents information about the foreseeability of the result of a random variable.
The larger the entropy the less compressed the distribution and thus an
observation about random variable provides less information. Measure of entropy
may be regarded as a descriptive quantity of the corresponding probability density
function as it belongs to the class of measures of variability like the median, mode,

variance or the standard deviation [14].

The most known measure of entropy, Shannon’s information entropy equation, is
defined by;

H(X)=-2 p(x)In p(x)

or

12



H(X):—Jf(x)ln f (x)dx

Where, p(x) is the probability mass function of X and f(x) is the probability

density function of X depending on whether the random variable X is discrete or

continuous, respectively [9].

The Shannon’s entropy, measures the information content of a random variable
and represents a lower bound on how much that random variable can be
compressed without losing its content. Also, Shannon’s entropy measure initiated
the mathematical study of information theory, and his results are the bases of

communication over networks today.

The formula for the entropy measure for actuarial work frame differs from that

associated with information theory.

The expectation of life at age x €, calculated from life tables is a commonly

used summary measure for population’s level of mortality. Variations in life

expectancies also can be used to compare between countries. The role of single-
figure indices such as e, summarizing the lifetime probability distribution, should

not be underestimated. It does suffer from some of the usual disadvantages of

single-figure indices but at the same time there are good reasons for adopting
such a summary measure. Apart from the fact that a single index such as e?

condense the information of a full mortality schedule considerably, life

expectancies also have the advantage of easing the interpretation.

Assume that the overall force of mortality at age X is x,, and the force of

mortality changes by 100p percent where @ is a constant change in the force of

mortality at all ages, and could be positive or negative depending on whether the

mortality rates are increasing or decreasing respectively. Then, the new force of

mortality at age X is, 4, = 11,1+ ) .

This new force of mortality leads to a new survivorship curve, and the new

probability of surviving from age O to X becomes

13



Py =exp[—| ;dal]
0

= expl-[ 4, (1+ p)dal]

= exp[[ u,da]"

0

= (x p0)1+¢ (21)

The new expectation of life is

O'-—.E

(apy)**da, 2.2)

where w is the maximum limit age of a population in the life table.

Keyfitz [11] has shown how the logarithm of the survivorship curve, [In,p,], contains

useful information about the effects of changes in force of mortality on life
expectancies. So as to determine the effect of changes in force of mortality, 4, , on

the expectation of life, €2, we consider the derivative of equation (2.2) with

respectto @ ;

o* w

j n(, Po)(, Po)"* da (23)

o

In the neighborhood of @ =0 based on a Taylor expansion, we have the following

approximation

[in , po]. poda
Ae '([ 0 0

o o

12
AS)

(2.4)

% | [.pda
0

To make H a positive quantity we define it as minus the expression in brackets.
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A

5-=-Hgp (2.5)
eO

Equation (2.5) means that the proportional change in life expectancy can be
approximated in simple terms as H times @, where @ means that a small

proportional change in the force of mortality if equal progress is achieved against

mortality at all ages.

The quantity H as the entropy measure is shown as

I[In a pO]a pOda
H — _ 0

Vjv (2.6)
. Ppda
) 0

Entropy is a positive quantity and the ratio of the integrals is always negative

because ,P, is always between zero and one and In(,p,)is always negative.

Eventually entropy is a weighted average of values of In ., p, as age ranges from
O to w. As ,p, declines from one to zero over the age span -In,p, increases

from zero to infinitely large values. Therefore, there is no apparent mathematical

explanation of why H, (o) should be bounded from above [12]. Hence, it has no

upper bound and life tables may have entropy values above one. Those life tables

exhibit extremely high death rates in the young ages.
The effect of a mortality change on the life expectancy depends directly on the
concavity of the survival curve (same as ,p,, or u,, which ,p, was derived) [15].

As mortality improve over time, in other words the curve of, p, turns down more

sharply which is the same as saying that 4, turns up more sharply, more people
die in a narrow range of old ages before w. This leads H closer to zero. Hence,

a change in [, has almost no effect on life expectancy. The lower H, the greater

the tendency for all of us to die at about the same age, a tendency that apparently
accompanies mortality decline. Indeed, H would be O if all mortality were

concentrated at a single age (everyone dies at the same age). Hence, a change in
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U, is reflected by an equal proportionate change in ¢,. Also, in the case of

complete rectangularization of the survival curve, entropy is zero regardless of the
age at which all members of the population die.

Entropy is roughly the percentage change in life expectancy originated from a
reduction of 1% in the force of mortality at all ages. Such as if entropy is 1, a
decrease in mortality rates by 1% results in an increase in life expectancy at birth
by 1% . Similarly, if entropy is 0.2, a uniform decrease in the force mortality by 1%

results in an increase in life expectancy at birth by 0.2%.

Analyses point out that there is an inverse relationship between the period

expectation of life and the entropy measure H. This decline in H s, in large
measure, an outcome of the progress of reducing deaths in infancy- the age at
which the highest number of years of life expectancy are lost. Another result of the
progress in reducing deaths in infancy is a shift in the ages where further
improvements of mortality would be most effective in increasing life expectancy.
About a century ago, most of the potential for saving years of life was
concentrated in the first years of childhood; today, in developed countries most is
in old age. In the course of mortality declines and life expectancy increases, there
is an upward shift in the ages where further declines in mortality would be most
effective in increasing life expectancy. This gives rise to life expectancy being less
sensitive to further declines in the force of mortality, and so we would expect the
entropy measure to decrease over time as mortality improves. As a consequence,
future movement towards rectangularization and a reduction in the force of
mortality by one percent at all ages would produce a much lower increase in life

expectancy today than would have been the case fifty years or a century ago [16].

Rectangularization occurs when the age-at-death distribution shows an increased
building up around a certain old age, as the survival function takes more and more
a rectangular shape. It is often being seen as a sign that the life expectancy is
approaching to its biological limit. Approaching the average life span (biological
limit of the life expectancy) implies that increases in total life expectancy must

decelerate [16].
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Great developments were made in the 20" century towards minimizing hazards to

survival at the young ages. Survival rates at the older ages are also continuing to

improve. As a result of these developments;

Figure 2.1 presents the

rectangularization of the Turkish female and male survival curves respectively for
selected calendar years 1931, 1950, 1970, 1990 and 2015.

Surviva

Sunviva

0 1 1 1 1 1

] 10 20 30 40 50
Age

60

100

1931
1950
1970
19380
2015

1931
1950
1970
1990
2015

Fig. 2.1. Turkish female and male survival curves for selected calendar years.
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Rectangularization is gradually evolving over the last 8 decades. The differences
between men and women is more pronounced at the older ages in 2015 than in
1931. Women made greater gains than man and remarkable improvements have

been registered in the probabilities of survival to older age.

Therefore, entropy measure can be seen as an indicator of rectangularization and
it can also be interpreted as a measure of the heterogeneity of the population with

respect to mortality at different ages [11], [16].

The theory presented in this section has considered the concept of entropy in
relation with the expectation of life at birth. We now investigate how to extend this

approach in order to find the corresponding entropy value for annuity costs.
2.2.2. Entropy and Cost of Annuity

This section provides a method to find the effect of a uniform proportional change
in the force of mortality over the whole age range on the cost of an annuity.

Using the same assumption as considered in Section 2.1: Assume that the overall
force of mortality at age X , £, , changes by 100p percent where @ is a constant

change in the force of mortality at all ages, and could be positive or negative
depending on whether the mortality rates are increasing or decreasing

respectively. This new force of mortality leads to a new value of a life annuity.

The new value of a life annuity at age X becomes
ax = [ (, p,)"* exp[-t]dt @.7)
0

To determine the effect of changes in force of mortality, @, on the value of a life

annuity, ax, we consider the derivative of equation (2.7) with respectto @ .

d — % .
——a=[(In p,)(,p,)"" exp[-ot] (2.8)
¢ 0

And using a Taylor expansion for the neighborhood of @ =0, it concludes that,
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0

| Jan ) p)exp[-ot]dt
Aax |3
=—= @ (2.9)

& [, exp[-ot]dt
0

H, () can be thought of as minus the weighted average value of In,p,, weighted

by . P, eXp[-dt]. Hence;

A;X =—H,(0)p (2.10)

X

Where H,(0) is the entropy measure of an annuity value for a person at age X

with the force of interest, o .

~[ (I p,)(; p,) exp[-ot]ct
H, () =——; (2.11)
[ b, exp[-ot]dt

0

Here, H,(9) is a positive quantity because the numerator of the integrals in (2.11)

is always negative.

When mortality rates improve over time, we would expect a larger percent of
deaths to occur at older ages because of the decrease in volatility of age-at-death
distribution. Also, the value of H, (6) decreases and becomes closer to O . As
stated previously, the pace at which this happens depends on the concavity of the
survivorship curve. Additionally, as the interest rates increases, H,(J) is expected

to decrease, because any change of the force of mortality is expected to have a

lower impact on the cost of a life annuity at higher interest rates.

Equation (2.11) can be written as weighted average of dx+s with using integration

by parts;
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_J. Hyis s p><e_5s 5X+Sds
H,(6)=—° = (2.12)

X

Hereby, H,(d) can be seen as a measure of heterogeneity easily, as ;Py.; is the

probability density function for the time of death of a person aged x .

To compute the values of entropy measure, we first need to arrange the ratio of
integrals in equation (2.11), by using a numerical approach designed by Pollard
[10].

Let
F |

th zjﬂx+udu =—|n(;—+tj=—|n t Py
0

and
t Ex =t px eXp(—é‘t) .

Using these two equations and the mean value theorem for integrals; the integrals
in (2.11) are replaced by sums of the one-year integrals. As a result of this, it leads
the entropy measure to the following approximation:

g.;t QX t+% EX
HX(5) ~ (2.13)

E

X

| =

+

M=l

N[+~

t t+

Il
o

Where w is the maximum limit age in the mortality tables. Hence, equation (2.13)
can be used directly to calculate the values of entropy measure for different values
of x and o .

20



3. ENTROPY VALUES USING TURKISH LIFE TABLES

In this section of the thesis, entropy measure H, () is calculated using the Turkish

Life Mortality Tables over the time interval between 1931 and 2015. These
mortality tables for each year was derived from the computed regression levels of
the Construction of Turkish Life and Annuity Tables Project [17]. The project
assumes that Turkish Life Tables and the Cole-Demeny West Model Life Tables
[18] are alike. And the project data covering all age groups of the Turkish

population had originally been derived from the Turkish population registers.

Fernale

Age 0
Age 20
Age 40
Age B0
Age 80
Age 100

_9 1 1 1 1 1 1 1 1
1930 1940 1950 1960 1970 1980 1990 2000 2010 2020
Year

Male

Age 0
Age 20
Age 40
Age B0
Age 80
Age 100

Iy, )

_8 1 1 1 1 1 1 1 1
1930 1940 1950 1960 1970 1980 1930 2000 2010 2020
Year

Fig. 3.1. Mortality rates for females and males in log scale
over the period 1931-2015.
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Firstly the plots of mortality rates were considered to determine the properties of
population data. From the following Figure 3.1, it can be seen that mortality rates
have been decreasing throughout the years. To facilitate understanding these
rates have been plotted on a logarithmic scale. These life tables will allow us to

investigate the entropy measure changes over an almost 85 year period.

The entropy measure is calculated separately for males and females to see and
examine the importance of gender in mortality. Furthermore, it is calculated at

different rates of interest (e.g. 0%, 2%, 4%, 10% , 8%, 10% ).

Currently, until the year of 2036 the retirement age in Turkey is 60 for males and
58 for females as stated in the law number 4447 [19]. Beginning from 2048 the
age of retiring from Social Security Institution is expected to be 65 for both females
and males [20]. As the primary area of interest for the application of the concept of
entropy for annuities is for people who retired, the age ranges 60-100 and 70-100

are considered, as well as the whole age range 0-100 to have a general outlook.
Hence in the next subtitles H,(d), H,,(d) and H,,(0) are computed and investigated

respectively.

