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Abstract—By using averaging functions, new interval oscillation criteria are established for the
second-order functional differential equation,

(r @® [« @ (t))' FF(tz(t),z(r@®),2 (&),2' (r()) =0, t>to,

that are different from most known ones in the sense that they are based on information only on a
sequence of subintervals of [tp, co0), rather than on the whole half-line. Our results can be applied to
three cases: ordinary, delay, and advance differential equations. In the case of half-linear functional
differential equations, our criteria implies that the 7(¢) < ¢ delay and 7(t) > t advance cases do not
affect the oscillation. In particular, several examples are given to illustrate the importance of our
results. © 2005 Elsevier Ltd. All rights reserved.

KeyWOl‘dS—Quasilinear differential equation, Oscillation, Interval criteria, Generalized Riccati
technique, Integral averaging method.

1. INTRODUCTION AND PRELIMINARIES

This paper is concerned with the problem of oscillation of second-order functional differential
equations,

(r@ 1 O e @) +F 2 0),2( ()8 (1,2 (7 (5) =0, (1)

for t > tg > 0, where

(i) a > 0 is a constant;

(ii) F :[to,o0) x RXx R x Rx R— R is a continuous function;

(iii) 7 : [to,00) — (0,00) is a continuous function;

(iv) 7 : [to,00) — (0, 00) is a continuous function and lim;_,q, 7(t) = oc.
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We restrict our attention to those solutions z(t) of (1.1) which exist on [tg,00) and satisfy
sup{|z(t)| : t > t;} > 0, for any ¢, > to. By a solution of (1.1), we mean a function z (¢) :
[tz,00) — R which is continuously differentiable on [t., c0) together with (t)|z’(t)|*~1«’(t) and
satisfies (1.1) at every point of [¢,,00). A solution is said to be oscillatory if it has a sequence of
zeros clustering at oo and nonoscillatory otherwise.

The oscillation problem for equation (1.1) and for less general equations has been studied by
numerous authors. For recent contributions, we refer the reader to [1-15] and references therein.
In all of these works, the conditions in terms of the coefficients involving integral averages over
the whole half-line [to, oc) are used.

As pointed out in earlier works [16,17], oscillation is an interval property, that is, it is more
reasonable to investigate solutions on an infinite set of bounded intervals. Therefore, the problem
is to find oscillation criteria which use only the information about the involved functions on these
intervals; outside of these intervals the behavior of the functions is irrelevant. Such type of
oscillation criteria are referred to as interval oscillation criteria, see [16-27]. The first attempt in
this direction was due to El-Sayed [16], who investigated the linear case of (1.1).

In [8], Mahfoud considered the Euler differential equation with constant delay of the form,
7(t) =t — o, that is,

:c”(t)—i——t%m(t——a)zo, t>to>0 >0, (1.2)

and conclude that the delay does not effect the oscillation. In other words, this equation oscillates
if and only if the corresponding equation without delay,

7
z” (t) + or (t) =0, t > to, (1.3)

oscillates, that is, if and only if

.
p> 7

Li and Yeh [28,29] proved further that 7(t) = ¢ + o in equation (1.2) does not effect the
oscillation, where ¢ is a positive constant. For other related results, refer to [30].

On the other hand, in 1973 and 1984, Erbe [31] and Ohriska [10] addressed the oscillatory
behavior of the second-order linear functional differential equation,

2 (8) +p(t)z (7 (t)) = 0.

In [5, Chapter 4], Ladde, Lakshmikantham and Zhang considered the second-order nonlinear
functional differential equation,

(r@®)z @) +f Gz t),z(r (@), (©),2 (h(t) =0,
where 7,h € C[Ry, R|, 7(t) < t, imisoo 7(t) = 00, f € C[R+ x R R], and uf(t,u,v,w, z) >0,
for uv > 0, t > tp, and obtained several interesting oscillatory criteria.

In 1997, under certain assumptions on f, 7, and &, Wang [32] studied the oscillatory and
nonoscillatory behavior of quasilinear functional differential equations of the type,

(1 OF ' @)+ o tr ) =0.
Agarwal et al. [1] investigated the following retarded differential equation,
(ro Oy ®) + (O kO @) =0,

where o and 3 are positive constants, and p, 7, 7 € C({to, o), R) satisfy some suitable conditions.
Their results generalize those of Erbe, Ohriska and Lakshmikantham.
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Recently, Li [22] obtained some new oscillation criteria for the case of half-linear functional
differential equation of the special form,

(r@ e @12 0) +p@)la (@) 2 (@) =0, (1.9

where p(t) is a positive continuous function on [tg, 00), 7(t) is an eventually positive function;
7(t) is a positive continuously differentiable function on [tg, 00), such that 7/(¢) > 0, for t > tg
and lim; oo 7(t) = oo. Li showed that his results imply that the delay 7(¢t) = ¢ &= ¢ does not
affect the oscillation and can be applied to extreme case such as ftzo p(s)ds = —oc. However,
because of the sign condition on p(t) and the proof of his main theorem, the above extreme case
and the 7(t) > t advance case are impossible.

Motivated by the ideas in [5,7,17,22], by employing the Riccati technique and the integral
averaging method, we shall establish several new interval criteria for oscillation of equation (1.1),
that is, criteria given by the behavior of equation (1.1) {(or r, p, and &) only on a sequence of
subintervals of [tg, 00). In fact, by choosing appropriate functions H and p, we shall present several
easily verifiable oscillation criteria. Our conditions do not require the sign of p'(t) and 7'(¢). For
the equation (1.4), our results imply that the 7(t) <t delay and 7(¢) > t advance cases do not
effect the oscillation, and improve and extend the results of [4,11,17,28,29,33], and can be applied
to extreme cases such as ftooo p(s)ds = —oo for ordinary differential equations. Finally, several
interesting examples that point out the importance of our results are included.

‘We begin with a preparatory lemma which we will heavily rely on in the proofs of our theorems.
First, we recall a class of functions defined on D = {(¢,s) : t > s > to}. A function H € C(D, R)
is said to belong to the class P if

(H1) H(t,t) =0, for t > t; and H(t,s) > 0, when t # s;
(H2) H(t,s) has partial derivatives on D, such that

8Hg§:’3) = hy (t,8) VE(, 9), %