3.1. Entropy Values at Age 0

Firstly, the values of the entropy measure for the whole age range, H,(9), is
calculated. The change in the mortality rates at all ages shows its overall impact
on H,(9). Also, different interest rates are taken into consideration when using the

generated Turkish Life Tables between the years 1931-2015. The results are
shown in Figures 3.2. and 3.3. for females and males respectively. Also, tables of
these values are contained in the Appendix 2.

From the figures it can be clearly seen that, with the decreased mortality rates

over the years, the value of H,(0) also decreased. This decrease in H,(5) means

that any improvement in the force of mortality in a population will have a much
smaller increasing effect on the expectation of life and the cost of the life annuity.

Also as expected, the decreasing of entropy measure over the years has lesser

impact at higher rates of interest. Because, the value of H,(6) decreases when

interest rate increases.
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As the number of survivors to older ages has increased and life expectancy at

birth has improved over the years, the value of H,(6) has decreased.

Consequently, the effect of proportional improvement of the age specific mortality

rates on the cost of life annuity has diminished [13]. For recent mortality

experiences in developed countries, H,(5) values appear to be below 0.2 [12].

As seen on the Figures 3.2. and 3.3., after the year of 1940 for all interest rate
levels and each year, entropy measure is lower for females than males, due to the
higher expectations of life for females than males in each year because females
tend to outlive males and have lower mortality rates, at all ages. Also the female
regression levels of the Construction of Turkish Life and Annuity Tables Project

are lesser than men.
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Fig. 3.2. Entropy values for Turkish life tables

at different rates of interest for females at age 0.
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Fig. 3.3. Entropy values for Turkish life tables
at different rates of interest for males at age 0.

It can also be seen from the tables 3.2. and 3.3. that the changes in the values of
H,(0) fall into two distinct periods, for both males and females. Approximately
before 1950s, when the levels of mortality were high, any change in the force of
mortality has a stronger decreasing impact on the value of the entropy measure.
However, this effect lessens with the increase of the interest rate. Hence, at high
interest rates, the curve is more horizontal than the lower interest rates. The same
applies in later years, when mortality is at a lower level. However in later years,

any change in the mortality does not distinctively affects the entropy measure.

It can be explained by approximately dividing the curve into two sections. One on
the left is where the mortality level is high and one on the right is where the
mortality level is low. In high mortality part, the steeper slope reflects the fact that

the value of H,(J) is more susceptible, and changes in the force of mortality will

have a strong effect on the value of the entropy measure. However, for the low

mortality part of the table, the more horizontal slope of the curve shows that the

H0(5) is insusceptible and changes in the force of mortality do not have a great
effect on the value of H, ().
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3.2. Entropy Values at Age 60 and 70

The primary area of interest is the effect of any change of the force of mortality on
the cost of a life annuity at retiree ages with different rates of interest. In this

section the values for H () at ages 60 and 70 are computed for both genders. As
in Section 3.1, the same data set and interest rates are used. Figures 3.4. and 3.5.
show the values of the entropy measure at age 60, H,(d), for females and males

respectively. Also, tables of these values are contained in the Appendix 3 and 4.
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Fig. 3.4. Entropy values for Turkish life tables

at different rates of interest for females at age 60.

Because the mortality improvements (e.g. medical advances) are mostly in the

older ages, for females it can be seen from the Tables 3.2. and 3.4. that the values

of H,(0) are higher than the values of H,(d), in Section 3.1. This again shows the

fact that greater effect of changes in the force of mortality on the expectation of life
and the cost of a life annuity is in the higher age group (where mortality rates are

much higher compared to younger ages).

At any year, the higher the interest rate the lower is the value of Hy(6) and the

effect of changes in the force of mortality on the cost of life annuity. As expected,

at any interest rate the value of H,(d) is decreasing while levels of mortality get
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lower through 1931 to 2015. Hence, for the 2015 life table and 6 =0.1 the values

of H,(0) are lowest.
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Fig. 3.5. Entropy values for Turkish life tables

at different rates of interest for males at age 60.

Similar characteristics are valid in the entropy values for males. Expectedly, the

values of H,(0) for males are higher than the values of H,(d) for males, and after

the year 1931 they are also higher than the values of H(0) for females. Also, the

higher the interest rates the lower is the effect of changes in the force of mortality

on the cost of life annuity, thus the lower are the values ofH,(5). We expect the
value of H, () to decrease when levels of mortality are lower so that, through 1931

to 2015 the values of H,,(d) are on the decrease at all rates of interest.

Figures 3.6. and 3.7 show the values of H,(J) for both females and males
respectively. As expected, the values of H,,(d) are higher than the values of H,(0)
and H,(0) at all interest rates. Again after the year 1931, for the all interest rate

levels and each year, the value of entropy measure is lower for females than

males due to higher expectations of life for females than males.

26



Female 70

11 T T T T T T T T

0%
2%
4%
B%
8%
1 |—10%

03 1 1 1 1 1 1 1 1
1930 1940 1950 1960 1970 1980 1990 2000 2010 2020

Year

Fig. 3.6. Entropy values for Turkish life tables

at different rates of interest for females at age 70.
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Fig. 3.7. Entropy values for Turkish life tables

at different rates of interest for males at age 70.
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4. ENTROPY VALUES AND ITS BEHAVIOR
USING A MATHEMATICAL MODEL

If the progress against mortality will continue, what will happen to entropy measure
and annuity costs? Some insight into these questions can be gained by a simple

mathematical mortality model.

In this section of the thesis, the value of entropy measure, H,(d), is calculated with

an assumption that mortality is following a chosen mathematical model
considering the data from Construction of Turkish Life and Annuity Tables Project
as the base mortality tables for 2000 and 2015. In this manner, mortality does not
depend completely on observed data and hereby a cohort outlook is adopted

rather than a period life table outlook.

By using the mathematical model assumption, it allows for a better examination of
the different characteristics of entropy and how the value changes with different

factors of a mathematical model.

Section 4.2 presents the entropy values under the assumption that force of
mortality is following the Gompertz model. Also in this model, improvements in
mortality rates over the years are allowed with a reduction factor. For the ease of

calculation, the reduction factor is assumed to depend only on time.
4.1. Gompertz Law

Gompertz [21] suggested that a geometric progression pervades in mortality after
a certain age. The mortality rates, particularly for ages over 30, suitably fits the
Gompertz model. The model he proposed is often used to explain the distribution

of adult lifespans by demographers and actuaries.

There are other and newer models for modelling particular features of mortality
rates, but the Gompertz model has advantages over them for users, such as

implementation simplicities and familiarity with formula.

The model suggests that

1, =exp(b+cx)
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Where b denotes the level of the force of mortality at age 0 (location parameter),

cis the rate of aging (shape parameter).

Considering the decreasing rates of mortality, a simple exponential reduction
factor for the force of mortality, dependent only on the time past after the base

year, ( RF(t) = exp[—at]) is used, so that
My = Hg, RF (1) (4.1)
Where ,ufw is the mortality rate in the chosen base year at age X+U and ,u)t(+u

is the mortality rate in the t" year after the chosen base year at age X+U .

For these reasons we use the Gompertz model to demonstrate the application of
entropy measure to cost of annuities. Therefore, annuity costs for different ages

and time can be studied.

The behavior of the expectation of life, €’(t), and life annuity values as functions of

time can be explored. As mentioned in Vaupel [16], it is straightforward to

demonstrate that
Do)~ 2[1- el (0] 4.2)
at X C XX

So that, in the long run,

0 a
Zel(t)~—
6tX() c

and is roughly constant. Thus, the rate of mortality change over time in the
expectation of life at the end reaches a stable level (the same applies to annuity

values). This is one of the driving forces behind the changes that have been
demonstrated in H,(d) from the historical perspective of the Turkish life table

calculations depicted in Figures 3.4., 3.5., 3.6. and 3.7.
4.2. Entropy Values Using Gompertz Law

The Gompertz law [21] with parameters b and c with a familiar exponential

function in the form,
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4, =exp(b+cx)

is used.

Hereby, the force of mortality of the base table (time 0) at age X+U can be

expressed as
147, =exp[b+c(x-+u)].

As in section 3.3, a reduction factor is used which depends only on time t for
simplicity, in the form exp[-at], 4., = 1., exp[—at]. Hence, the probability

of a person at age X livesto be x+t is

Mot
5 o] 0]
0

t
=exp| —[ ﬂi’wRF(u)du}
0

=exp —_t|. exp[b+c(x+u)] exp[—au]du}

Mot
= exp —Jexp[b+c(x+u)—au]du}
L O

= exp[_lug (%j} (4.3)

Here, « is a bounded to be less than c, so the probability of survival in Equation
(4.3) will be less than 1.

Entropy is now calculated on a cohort basis with the use of a reduction factor and
it is a function of the parameters b and ¢, « and & . Cohort life tables are
preferable to period life tables at projecting a population into the future when
mortality rate is expected to change over time, and for analyzing the general

trends in mortality.

Hereafter, for the notation of the entropy measure, H,(0,¢,,0) is used.
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One beneficial side of using a mathematical model for the force of mortality is that
it enables to see the effects of its parameters in order to test their effects on

H.(b,c,a,0). For example; the effects of the base table used in computation (c), the
assumed level of mortality improvement («) and the interest rate (o ), can be
seen on H (bce,0). Hence, it helps to understand the behavior of the entropy

measure.

Integrals in Equation (4.4.) can be written as the sums of one-year integrals using
the same numerical approach and the mean value theorem for integrals in Chapter
3.

H,(b,¢,2,0) value has been calculated using data from the Construction of Turkish
Life and Annuity Tables Project [17] for females and males at ages 0, 60 and 70.
The base mortality tables used in calculations are the 2000 and 2015 mortality

tables.

The values of #°, ¢, @ and & are needed to calculate H,(b,C,2,0) values from

the Equation (4.4). The values for g, £¢5, and x>, are taken directly from the

2000 and 2015 base mortality tables. After that, Gompertz mortality model has
been fitted to these data using MATLAB (R2013a) in order to obtain estimated c
values by a simple regression approach. Note that assuming a lower ¢ means
that mortality level of the base table is at lower level. Table 4.1 and 4.2 shows the
mortality rates and estimated c values for ages 0, 60 and 70, for the base tables
of 2000 and 2015 respectively.
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Table 4.1. 2000 base table mortality rates and estimated C values.

Female Male
Age 225 c 225, c
0 0,014789 0,0741 0,026659 0,0664
60 0,011753 0,1037 0,020131 0,0924
70 0,037185 0,0996 0,052360 0,0910

Table 4.2. 2015 base table mortality rates and estimated C values.

Female Male
Age £L5, c £y, c
0 0,006029 0,0869 0,017054 0.0722
60 0,007890 0,1112 0,017071 0,0953
70 0,028844 0,1050 0,046953 0,0932

Mortality rates of the base year 2000 and Gompertz model’s mortality rates are
compared in Figure 4.1. After that mortality rates of the base year 2015 and
Gompertz model’s mortality rates are compared in Figure 4.2, which gives the
similar results as in mortality rates of the year 2000. As explained in Section 4.1.,
Gompertz model is not a good fit for ages smaller than 30. This can be seen on
the Figure 4.1 and 4.2 that Gompertz model is not a good fit for age 0, but for ages
60 and 70 mortality rate estimations are consistent with the data. For this reason

age 0 is not taken into consideration in next sections.
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Fig. 4.1. Data and Gompertz model comparisons

of mortality rates of 2000, in log scale at ages 0, 60 and 70.
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Afterwards, the sensitivity of H,(b,C,,0) to changes in the values of ¢ and & are

tested. Different levels of mortality improvement are considered by allowing « to
vary between -0.1 and 0.1. Note that, positive values of « stands for improving
mortality rates and negative values of « stands for deteriorating mortality rates

over time. Also, different rates of interest are considered from 0% to 10%.

As can be seen from Figures 4.3 and 4.4 the value of entropy, Hx(b,C,a,(S),

decreases in all four cases as the interest rate increases. This effect arises from
the decreasing effect of mortality improvement on the cost of annuities when the
interest rate is higher. As Figures 4.3 and 4.4 show when the interest rate is lower
the value of entropy is at its highest and directly proportional with the mortality rate
improvement level. 2.19% increases with the « in direct proportion up until a level
(breaking point of H) which thereafter, anymore improvement in mortality rate

decreases H . Hence mortality rate improvements start to lose their effect on the
cost of a life annuity. Despite that, when the rate of interest is high, H,(,c,a,0)

decreases almost continuously and there is no peak point as mortality improves.

H values and the breaking points are consistently smaller for women than man.
This reflects the relative difference in favor of women in the survival probabilities,
annuity costs and life expectations at various ages. Within each gender, with the

age increase from 60 to 70, H values and the breaking point for H increase too.

As a summary with ¢ =0.05 and 6§ =0.04 changes in the annuity values are found
with the Equation (2.10) by simply multiplying minus the entropy measure, H, with
the a . For the base year 2000 the change in the cost of annuity for males; at age
60 is 1.68% and at age 70 is 2.59%. For the base year 2015 these values change
to 1.54% at age 60 and 2.46% at age 70. For the base year 2000 the change in
the cost of annuity for females; at age 60 is 1.26% and at age 70 is 2.19%. For the

base year 2015 these values change to 1.01% at age 60 and 1.93% at age 70.
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Additionally, effect of the base mortality table on H,(0.(a,0) can be tested by

different values of c. To exemplify, the values of ¢ between 0.09 and 0.115 is
taken into consideration. Figures 4.5 and 4.6 shows results for 6 =0% and Figure
4.7 and 4.8 shows results for 6 =4%.

Figures 4.5 and 4.6 shows entropy values for the base life tables 2000 and 2015

with the interest rate equal to zero. H,(b,c,a,0), as a function of «, is peaked at one
point (breaking point of H). When the reduction factor is greater than one (when
«a is negative), the values of H,(0,¢,2,0) are higher in lower mortality level (¢ =0.09)

than the ones in higher mortality levels (¢c=0.115). On the contrary, when the
reduction factor is less than one (when « is positive), this relationship is reversed

with improving mortality rates.

Initially this verifies the conclusion that annuity cost with a high c¢ value (high
mortality group) is less sensitive to changes in the mortality rate than with a low ¢
value, when the mortality rate is high. At low levels of mortality this is reversed that
a high c value is more sensitive to changes in the mortality rate than a low c

value.

As expected, when the interest rate increased to 4%, shown in Figure 4.7 for base
year 2000 and Figure 4.8 for base year 2015, the effect of changes in the force of
mortality on cost of life annuity is less distinctive and it results to lower values of

H,(b,c,2,0). This is based on the inverse proportion between interest rate and

entropy measure, as in previous figures.

Again, H values and the breaking points are consistently smaller for women than
man. This reflects the relative difference in favor of women in the survival
probabilities, annuity costs and life expectations at various ages. Within each
gender, with the age increase from 60 to 70, H values and the breaking point for

H increase too.
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Fig. 4.6. H values for Females and Males at ages 60 and 70

in base year 2015 with different ¢ values and 6 =0%.

38



Female Age=60 Male Age=60

055 : - 055
0.45 1045
T 03 T 035}
1.1 S {025
c=0.09
0.15 : : : 0.15 : : - =0.095
01 005 0 0.05 0.1 01 005 0 0.05 0.1 C—m
Alpha Alpha C:n' it
Female Age=70 Male Age=70 B
055 . . e=0.11
-¢=0.115
0.45
T 03
025 1025
0.15 : : : 0.15 . : -
01 005 0 0.05 0.1 01 005 0 0.05 0.1
Alpha Alpha
Fig. 4.7. H values for Females and Males at ages 60 and 70
in base year 2000 with different ¢ values and 6 =4%.
Female Age=60 Male Age=60
05 : 05 :
0.4 {1 04
= 03
0.2
- . . . . — =009
0.1 0.05 . g 005 0 0.05 01| —¢=0.0%
Alpha Alpha =1
Female Age=70 Male Age=70 c=0.105
05 : - Oz — =) 11
e —c=0.115
0.4 1 04
T 03 {03
0.2 {02
0.1 : : : 0.1 ' : :
0.1 005 0 0.05 01 01 0.05 0 0.05 0.1
Alpha Alpha
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5. RESULTS AND CONCLUSIONS

This persistent decrease in mortality rates was unexpected and it is producing a
number of new issues and challenges at multiple levels. As a result of this
unexpected decrease they have often been underestimated by annuity and
pension providers. Mortality improvements and rising longevity for post-retirement
ages have a significant financial effect on the annuity and pension plans. Because
of the tax-paid structure, the deficiencies of public finance are aggravated by

mortality improvements.

In several countries, defined benefit pension plans have continued to be replaced

with defined contribution plans, which will most likely lead to the same result.

Furthermore a high number of governments including Turkey are planning to
increase retirement ages by at least 2 to 5 years to be able to take into account
the changing dynamics of mortality improvements, and the impacts of ageing

populations upon the financing of pensions.

In this paper, the entropy measure has been examined in different scenarios to
measure the effect of any changes in the force of mortality on the cost of life
annuity. The entropy measure has been calculated with different mortality and
interest rate assumptions. Also, it has been calculated over the whole age range

(from age 0 to 100) and at older ages (from ages 60 and 70 to 100).

Computation results show that entropy is almost insensitive to gender of the
person but it is highly sensitive to age, base year, interest rate and mortality
changes. We see that cost of annuity and value of entropy measure have inverse

proportion with interest rate and direct proportion with age.

There is a special case with the use of entropy measure to measure the effect of
any changes in the force of mortality on the cost of life annuity: If the survival curve
is already very rectangular shaped (when entropy is very close to zero), an
expansion of the survival curve will have a great impact on the cost of life annuities

but this would not be caught by the entropy measure.

For all examined cases, the lower the force of interest, the higher is the value of
entropy. This means that there is a higher effect of mortality risk on the present
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value of annuity payments. This reflects the importance of mortality risk in the

context of life annuity portfolios in particular with a low interest environment.

At very high and low levels of mortality, the numerical results suggest that the
effect of mortality changes on the cost of life annuity is very small. This reflects the
fact that if the mortality is already very high or very low, any positive or negative
change in the force of mortality is less likely to have a marked effect on the cost of
life annuity. This implies that even if mortality continues to improve in the future, it
will reach a level beyond which any more improvements would not markedly affect

the annuity costs.

For the future work, it would be useful to investigate the entropy measure with
different models of mortality such as Lee Carter mortality forecasting model and
Cairns-Blake-Dowd (CBD) stochastic mortality model. In addition, mortality model
could be tested with distributional assumptions for its parameters. Also a
stochastic model for the interest rate could be incorporated to see its effect on cost

of life annuity.
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Appendix 1: Construction of Turkish Life and Annuity Tables Project’s female and

male regression levels.

Appendix 2: Entropy values for Turkish life tables at different rates of interest for

females and males at age 0.

Appendix 3: Entropy values for Turkish life tables at different rates of interest for

females and males at age 60.

Appendix 4: Entropy values for Turkish life tables at different rates of interest for

females and males at age 70.

Appendix 5: Entropy values for different mortality levels and rate of interests for
the base years 2000 and 2015 at ages 60 and 70 for females and males.
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Appendix 1: Construction of Turkish Life and Annuity Tables Project’s female and

male regression levels.

Life Femalfe Male. Life Femalfe Male. Life Femalfe Male'
Table Regression | Regression Table Regression | Regression Table Regression | Regression
Level Level Level Level Level Level
1930 0,00 0,00 1969 19,00 19,60 2008 23,97 23,12
1931 5,57 8,20 1970 19,16 19,72 2009 24,07 23,19
1932 7,03 9,67 1971 19,32 19,84 2010 24,17 23,26
1933 8,05 10,65 1972 19,48 19,95 2011 24,27 23,33
1934 8,86 11,40 1973 19,63 20,06 2012 24,37 23,39
1935 9,55 12,02 1974 19,79 20,17 2013 24,47 23,46
1936 10,15 12,56 1975 19,93 20,28 2014 24,57 23,53
1937 10,69 13,03 1976 20,08 20,39 2015 24,67 23,59
1938 11,18 13,45 1977 20,23 20,49
1939 11,63 13,83 1978 20,37 20,59
1940 12,05 14,18 1979 20,51 20,70
1941 12,44 14,51 1980 20,65 20,80
1942 12,81 14,81 1981 20,79 20,89
1943 13,15 15,09 1982 20,92 20,99
1944 13,48 15,36 1983 21,06 21,09
1945 13,80 15,62 1984 21,19 21,18
1946 14,10 15,86 1985 21,32 21,27
1947 14,39 16,09 1986 21,45 21,36
1948 14,67 16,31 1987 21,58 21,45
1949 14,94 16,52 1988 21,70 21,54
1950 15,19 16,72 1989 21,83 21,63
1951 15,44 16,92 1990 21,95 21,72
1952 15,69 17,11 1991 22,07 21,80
1953 15,92 17,29 1992 22,19 21,89
1954 16,15 17,46 1993 22,31 21,97
1955 16,37 17,63 1994 22,43 22,05
1956 16,59 17,80 1995 22,55 22,14
1957 16,80 17,96 1996 22,66 22,22
1958 17,01 18,12 1997 22,78 22,30
1959 17,21 18,27 1998 22,89 22,37
1960 17,40 18,42 1999 23,00 22,45
1961 17,60 18,56 2000 23,11 22,53
1962 17,78 18,70 2001 23,22 22,61
1963 17,97 18,84 2002 23,33 22,68
1964 18,15 18,97 2003 23,44 22,76
1965 18,33 19,10 2004 23,55 22,83
1966 18,50 19,23 2005 23,65 22,90
1967 18,67 19,36 2006 23,76 22,97
1968 18,84 19,48 2007 23,86 23,05
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Appendix 2: Entropy values for different Turkish life tables at different rates of
interest for females and males at age 0.

Female Age=0 Interest Rate
Life Table %0 %2 %4 %6 %8 %10
1931 0,218407 0,146166 0,11769 0,112047 0,115556 0,122012
1932 0,204658 0,132944 0,104239 0,097862 0,100369 0,105737
1933 0,200603 0,125872 0,096036 0,088963 0,090793 0,095473
1934 0,192701 0,119239 0,089613 0,082281 0,083669 0,087856
1935 0,187732 0,114317 0,084573 0,076965 0,077987 0,081781
1936 0,183656 0,110185 0,080312 0,072465 0,073176 0,076638
1937 0,179878 0,106582 0,076666 0,068631 0,069082 0,072263
1938 0,176623 0,10341 0,073435 0,065229 0,065449 0,068383
1939 0,173916 0,100654 0,070591 0,062226 0,062241 0,064955
1940 0,17137 0,098099 0,067965 0,059456 0,059283 0,061796
1941 0,168911 0,095772 0,065614 0,056981 0,056638 0,05897
1942 0,166588 0,093581 0,063402 0,054654 0,054152 0,056313
1943 0,164482 0,091568 0,061338 0,052456 0,051784 0,053772
1944 0,162593 0,089728 0,05941 0,05037 0,049514 0,05132
1945 0,16079 0,087974 0,057574 0,048382 0,047353 0,048987
1946 0,159104 0,086327 0,055858 0,046537 0,045357 0,04684
1947 0,157562 0,084807 0,054289 0,044874 0,043578 0,044943
1948 0,156077 0,083345 0,052781 0,043276 0,041869 0,04312
1949 0,154644 0,081936 0,051329 0,041737 0,040224 0,041366
1950 0,153225 0,080604 0,049985 0,040324 0,038719 0,039763
1951 0,151841 0,079325 0,048703 0,038981 0,037289 0,038242
1952 0,150499 0,078086 0,047462 0,03768 0,035906 0,03677
1953 0,149196 0,076884 0,046258 0,03642 0,034565 0,035344
1954 0,148042 0,075776 0,045139 0,035249 0,033321 0,034021
1955 0,146974 0,074728 0,044076 0,034137 0,032141 0,032767
1956 0,145931 0,073707 0,043041 0,033054 0,030992 0,031547
1957 0,144911 0,072712 0,042033 0,032 0,029873 0,030359
1958 0,143912 0,07174 0,041051 0,030973 0,028785 0,029203
1959 0,142883 0,070809 0,040138 0,03003 0,027788 0,028146
1960 0,141876 0,069899 0,039246 0,029109 0,026815 0,027114
1961 0,14089 0,069009 0,038374 0,028208 0,025864 0,026106
1962 0,139923 0,068137 0,03752 0,027327 0,024933 0,025119
1963 0,138975 0,067283 0,036685 0,026465 0,024022 0,024153
1964 0,138084 0,066471 0,035896 0,025657 0,023174 0,023256
1965 0,137218 0,06568 0,035128 0,024873 0,022351 0,022386
1966 0,136365 0,064902 0,034374 0,024103 0,021544 0,021533
1967 0,135527 0,064139 0,033635 0,023349 0,020752 0,020696
1968 0,134702 0,063389 0,032909 0,022608 0,019975 0,019874
1969 0,133891 0,062652 0,032196 0,021881 0,019212 0,019068
1970 0,133162 0,061992 0,031551 0,021215 0,018509 0,018323
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1971 0,132443 0,061343 0,030916 0,020561 0,017818 0,017591
1972 0,131733 0,060703 0,030292 0,019917 0,017139 0,016871
1973 0,131033 0,060073 0,029677 0,019283 0,016471 0,016163
1974 0,130343 0,059452 0,029072 0,01866 0,015813 0,015466
1975 0,129661 0,05884 0,028476 0,018046 0,015165 0,01478
1976 0,128986 0,058245 0,027907 0,017469 0,014562 0,014143
1977 0,128317 0,057664 0,027362 0,016922 0,013994 0,013547
1978 0,127657 0,05709 0,026824 0,016384 0,013435 0,012959
1979 0,127004 0,056524 0,026293 0,015853 0,012883 0,012379
1980 0,126358 0,055966 0,02577 0,015329 0,012339 0,011808
1981 0,12572 0,055414 0,025254 0,014812 0,011803 0,011244
1982 0,125089 0,054869 0,024744 0,014302 0,011273 0,010688
1983 0,124439 0,054336 0,024267 0,013838 0,0108 0,010194
1984 0,123761 0,053813 0,023829 0,013433 0,010397 0,00978
1985 0,123087 0,053296 0,023397 0,013033 0,009999 0,00937
1986 0,122418 0,052784 0,02297 0,012638 0,009606 0,008966
1987 0,121754 0,052277 0,022547 0,012248 0,009218 0,008566
1988 0,121094 0,051775 0,022129 0,011861 0,008834 0,008171
1989 0,12044 0,051277 0,021715 0,01148 0,008455 0,007781
1990 0,11979 0,050784 0,021306 0,011102 0,00808 0,007395
1991 0,119142 0,05031 0,020927 0,010762 0,007746 0,007053
1992 0,118496 0,049848 0,020568 0,010447 0,007441 0,006742
1993 0,117853 0,04939 0,020213 0,010135 0,007138 0,006433
1994 0,117213 0,048935 0,019861 0,009826 0,00684 0,006129
1995 0,116575 0,048483 0,019512 0,009521 0,006544 0,005827
1996 0,11594 0,048035 0,019167 0,009219 0,006251 0,005529
1997 0,115308 0,047589 0,018824 0,008919 0,005961 0,005233
1998 0,114678 0,047147 0,018485 0,008623 0,005674 0,004941
1999 0,114051 0,046708 0,018149 0,00833 0,005391 0,004652
2000 0,113422 0,046295 0,017857 0,008094 0,005173 0,004434
2001 0,112793 0,045883 0,017568 0,00786 0,004956 0,004217
2002 0,112164 0,045473 0,017281 0,007628 0,004741 0,004003
2003 0,111536 0,045064 0,016996 0,007398 0,004529 0,00379
2004 0,110908 0,044658 0,016713 0,00717 0,004318 0,00358
2005 0,11028 0,044253 0,016432 0,006944 0,004109 0,003371
2006 0,109653 0,04385 0,016152 0,00672 0,003902 0,003164
2007 0,109027 0,043448 0,015875 0,006498 0,003697 0,002959
2008 0,108402 0,043048 0,015599 0,006277 0,003494 0,002756
2009 0,107775 0,042667 0,015354 0,006094 0,003332 0,002598
2010 0,107146 0,042294 0,015125 0,00593 0,003192 0,002463
2011 0,106513 0,041921 0,014896 0,005768 0,003053 0,002329
2012 0,105879 0,041549 0,014669 0,005606 0,002916 0,002196
2013 0,105242 0,041177 0,014442 0,005446 0,002779 0,002064
2014 0,104604 0,040805 0,014217 0,005286 0,002643 0,001933
2015 0,103963 0,040433 0,013992 0,005128 0,002508 0,001803
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Male Age=0

Interest Rate

Life Table %0 %2 %4 %6 %8 %10
1931 0,210125 0,133419 0,101218 0,092709 0,094034 0,098783
1932 0,202081 0,1232 0,09016 0,080959 0,081464 0,085313
1933 0,19517 0,116381 0,083248 0,073723 0,073749 0,077056
1934 0,189706 0,111291 0,078184 0,068448 0,068133 0,071048
1935 0,186084 0,107427 0,074179 0,064235 0,063637 0,066239
1936 0,182547 0,10396 0,070626 0,060468 0,059587 0,061884
1937 0,179403 0,100915 0,067517 0,057176 0,056048 0,058081
1938 0,176356 0,098318 0,064972 0,054503 0,05318 0,055001
1939 0,173579 0,095957 0,06266 0,052076 0,050577 0,052206
1940 0,171577 0,094036 0,060705 0,050011 0,048363 0,049832
1941 0,170198 0,092472 0,059041 0,048241 0,046467 0,047802
1942 0,168897 0,09101 0,057489 0,046591 0,044699 0,045909
1943 0,167539 0,089611 0,056042 0,045064 0,043067 0,044164
1944 0,166011 0,088242 0,054696 0,043664 0,041579 0,042574
1945 0,164563 0,086947 0,053422 0,04234 0,04017 0,04107
1946 0,163186 0,085715 0,052212 0,041081 0,038832 0,039642
1947 0,161925 0,084567 0,051079 0,039903 0,03758 0,038307
1948 0,160799 0,083508 0,050025 0,03881 0,03642 0,037072
1949 0,159719 0,082493 0,049016 0,037762 0,035309 0,035888
1950 0,15868 0,081517 0,048047 0,036756 0,034243 0,034751
1951 0,157678 0,080578 0,047114 0,035788 0,033216 0,033658
1952 0,156739 0,079692 0,046236 0,034879 0,032253 0,032634
1953 0,155851 0,078852 0,045403 0,034019 0,031344 0,031667
1954 0,154991 0,078038 0,044598 0,033187 0,030465 0,030732
1955 0,154156 0,07725 0,043818 0,032381 0,029613 0,029826
1956 0,153345 0,076485 0,043062 0,0316 0,028787 0,028948
1957 0,152556 0,075742 0,042327 0,030842 0,027986 0,028097
1958 0,151793 0,075049 0,041645 0,030135 0,027238 0,0273
1959 0,151051 0,074383 0,040992 0,029459 0,02652 0,026537
1960 0,150327 0,073734 0,040356 0,028799 0,025822 0,025793
1961 0,149621 0,073102 0,039735 0,028157 0,025141 0,025068
1962 0,14893 0,072484 0,03913 0,02753 0,024477 0,024361
1963 0,148255 0,07188 0,038539 0,026919 0,023828 0,023672
1964 0,147594 0,07129 0,037962 0,026321 0,023195 0,022998
1965 0,14694 0,0707 0,037396 0,025747 0,022595 0,022362
1966 0,146298 0,070118 0,036842 0,025189 0,022012 0,021747
1967 0,145668 0,069549 0,036299 0,024642 0,021442 0,021144
1968 0,14505 0,06899 0,035768 0,024107 0,020883 0,020554
1969 0,144444 0,068443 0,035247 0,023583 0,020336 0,019976
1970 0,143848 0,067906 0,034736 0,023068 0,0198 0,01941
1971 0,143263 0,067379 0,034235 0,022564 0,019273 0,018854
1972 0,142688 0,066861 0,033744 0,022069 0,018757 0,018308
1973 0,142157 0,066382 0,033287 0,021608 0,018276 0,0178
1974 0,141661 0,065935 0,032859 0,021175 0,017823 0,017322

48




1975 0,141172 0,065495 0,032439 0,02075 0,017379 0,016851
1976 0,140691 0,065062 0,032025 0,020332 0,016942 0,016389
1977 0,140217 0,064636 0,031619 0,019921 0,016512 0,015935
1978 0,13975 0,064216 0,031219 0,019516 0,016089 0,015488
1979 0,139289 0,063804 0,030825 0,019118 0,015673 0,015048
1980 0,138835 0,063397 0,030437 0,018726 0,015263 0,014615
1981 0,138387 0,062996 0,030055 0,018341 0,01486 0,014189
1982 0,137945 0,062601 0,029679 0,01796 0,014463 0,013769
1983 0,137431 0,06219 0,029322 0,017621 0,01412 0,013413
1984 0,136913 0,061781 0,028971 0,01729 0,013787 0,013068
1985 0,136402 0,061378 0,028625 0,016964 0,013459 0,012728
1986 0,135897 0,060981 0,028284 0,016642 0,013136 0,012392
1987 0,135397 0,060588 0,027947 0,016325 0,012816 0,012061
1988 0,134902 0,060199 0,027614 0,016012 0,012502 0,011735
1989 0,134413 0,059816 0,027286 0,015703 0,012191 0,011413
1990 0,13393 0,059437 0,026962 0,015398 0,011884 0,011095
1991 0,133451 0,059063 0,026642 0,015097 0,011581 0,010781
1992 0,132977 0,058692 0,026326 0,014799 0,011283 0,010471
1993 0,132508 0,058326 0,026013 0,014505 0,010987 0,010165
1994 0,132004 0,057956 0,025713 0,014232 0,010717 0,009888
1995 0,131484 0,057584 0,02542 0,013971 0,010462 0,009627
1996 0,130968 0,057217 0,025131 0,013713 0,01021 0,009369
1997 0,130456 0,056852 0,024844 0,013458 0,009961 0,009114
1998 0,129948 0,056491 0,024561 0,013206 0,009714 0,008862
1999 0,129444 0,056134 0,02428 0,012956 0,009471 0,008613
2000 0,128943 0,055779 0,024003 0,01271 0,00923 0,008366
2001 0,128446 0,055428 0,023728 0,012466 0,008991 0,008123
2002 0,127953 0,05508 0,023456 0,012224 0,008756 0,007881
2003 0,127463 0,054735 0,023187 0,011985 0,008522 0,007643
2004 0,126977 0,054393 0,02292 0,011748 0,008292 0,007407
2005 0,126495 0,054054 0,022656 0,011514 0,008063 0,007173
2006 0,126016 0,053717 0,022394 0,011282 0,007837 0,006942
2007 0,125597 0,053412 0,022156 0,011074 0,007637 0,006739
2008 0,125212 0,053124 0,021931 0,01088 0,007453 0,006554
2009 0,124828 0,052838 0,021708 0,010688 0,00727 0,00637
2010 0,124446 0,052554 0,021487 0,010498 0,007089 0,006187
2011 0,124065 0,052272 0,021268 0,010309 0,00691 0,006007
2012 0,123686 0,051991 0,021051 0,010123 0,006732 0,005828
2013 0,123307 0,051713 0,020835 0,009937 0,006556 0,005651
2014 0,122931 0,051436 0,020621 0,009754 0,006382 0,005475
2015 0,122555 0,051162 0,020409 0,009572 0,006209 0,005301

49




Appendix 3: Entropy values for different Turkish life tables at different rates of
interest for females and males at age 60.

Female Age=60 Interest Rate
Life Table %0 %2 %4 %6 %8 %10

1931 0,717799 0,646583 0,587351 0,538665 0,498954 0,466693
1932 0,678189 0,607655 0,549094 0,501074 0,462021 0,4304

1933 0,673751 0,59599 0,532906 0,482219 0,441706 0,409376
1934 0,649908 0,574644 0,513293 0,463809 0,424147 0,392439
1935 0,636652 0,561249 0,499887 0,450487 0,410971 0,379441
1936 0,626087 0,550354 0,488843 0,439423 0,399973 0,36856
1937 0,615894 0,540364 0,479038 0,429796 0,39052 0,359275
1938 0,607316 0,531809 0,470543 0,421393 0,38223 0,35111
1939 0,600429 0,524701 0,463327 0,414155 0,375028 0,343979
1940 0,593931 0,51807 0,456642 0,407478 0,368401 0,337429
1941 0,587435 0,511745 0,450464 0,401432 0,362478 0,33162
1942 0,581333 0,505809 0,444669 0,395763 0,356925 0,326176
1943 0,57601 0,500652 0,439649 0,390861 0,35213 0,321476
1944 0,571484 0,496296 0,435425 0,386748 0,348111 0,317541
1945 0,567178 0,492151 0,431409 0,382837 0,344291 0,3138

1946 0,563216 0,488307 0,427662 0,379175 0,340705 0,310283
1947 0,559702 0,484837 0,424238 0,375801 0,337384 0,307016
1948 0,556325 0,481504 0,420951 0,372563 0,334198 0,303882
1949 0,553072 0,478296 0,417789 0,36945 0,331134 0,300869
1950 0,549629 0,474987 0,414585 0,366333 0,328093 0,297893
1951 0,546208 0,471723 0,411443 0,363289 0,325128 0,294996
1952 0,5429 0,468568 0,408406 0,360345 0,322263 0,292197
1953 0,539696 0,465512 0,405464 0,357495 0,319488 0,289487
1954 0,53687 0,462717 0,402704 0,354774 0,316811 0,286855
1955 0,534259 0,460081 0,400066 0,352152 0,314217 0,284296
1956 0,531712 0,457514 0,397499 0,349602 0,311695 0,281808
1957 0,529225 0,455012 0,394999 0,347119 0,30924 0,279388
1958 0,526784 0,452561 0,392555 0,344696 0,306846 0,277029
1959 0,524062 0,449942 0,390018 0,342227 0,304438 0,274675
1960 0,521406 0,447385 0,387541 0,339819 0,302089 0,272379
1961 0,518809 0,444886 0,385122 0,337466 0,299795 0,270137
1962 0,516271 0,442444 0,382758 0,335168 0,297553 0,267946
1963 0,513787 0,440055 0,380445 0,332919 0,295361 0,265804
1964 0,51175 0,43808 0,378519 0,331036 0,293515 0,263989
1965 0,509832 0,436217 0,376701 0,329257 0,291768 0,26227
1966 0,507948 0,434388 0,374917 0,327511 0,290055 0,260584
1967 0,506095 0,432591 0,373166 0,325797 0,288374 0,25893
1968 0,504273 0,430825 0,371445 0,324114 0,286723 0,257307
1969 0,502473 0,429081 0,369746 0,322453 0,285095 0,255706
1970 0,500081 0,426726 0,367431 0,320184 0,282875 0,253538
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1971 0,49773 0,424411 0,365157 0,317955 0,280694 0,251409
1972 0,495418 0,422137 0,362923 0,315765 0,278553 0,249317
1973 0,493143 0,4199 0,360726 0,313612 0,276447 0,247261
1974 0,490905 0,417699 0,358566 0,311495 0,274378 0,24524
1975 0,488702 0,415534 0,35644 0,309413 0,272342 0,243252
1976 0,486648 0,413526 0,354475 0,307491 0,270463 0,241417
1977 0,484713 0,411643 0,352639 0,305699 0,268712 0,239705
1978 0,482805 0,409788 0,35083 0,303933 0,266988 0,23802
1979 0,480924 0,407959 0,349047 0,302193 0,265289 0,236359
1980 0,479067 0,406154 0,347289 0,300478 0,263614 0,234723
1981 0,477236 0,404375 0,345556 0,298787 0,261964 0,23311
1982 0,475427 0,402619 0,343846 0,29712 0,260336 0,23152
1983 0,473324 0,400581 0,341866 0,295194 0,25846 0,229692
1984 0,470826 0,398167 0,339525 0,292922 0,256253 0,227546
1985 0,468356 0,395782 0,337215 0,29068 0,254076 0,225429
1986 0,465915 0,393425 0,334933 0,288466 0,251927 0,22334
1987 0,463501 0,391097 0,332679 0,286281 0,249805 0,221278
1988 0,461114 0,388795 0,330452 0,284123 0,247711 0,219243
1989 0,458754 0,38652 0,328252 0,281991 0,245643 0,217233
1990 0,456419 0,384271 0,326078 0,279885 0,2436 0,215249
1991 0,453912 0,381857 0,323745 0,277627 0,241411 0,213124
1992 0,451295 0,379339 0,321313 0,275274 0,239132 0,210914
1993 0,448703 0,376846 0,318907 0,272947 0,236879 0,20873
1994 0,446136 0,374379 0,316527 0,270647 0,234652 0,206572
1995 0,443592 0,371936 0,314172 0,268371 0,23245 0,204438
1996 0,441073 0,369518 0,311842 0,266121 0,230273 0,202329
1997 0,438577 0,367124 0,309536 0,263894 0,22812 0,200243
1998 0,436103 0,364753 0,307253 0,261691 0,22599 0,19818
1999 0,433646 0,362398 0,304987 0,259506 0,223878 0,196135
2000 0,430825 0,359702 0,302399 0,257015 0,221478 0,193818
2001 0,428026 0,357028 0,299834 0,254549 0,219102 0,191526
2002 0,425248 0,354377 0,297293 0,252106 0,216751 0,189258
2003 0,422491 0,351748 0,294774 0,249687 0,214422 0,187012
2004 0,419755 0,349141 0,292278 0,247291 0,212117 0,18479
2005 0,417039 0,346555 0,289805 0,244917 0,209834 0,182589
2006 0,414344 0,343991 0,287353 0,242565 0,207572 0,18041
2007 0,41167 0,341448 0,284922 0,240235 0,205333 0,178253
2008 0,409016 0,338926 0,282513 0,237926 0,203114 0,176116
2009 0,40609 0,336157 0,279878 0,235409 0,200705 0,173804
2010 0,403037 0,333274 0,277139 0,232799 0,198211 0,171415
2011 0,400001 0,330409 0,274422 0,230211 0,195738 0,169047
2012 0,396982 0,327564 0,271724 0,227643 0,193287 0,166701
2013 0,393981 0,324738 0,269046 0,225096 0,190857 0,164376
2014 0,390998 0,321931 0,266389 0,222569 0,188447 0,16207
2015 0,388033 0,319143 0,26375 0,220062 0,186057 0,159785
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Male Age=60

Interest Rate

Life Table %0 %2 %4 %6 %8 %10
1931 0,712237 0,641729 0,583085 0,534913 0,495672 0,463848
1932 0,697509 0,620888 0,558463 0,508108 0,467723 0,435399
1933 0,679877 0,602909 0,54034 0,489995 0,449723 0,417575
1934 0,665508 0,588884 0,526613 0,476536 0,43651 0,404589
1935 0,657177 0,579704 0,516925 0,466586 0,426463 0,394548
1936 0,648432 0,57098 0,508245 0,457977 0,417945 0,386131
1937 0,64069 0,563322 0,500673 0,450496 0,410561 0,378848
1938 0,632982 0,556477 0,49443 0,444668 0,405021 0,373513
1939 0,62597 0,55026 0,488767 0,439386 0,400004 0,368682
1940 0,621402 0,545801 0,484399 0,435101 0,395794 0,364542
1941 0,618776 0,542744 0,48107 0,431618 0,392237 0,360962
1942 0,616269 0,539861 0,477951 0,428365 0,388922 0,357629
1943 0,613323 0,53677 0,474776 0,425155 0,385708 0,354433
1944 0,609479 0,533153 0,471327 0,421831 0,382481 0,351284
1945 0,605848 0,529736 0,468068 0,418691 0,379434 0,34831
1946 0,602404 0,526496 0,464978 0,415714 0,376544 0,34549
1947 0,599263 0,52349 0,462076 0,412894 0,373791 0,342795
1948 0,596471 0,52074 0,459365 0,410223 0,371161 0,340204
1949 0,593795 0,518106 0,45677 0,407667 0,368644 0,337726
1950 0,591227 0,515579 0,454281 0,405215 0,36623 0,33535
1951 0,588756 0,513148 0,451888 0,402859 0,363911 0,333067
1952 0,586413 0,510821 0,449582 0,40058 0,361663 0,330852
1953 0,584179 0,508586 0,447357 0,398375 0,359484 0,328702
1954 0,582017 0,506425 0,445207 0,396244 0,357378 0,326626
1955 0,579921 0,504332 0,443125 0,394182 0,355342 0,324618
1956 0,577888 0,502303 0,441108 0,392185 0,353369 0,322673
1957 0,575914 0,500333 0,439151 0,390247 0,351456 0,320787
1958 0,573651 0,498126 0,43698 0,388099 0,349321 0,318656
1959 0,571336 0,495882 0,43478 0,385922 0,347152 0,316485
1960 0,569083 0,493698 0,432639 0,383804 0,345042 0,314373
1961 0,566888 0,491571 0,430554 0,381742 0,342988 0,312316
1962 0,564748 0,489498 0,428522 0,379732 0,340987 0,310313
1963 0,562661 0,487475 0,426539 0,377771 0,339035 0,308359
1964 0,560623 0,485501 0,424604 0,375857 0,337129 0,306452
1965 0,559049 0,483958 0,423097 0,374391 0,335708 0,305079
1966 0,557616 0,482547 0,421721 0,373061 0,334432 0,303862
1967 0,556211 0,481166 0,420373 0,371758 0,333182 0,30267
1968 0,554834 0,479811 0,419053 0,370481 0,331957 0,301503
1969 0,553482 0,478483 0,417758 0,36923 0,330757 0,300358
1970 0,552155 0,477179 0,416488 0,368002 0,329579 0,299236
1971 0,550852 0,4759 0,415241 0,366798 0,328424 0,298135
1972 0,549572 0,474643 0,414018 0,365616 0,32729 0,297054
1973 0,548207 0,473295 0,412692 0,364319 0,326027 0,295826
1974 0,546783 0,471883 0,411296 0,362942 0,324671 0,294492
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1975 0,545384 0,470496 0,409924 0,361589 0,323339 0,293183
1976 0,544007 0,469132 0,408576 0,36026 0,322031 0,291897
1977 0,542652 0,467791 0,407251 0,358953 0,320746 0,290634
1978 0,541319 0,466472 0,405948 0,357669 0,319482 0,289392
1979 0,540007 0,465173 0,404665 0,356405 0,318239 0,28817
1980 0,538715 0,463895 0,403404 0,355162 0,317017 0,286969
1981 0,537441 0,462637 0,402162 0,353939 0,315813 0,285786
1982 0,536187 0,461397 0,400938 0,352734 0,314629 0,284622
1983 0,534381 0,459647 0,399236 0,351075 0,31301 0,28304
1984 0,53254 0,457867 0,397507 0,349392 0,311368 0,281436
1985 0,530726 0,456113 0,395803 0,347733 0,30975 0,279857
1986 0,528937 0,454383 0,394124 0,346099 0,308156 0,278301
1987 0,527172 0,452678 0,392469 0,344488 0,306586 0,276767
1988 0,525432 0,450996 0,390837 0,3429 0,305038 0,275256
1989 0,523714 0,449337 0,389227 0,341334 0,303511 0,273766
1990 0,522019 0,4477 0,387639 0,339789 0,302006 0,272296
1991 0,520346 0,446085 0,386073 0,338265 0,300521 0,270847
1992 0,518694 0,44449 0,384526 0,336761 0,299056 0,269417
1993 0,517063 0,442916 0,383 0,335277 0,29761 0,268006
1994 0,51508 0,441019 0,381182 0,33353 0,295928 0,266382
1995 0,512926 0,438966 0,379222 0,331657 0,294133 0,264657
1996 0,510798 0,436937 0,377286 0,329807 0,292361 0,262954
1997 0,508694 0,434931 0,375373 0,327979 0,29061 0,261271
1998 0,506614 0,432949 0,373482 0,326173 0,28888 0,259609
1999 0,504557 0,43099 0,371614 0,324388 0,28717 0,257967
2000 0,502524 0,429053 0,369767 0,322623 0,285481 0,256344
2001 0,500513 0,427138 0,367941 0,320879 0,283811 0,254741
2002 0,498524 0,425243 0,366135 0,319155 0,28216 0,253155
2003 0,496556 0,42337 0,364349 0,317449 0,280528 0,251588
2004 0,494609 0,421517 0,362583 0,315763 0,278914 0,250038
2005 0,492683 0,419683 0,360835 0,314095 0,277317 0,248505
2006 0,490777 0,417869 0,359107 0,312445 0,275738 0,246989
2007 0,489065 0,416198 0,357472 0,310844 0,274171 0,245456
2008 0,487463 0,414612 0,355895 0,309278 0,272619 0,24392
2009 0,485874 0,413039 0,354332 0,307727 0,271082 0,242401
2010 0,484295 0,411478 0,352784 0,30619 0,269561 0,240897
2011 0,482729 0,409931 0,351249 0,304669 0,268054 0,239409
2012 0,481173 0,408396 0,349729 0,303162 0,266563 0,237936
2013 0,479628 0,406873 0,348221 0,301669 0,265086 0,236478
2014 0,478094 0,405363 0,346727 0,30019 0,263624 0,235034
2015 0,476571 0,403865 0,345246 0,298724 0,262176 0,233604
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Appendix 4: Entropy values for different Turkish life tables at different rates of
interest for females and males at age 70.

Female Age=70 Interest Rate
Life Table %0 %2 %4 %6 %8 %10
1931 1,089369 1,032354 0,982407 0,938935 0,901282 0,868776
1932 1,029689 0,972689 0,922807 0,879447 0,841944 0,809621
1933 1,027737 0,960685 0,90348 0,854903 0,813764 0,778959
1934 0,991192 0,926981 0,871916 0,82493 0,784966 0,751027
1935 0,971807 0,907168 0,851809 0,804638 0,764574 0,730601
1936 0,956524 0,891278 0,835483 0,788017 0,74777 0,713697
1937 0,941486 0,876352 0,82065 0,773271 0,733107 0,699117
1938 0,928934 0,863709 0,807948 0,76054 0,720375 0,686406
1939 0,918932 0,853346 0,79732 0,74973 0,70945 0,675418
1940 0,909503 0,843672 0,787465 0,739754 0,699402 0,665336
1941 0,899961 0,834258 0,778156 0,730535 0,690264 0,656272
1942 0,891039 0,825457 0,769456 0,721921 0,681727 0,647805
1943 0,883277 0,817832 0,761942 0,714499 0,674384 0,640533
1944 0,876694 0,811402 0,755633 0,70829 0,668258 0,634478
1945 0,870449 0,805301 0,749648 0,702399 0,662446 0,628734
1946 0,864736 0,799684 0,74411 0,696927 0,657032 0,623371
1947 0,859719 0,794681 0,739122 0,691959 0,652086 0,61845
1948 0,854908 0,789885 0,734343 0,687198 0,647348 0,613737
1949 0,850283 0,785277 0,729752 0,682627 0,642799 0,609213
1950 0,845326 0,780442 0,725014 0,677968 0,638206 0,604677
1951 0,840392 0,775657 0,720348 0,673397 0,633712 0,600247
1952 0,83563 0,771039 0,715844 0,668985 0,629375 0,595972
1953 0,831027 0,766575 0,711491 0,664721 0,625183 0,59184
1954 0,826968 0,762521 0,707445 0,660687 0,621166 0,587844
1955 0,823218 0,758716 0,703601 0,656821 0,617291 0,58397
1956 0,819565 0,755013 0,699864 0,653064 0,613526 0,580208
1957 0,816005 0,751407 0,696227 0,649409 0,609867 0,576552
1958 0,812512 0,747878 0,692673 0,645843 0,606298 0,572989
1959 0,808558 0,744014 0,688882 0,642112 0,602618 0,569354
1960 0,804706 0,740249 0,685187 0,638476 0,599033 0,565813
1961 0,800948 0,736576 0,681584 0,63493 0,595536 0,562359
1962 0,79728 0,732991 0,678066 0,63147 0,592124 0,558989
1963 0,793697 0,729489 0,674631 0,62809 0,588791 0,555697
1964 0,790294 0,726127 0,671303 0,624793 0,585524 0,552459
1965 0,786984 0,722848 0,668052 0,621568 0,582325 0,549286
1966 0,783741 0,719637 0,66487 0,618412 0,579195 0,546182
1967 0,780562 0,716491 0,661751 0,615321 0,576129 0,543141
1968 0,777444 0,713406 0,658695 0,612291 0,573125 0,540163
1969 0,774385 0,71038 0,655698 0,60932 0,570179 0,537242
1970 0,771373 0,707394 0,652736 0,606381 0,567265 0,534352
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1971 0,768414 0,704462 0,649828 0,603497 0,564405 0,531515
1972 0,765506 0,701582 0,646973 0,600665 0,561596 0,528731
1973 0,762648 0,698752 0,644167 0,597884 0,558838 0,525996
1974 0,759837 0,695969 0,641409 0,59515 0,556128 0,523309
1975 0,757072 0,693232 0,638697 0,592462 0,553463 0,520669
1976 0,75426 0,690453 0,635949 0,58974 0,550768 0,517999
1977 0,75142 0,687652 0,63318 0,587001 0,548057 0,515315
1978 0,748624 0,684894 0,630455 0,584306 0,54539 0,512675
1979 0,74587 0,682178 0,627772 0,581653 0,542765 0,510076
1980 0,743157 0,679503 0,625129 0,57904 0,54018 0,507518
1981 0,740483 0,676867 0,622526 0,576466 0,537634 0,504999
1982 0,737847 0,674269 0,619961 0,573931 0,535126 0,502517
1983 0,734707 0,671176 0,616907 0,570913 0,532143 0,499566
1984 0,730897 0,667424 0,613205 0,567257 0,528528 0,495993
1985 0,72714 0,663725 0,609557 0,563653 0,524968 0,492473
1986 0,723434 0,660077 0,605959 0,560102 0,521459 0,489004
1987 0,719778 0,65648 0,602412 0,5566 0,518 0,485586
1988 0,71617 0,652931 0,598914 0,553148 0,51459 0,482216
1989 0,712609 0,649429 0,595463 0,549743 0,511227 0,478894
1990 0,709094 0,645973 0,592058 0,546383 0,507911 0,475617
1991 0,705258 0,642203 0,588344 0,54272 0,504295 0,472046
1992 0,701222 0,638237 0,584438 0,538869 0,500494 0,468293
1993 0,697234 0,63432 0,580582 0,535067 0,496744 0,464591
1994 0,693294 0,630451 0,576774 0,531315 0,493042 0,460937
1995 0,689401 0,626629 0,573014 0,52761 0,489388 0,457331
1996 0,685552 0,622853 0,5693 0,523951 0,48578 0,453772
1997 0,681749 0,619122 0,565631 0,520337 0,482218 0,450257
1998 0,677989 0,615434 0,562006 0,516768 0,4787 0,446787
1999 0,674259 0,611777 0,558411 0,513229 0,475212 0,443347
2000 0,669814 0,607422 0,554133 0,50902 0,471067 0,439262
2001 0,665417 0,603116 0,549905 0,504862 0,466973 0,435228
2002 0,661067 0,598857 0,545725 0,500751 0,462927 0,431243
2003 0,656763 0,594645 0,541592 0,496689 0,458929 0,427305
2004 0,652503 0,590479 0,537505 0,492672 0,454978 0,423414
2005 0,648288 0,586357 0,533463 0,488702 0,451072 0,419569
2006 0,644117 0,582279 0,529465 0,484776 0,447211 0,415768
2007 0,639989 0,578245 0,525511 0,480893 0,443394 0,412011
2008 0,635902 0,574253 0,5216 0,477053 0,439619 0,408296
2009 0,631254 0,569719 0,517165 0,472705 0,43535 0,4041

2010 0,626349 0,564941 0,512495 0,468131 0,430862 0,399693
2011 0,621491 0,560211 0,507874 0,463606 0,426424 0,395334
2012 0,616679 0,555527 0,503299 0,459128 0,422034 0,391024
2013 0,611912 0,550889 0,498771 0,454697 0,41769 0,386761
2014 0,60719 0,546296 0,494289 0,450312 0,413393 0,382544
2015 0,602513 0,541749 0,489852 0,445973 0,409142 0,378373
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Male Age=70

Interest Rate

Life Table %0 %2 %4 %6 %8 %10
1931 1,07092 1,014335 0,964687 0,921429 0,883933 0,85155
1932 1,053957 0,988641 0,93267 0,884934 0,84434 0,809865
1933 1,02838 0,9624 0,905951 0,857895 0,817108 0,782539
1934 1,007421 0,941664 0,885407 0,837522 0,796891 0,762467
1935 0,995823 0,928885 0,871753 0,823247 0,782194 0,747498
1936 0,983159 0,916187 0,859033 0,810521 0,769481 0,734813
1937 0,971988 0,905062 0,847945 0,799472 0,758475 0,723854
1938 0,960671 0,894703 0,838325 0,79041 0,749832 0,715525
1939 0,950379 0,885302 0,829607 0,782209 0,742017 0,707997
1940 0,943856 0,878859 0,823233 0,775895 0,735756 0,701785
1941 0,940309 0,874762 0,818723 0,771086 0,73074 0,696631
1942 0,9369 0,870878 0,814481 0,766585 0,726058 0,69183
1943 0,932761 0,866539 0,809991 0,76199 0,721395 0,687126
1944 0,927185 0,861195 0,804831 0,756972 0,716489 0,682309
1945 0,921928 0,856157 0,799964 0,75224 0,711862 0,677766
1946 0,916953 0,851389 0,795358 0,747761 0,707483 0,673466
1947 0,912419 0,846987 0,791061 0,743547 0,703337 0,669377
1948 0,908393 0,842989 0,787087 0,739596 0,699409 0,665472
1949 0,904543 0,839166 0,783288 0,73582 0,695655 0,661742
1950 0,900852 0,835503 0,779648 0,732202 0,69206 0,658169
1951 0,897306 0,831984 0,776153 0,728729 0,688609 0,65474
1952 0,893942 0,828617 0,772787 0,725369 0,685259 0,651404
1953 0,890732 0,825384 0,76954 0,722116 0,682008 0,648161
1954 0,88763 0,822261 0,766404 0,718975 0,67887 0,645032
1955 0,884627 0,81924 0,763372 0,71594 0,675838 0,642008
1956 0,881717 0,816313 0,760436 0,713002 0,672904 0,639082
1957 0,878894 0,813476 0,75759 0,710154 0,67006 0,636248
1958 0,875536 0,810194 0,754376 0,707004 0,666969 0,633213
1959 0,872069 0,806831 0,751106 0,703817 0,663857 0,63017
1960 0,868702 0,803564 0,747928 0,700719 0,660834 0,627214
1961 0,865428 0,800387 0,744838 0,697707 0,657893 0,624338
1962 0,862242 0,797295 0,741831 0,694776 0,65503 0,621539
1963 0,859139 0,794284 0,738901 0,691919 0,652241 0,618812
1964 0,856114 0,791348 0,736044 0,689134 0,649521 0,616152
1965 0,853899 0,789132 0,733825 0,686911 0,647295 0,613924
1966 0,851922 0,787132 0,731802 0,684866 0,64523 0,611842
1967 0,849987 0,785175 0,729822 0,682866 0,643212 0,609807
1968 0,848091 0,783259 0,727885 0,680909 0,641236 0,607816
1969 0,846232 0,781381 0,725987 0,678992 0,639303 0,605868
1970 0,844409 0,77954 0,724128 0,677115 0,637409 0,60396
1971 0,84262 0,777735 0,722304 0,675274 0,635553 0,60209
1972 0,840864 0,775963 0,720516 0,673469 0,633733 0,600257
1973 0,838923 0,774015 0,718562 0,671511 0,631773 0,598297
1974 0,83685 0,771941 0,71649 0,669444 0,629715 0,596249
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1975 0,834813 0,769905 0,714456 0,667416 0,627695 0,59424
1976 0,832812 0,767906 0,712459 0,665425 0,625711 0,592267
1977 0,830846 0,76594 0,710497 0,663469 0,623764 0,59033
1978 0,828912 0,764008 0,708569 0,661547 0,62185 0,588426
1979 0,82701 0,762109 0,706674 0,659657 0,619969 0,586556
1980 0,825138 0,76024 0,704809 0,657799 0,61812 0,584717
1981 0,823296 0,758401 0,702975 0,655972 0,616301 0,582909
1982 0,821482 0,756591 0,70117 0,654174 0,614512 0,58113
1983 0,818781 0,753934 0,698549 0,651585 0,611952 0,578597
1984 0,816025 0,751226 0,695881 0,648951 0,60935 0,576024
1985 0,813313 0,748561 0,693256 0,64636 0,606789 0,573491
1986 0,810643 0,745937 0,690671 0,643809 0,604269 0,570999
1987 0,808012 0,743353 0,688126 0,641298 0,601788 0,568546
1988 0,805421 0,740808 0,685619 0,638824 0,599344 0,566129
1989 0,802868 0,7383 0,683149 0,636388 0,596937 0,56375
1990 0,800351 0,735829 0,680715 0,633987 0,594566 0,561405
1991 0,79787 0,733392 0,678316 0,63162 0,592228 0,559094
1992 0,795424 0,73099 0,675951 0,629288 0,589924 0,556817
1993 0,793011 0,728621 0,673619 0,626987 0,587653 0,554571
1994 0,789892 0,725541 0,670583 0,623998 0,584712 0,551681
1995 0,786427 0,722115 0,667203 0,620672 0,581446 0,548478
1996 0,783011 0,718736 0,663871 0,617394 0,578226 0,545319
1997 0,779642 0,715404 0,660585 0,614161 0,575051 0,542204
1998 0,776318 0,712117 0,657343 0,610972 0,571919 0,539132
1999 0,773038 0,708874 0,654146 0,607826 0,568829 0,536101
2000 0,769802 0,705674 0,650991 0,604722 0,565781 0,53311
2001 0,766608 0,702517 0,647877 0,601658 0,562772 0,530159
2002 0,763455 0,6994 0,644804 0,598635 0,559803 0,527246
2003 0,760342 0,696322 0,64177 0,59565 0,556871 0,52437
2004 0,757268 0,693284 0,638774 0,592703 0,553977 0,52153
2005 0,754231 0,690283 0,635815 0,589792 0,551118 0,518726
2006 0,751232 0,687319 0,632893 0,586917 0,548295 0,515956
2007 0,748693 0,684816 0,630417 0,584464 0,54586 0,513538
2008 0,746412 0,682573 0,628194 0,582249 0,543648 0,511325
2009 0,74415 0,680348 0,625991 0,580056 0,541458 0,509134
2010 0,741904 0,678143 0,623808 0,577885 0,53929 0,506966
2011 0,739677 0,675956 0,621645 0,575734 0,537144 0,504821
2012 0,737467 0,673788 0,619501 0,573603 0,535019 0,502698
2013 0,735274 0,671638 0,617377 0,571492 0,532915 0,500596
2014 0,733098 0,669506 0,615271 0,569401 0,530831 0,498515
2015 0,730939 0,667391 0,613183 0,567329 0,528767 0,496454
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Appendix 5: Entropy values for different mortality levels and rate of interests for

the base years 2000 and 2015 at ages 60 and 70 for females and males.

‘F\S::g 0,00 0.02 0.04 0.06 0.08 1,00 ‘F\S:ZIZ 0,00 0.02 0.04 0.06 0.08 1,00
0,10 | 0,3484 | 0,3103 | 0,2765 | 0,2466 | 0,2203 | 0,1972 | -0,20 | 0,4692 | 0,4356 | 0,4050 | 0,3772 | 0,3519 | 0,3291
0,09 | 0,3523 | 0,3126 | 0,2774 | 0,2464 | 0,2193 | 0,1956 | -0,09 | 0,4745 | 0,4395 | 0,4076 | 0,3787 | 0,3526 | 0,3290
0,08 | 0,3569 | 0,3151 | 0,2784 | 0,2462 | 0,2182 | 0,1940 | -0,08 | 0,4804 | 0,4437 | 0,4105 | 0,3804 | 0,3533 | 0,3289
0,07 | 03618 | 0,3179 | 0,2794 | 0,2460 | 0,2171 | 0,1922 | -0,07 | 0,4870 | 0,4484 | 0,4135 | 03822 | 0,3540 | 0,3288
0,06 | 0,3669 | 0,3207 | 0,2804 | 0,2456 | 0,2157 | 0,1902 | -0,06 | 0,4941 | 0,4534 | 0,4168 | 0,3840 | 0,3548 | 0,3286
0,05 | 0,3725 | 0,3236 | 0,2813 | 0,2451 | 0,2142 | 0,1880 | -0,05 | 0,5016 | 0,4586 | 0,4202 | 0,3859 | 0,3554 | 0,3284
0,04 | 0,3785 | 0,3267 | 0,2822 | 02444 | 0,2125 | 0,1856 | -0,04 | 0,5097 | 0,4642 | 0,4237 | 0,3878 | 0,3560 | 0,3280
0,03 | 0,3852 | 0,3300 | 0,2831 | 0,2436 | 0,2105 | 0,1829 | -0,03 | 0,5186 | 0,4702 | 0,4274 | 0,3897 | 0,3565 | 0,3274
0,02 | 0,3924 | 0,3335 | 0,2839 | 0,2425 | 0,2082 | 0,1800 | -0,02 | 0,5283 | 0,4767 | 0,4314 | 0,3916 | 0,3570 | 0,3267
0,01 | 0,4005 | 0,3372 | 0,2846 | 0,2412 | 0,2056 | 0,1767 | -0,01 | 0,5390 | 0,4837 | 0,4355 | 0,3936 | 0,3572 | 0,3258
0,00 | 0,4093 | 0,3411 | 0,2850 | 0,2395 | 0,2027 | 0,1731 | 0,00 | 0,5506 | 0,4912 | 0,4397 | 0,3954 | 0,3573 | 0,3246
0,01 | 04176 | 03443 | 0,2848 | 0,2371 | 0,1991 | 0,1690 | 0,01 | 0,5623 | 0,4985 | 0,4437 | 0,3969 | 0,3570 | 0,3230
0,02 | 04217 | 03447 | 0,2826 | 0,2333 | 0,1946 | 0,1642 | 0,02 | 0,5722 | 0,5045 | 0,4466 | 0,3975 | 0,3559 | 0,3208
0,03 | 04172 | 0,339 | 02769 | 0,2273 | 0,1886 | 0,1585 | 0,03 | 0,5781 | 0,5075 | 0,4474 | 0,3965 | 0,3536 | 0,3176
0,04 | 0,4021 | 03275 | 0,2668 | 0,2186 | 0,1810 | 0,1519 | 0,08 | 0,5779 | 0,5062 | 0,4450 | 0,3932 | 0,3497 | 0,3133
0,05 | 03778 | 0,3093 | 0,2526 | 0,2073 | 0,1719 | 0,1444 | 0,05 | 0,5706 | 0,4997 | 0,4389 | 0,3872 | 0,3438 | 0,3075
0,06 | 03476 | 02868 | 0,2358 | 0,1944 | 0,1617 | 0,1364 | 0,06 | 0,5563 | 0,4881 | 0,4290 | 0,3786 | 0,3360 | 0,3004
0,07 | 03151 | 0,2626 | 0,2176 | 0,1807 | 0,1512 | 0,1281 | 0,07 | 0,5363 | 0,4721 | 0,4159 | 0,3675 | 0,3265 | 0,2921
0,08 | 02831 | 02384 | 0,1994 | 0,1669 | 0,407 | 0,1200 | 0,08 | 0,5122 | 0,4528 | 0,4002 | 0,3546 | 0,3157 | 0,2829
0,09 | 02532 | 0,2155 | 0,1821 | 0,1538 | 0,1307 | 0,1123 | 0,09 | 0,4855 | 0,4315 | 0,3829 | 0,3405 | 0,3039 | 0,2729
0,10 | 02262 | 0,1946 | 0,1661 | 0,1416 | 0,1213 | 0,1050 | 0,10

Afﬂe;zo 0,00 0.02 0.04 0.06 0.08 1,00 Afneajzo 0,00 0.02 0.04 0.06 0.08 1,00
-0,10 | 0,4038 | 0,3657 | 0,3316 | 0,3011 | 0,2740 | 0,2499 | -0,10 | 0,5197 | 0,4872 | 0,4575 | 0,4304 | 0,4056 | 0,3832
0,09 | 0,4089 | 0,3691 | 0,3335 | 0,3018 | 0,2737 | 0,2490 | -0,09 | 0,5259 | 0,4919 | 0,4609 | 0,4327 | 0,4070 | 0,3837
-0,08 | 0,4143 | 0,3725 | 0,3353 | 0,3024 | 0,2734 | 0,2478 | -0,08 | 0,5324 | 0,4968 | 0,4644 | 0,4350 | 0,4084 | 0,3843
0,07 | 04203 | 03762 | 0,3373 | 0,3029 | 0,2729 | 0,2466 | -0,07 | 0,5396 | 0,5021 | 0,4682 | 0,4375 | 0,4097 | 0,3847
-0,06 | 0,4268 | 0,3803 | 0,3393 | 0,3035 | 0,2723 | 0,2451 | -0,06 | 0,5474 | 0,5079 | 0,4722 | 0,4400 | 0,4111 | 0,3851
-0,05 | 0,4339 | 0,3845 | 0,3414 | 0,3039 | 0,2715 | 0,2435 | -0,05 | 0,5558 | 0,5140 | 0,4764 | 0,4427 | 04125 | 0,3855
0,04 | 04415 | 0,3891 | 0,3435 | 0,3043 | 0,2705 | 0,2417 | -0,04 | 0,5650 | 0,5206 | 0,4809 | 0,4455 | 0,4139 | 0,3858
-0,03 | 0,4500 | 0,3939 | 0,3457 | 0,3045 | 0,2694 | 0,2396 | -0,03 | 0,5750 | 0,5277 | 0,4857 | 0,4484 | 0,4153 | 0,3860
0,02 | 04593 | 0,3992 | 0,3479 | 0,3046 | 0,2680 | 0,2372 | -0,02 | 0,5860 | 0,5354 | 0,4907 | 0,4513 | 0,4166 | 0,3861
0,01 | 0,4698 | 0,4049 | 0,3502 | 0,3044 | 0,2662 | 0,2345 | -0,01 | 0,5981 | 0,5438 | 0,4961 | 0,4544 | 0,4179 | 0,3861
0,00 | 04815 | 0,4110 | 0,3524 | 0,3040 | 0,2641 | 0,2314 | 0,00 | 0,6115 | 0,5529 | 0,5019 | 0,4576 | 0,4191 | 0,3858
0,01 | 04941 | 04173 | 03544 | 0,3031 | 0,2615 | 0,2278 | 0,01 | 0,6260 | 0,5625 | 0,5078 | 0,4606 | 0,4201 | 0,3853
0,02 | 05052 | 04224 | 03553 | 0,3013 | 0,2581 | 0,2236 | 0,02 | 0,6404 | 0,5719 | 0,5133 | 0,4633 | 0,4206 | 0,3843
0,03 | 05102 | 04234 | 03534 | 0,2976 | 0,2534 | 0,2184 | 0,03 | 0,6527 | 0,5798 | 0,5176 | 0,4649 | 0,4203 | 0,3825
0,04 | 05047 | 0,4177 | 03472 | 0,2911 | 0,2469 | 0,2122 | 0,08 | 0,6604 | 0,5842 | 0,5195 | 0,4647 | 0,4186 | 0,3797
0,05 | 04876 | 0,4043 | 0,3361 | 0,2815 | 0,2384 | 0,2047 | 0,05 | 0,6613 | 0,5839 | 0,5179 | 0,4620 | 0,4150 | 0,3756
0,06 | 0,4608 | 0,3843 | 0,3206 | 0,2691 | 0,2282 | 0,1962 | 0,06 | 0,6547 | 0,5781 | 0,5123 | 0,4564 | 0,4094 | 0,3700
0,07 | 04280 | 03600 | 0,3021 | 0,2548 | 0,2169 | 0,1870 | 0,07 | 0,6407 | 0,5668 | 0,5027 | 0,4479 | 0,4016 | 0,3628
0,08 | 03929 | 03336 | 0,2822 | 0,2395 | 0,2050 | 0,1776 | 0,08 | 0,6207 | 0,5509 | 0,4896 | 0,4369 | 0,3920 | 0,3543
0,09 | 03581 | 03071 | 0,2622 | 0,2242 | 0,1931 | 0,1682 | 0,09 | 0,5962 | 0,5313 | 0,4738 | 0,4237 | 0,3809 | 0,3447
0,10 0,10

58




Age=60 Age=70

Female 0 0.02 0.04 0.06 0.08 1 Female 0 0.02 0.04 0.06 0.08 1
-0,1 0,3137| 0,2759| 0,2426| 0,2133| 0,1878| 0,1657 -0,1 0,4356 | 0,4015| 0,3706 | 0,3425| 0,3171| 0,2942
-0,09 0,3175| 0,2779| 0,2431| 0,2128| 0,1866| 0,1639| -0,09 0,4408 | 0,4051| 0,3728| 0,3437| 0,3174| 0,2938
-0,08 0,3215| 0,2800| 0,2437| 0,2123| 0,1852| 0,1621| -0,08 0,4465| 0,4091| 0,3753| 0,3450| 10,3178 | 0,2934
-0,07 0,3255 0,2819 0,2441 0,2116 0,1837 0,1600 -0,07 0,4526 0,4133 0,3780 0,3464 0,3181 0,2929
-0,06 0,3297 | 0,2839| 0,2444| 0,2107| 0,1820| 0,1578| -0,06 0,4590 | 0,4177| 0,3807| 0,3477| 0,3184| 0,2923
-0,05 0,3344| 0,2861| 0,2447| 0,2096| 0,1801| 0,1553| -0,05 0,4659 | 0,4222| 0,3834| 0,3490| 0,3185| 0,2916
-0,04 0,3395| 0,2884| 0,2450| 0,2084| 0,1779| 0,1527| -0,04 0,4733| 0,4271| 0,3863| 0,3502| 0,3185| 0,2907
-0,03 0,3450 | 0,2907 | 0,2451| 0,2070| 0,1756| 0,1498| -0,03 0,4814| 0,4324| 0,3893| 0,3515| 0,3185| 0,2897
-0,02 0,3511 0,2932 0,2450 0,2054 0,1729 0,1466 -0,02 0,4902 0,4381 0,3924 0,3527 0,3183 0,2884
-0,01 0,3577 | 0,2958 | 0,2449| 0,2034| 0,1700| 0,1432| -0,01 0,4999 | 0,4441| 0,3957| 0,3539| 0,3179| 0,2870
0 0,3646 | 0,2982| 0,2443| 0,2010| 0,1666 | 0,1394 (] 0,5099 | 0,4502 | 0,3988| 0,3548| 0,3172| 0,2852
0,01 0,3693| 0,2991| 0,2425| 0,1977| 0,1625| 0,1351| 0,01 0,5189| 0,4555| 0,4012| 0,3550| 0,3159| 0,2828
0,02 0,3677| 0,2958 | 0,2381| 0,1927| 0,1574| 0,1302| 0,02 0,5248 | 0,4585| 0,4019| 0,3540| 0,3136| 0,2798
0,03 0,3566 | 0,2865| 0,2299| 0,183 | 0,1508 | 0,1244| 0,03 0,5254| 0,4576 | 0,3998| 0,3509| 0,3099 | 0,2756
0,04 0,3361| 0,2709| 0,2177| 0,1755| 0,1428| 0,1178| 0,04 0,5193| 0,4520| 0,3943| 0,3454| 0,3044| 0,2702
0,05 0,3089 | 0,2508 | 0,2025| 0,1639| 0,1338| 0,1106| 0,05 0,5065| 0,4414| 0,3852| 0,3373| 0,2971| 0,2635
0,06 0,2787 | 0,2283| 0,1858| 0,1513| 0,1242| 0,1033| 0,06 0,4878 | 0,4264 | 0,3728| 0,3269| 0,2881| 0,2557
0,07 0,2483 | 0,2056 | 0,1688| 0,1387| 0,1147| 0,0960| 0,07 0,4649 | 0,4081| 0,3580| 0,3147| 0,2778| 0,2469
0,08 0,2197 | 0,1839| 0,1526| 0,1265| 0,1055| 0,0890| 0,08 0,4393| 0,3876| 0,3414| 0,3011| 0,2666 | 0,2375
0,09 0,1939| 0,1642| 0,1377| 0,1153| 0,0970| 0,0825| 0,09 0,4126 | 0,3660 | 0,3239| 0,2869| 0,2549| 0,2278
0,1 0,1713 | 0,1466 | 0,1242| 0,1051| 0,0893 | 0,0766 0,1 0,3859 | 0,3443| 0,3063| 0,2725| 0,2431| 0,2179

Age=60 Age=70

Male 0 0.02 0.04 0.06 0.08 1 Male 0 0.02 0.04 0.06 0.08 1
-0,1 0,3861| 0,3478| 0,3136| 0,2831| 0,2561 | 0,2323 -0,1 0,5033 | 0,4703 | 0,4402 | 0,4127| 0,3877| 0,3650
-0,09 0,3908 | 0,3507| 0,3151| 0,2835| 0,2556| 0,2311| -0,09 0,5092 | 0,4747 | 0,4433| 0,4147| 0,3888| 0,3653
-0,08 0,3959| 0,3539| 0,3166| 0,2838| 0,2550| 0,2297| -0,08 0,5155| 0,4794| 0,4466| 0,4168| 0,3899| 0,3656
-0,07 0,4015| 0,3573| 0,3183| 0,2841| 0,2542| 0,2283| -0,07 0,5225| 0,4845| 0,4501| 0,4191| 0,3911| 0,3659
-0,06 0,4077 | 0,3609 | 0,3200| 0,2843| 0,2534| 0,2266| -0,06 0,5301| 0,4900| 0,4539| 0,4214| 10,3922 | 0,3661
-0,05 0,4142 | 0,3648 | 0,3217| 0,2844| 0,2523| 0,2248| -0,05 0,5384| 0,4959 | 0,4579| 0,4238| 0,3934| 0,3663
-0,04 0,4214| 0,3688| 0,3234| 0,2844| 0,2511| 0,2227| -0,04 0,5472 | 0,5022| 0,4621| 0,4263| 0,3945| 0,3663
-0,03 0,4293| 0,3732| 0,3251| 0,2842| 0,2496| 0,2204| -0,03 0,5569 | 0,5090| 0,4665| 0,4289| 10,3956 | 0,3663
-0,02 0,4381| 0,3779| 0,3269| 0,2839| 0,2479| 0,2178| -0,02 0,5676 | 0,5164 | 0,4712| 0,4315| 0,3967 | 0,3661
-0,01 0,4478 | 0,3830| 0,3286| 0,2833| 0,2458| 0,2148| -0,01 0,5793| 0,5244| 0,4762| 0,4342| 10,3976 | 0,3657
0 0,4586 | 0,3884 | 0,3302| 0,2824| 0,2434| 0,2115 0 0,5923| 0,5330| 0,4815| 0,4370| 10,3984 | 0,3651
0,01 0,4699 | 0,3937| 0,3314| 0,2810| 0,2404| 0,2076| 0,01 0,6059| 0,5419| 0,4868| 0,4395| 0,3990| 0,3642
0,02 0,4786| 0,3971| 0,3312| 0,2784| 0,2365| 0,2032| 0,02 0,6189 | 0,5502 | 0,4915| 0,4415| 0,3989 | 0,3628
0,03 0,4799 | 0,3957| 0,3278| 0,2737| 0,2312| 0,1977| 0,03 0,6290 | 0,5564 | 0,4945| 0,4421| 0,3979| 0,3605
0,04 0,4704| 0,3873| 0,3199| 0,2662| 0,2241| 0,1912| 0,04 0,6337| 0,5587| 0,4948| 0,4408| 0,3953| 0,3571
0,05 0,4499 | 0,3717| 0,3073| 0,2558| 0,2152| 0,1836| 0,05 0,6314| 0,5560| 0,4914| 0,4368| 0,3908 | 0,3523
0,06 0,4211| 0,3502| 0,2909| 0,2429| 0,2049| 0,1751| 0,06 0,6217 | 0,5478 | 0,4841| 0,4299| 10,3843 | 0,3461
0,07 0,3878 | 0,3254| 0,2722| 0,2286| 0,1936| 0,1661| 0,07 0,6051| 0,5345| 0,4730| 0,4203| 0,3758| 0,3384
0,08 0,3534| 0,2995| 0,2527| 0,2137| 0,1821| 0,1570| 0,08 0,5831| 0,5170| 0,4587| 0,4084| 0,3656| 0,3295
0,09 0,3201| 0,2741| 0,2334| 0,1989| 0,1707| 0,1481| 0,09 0,5574| 0,4965| 0,4421| 0,3947| 0,3541| 0,3197

0,1 0,1
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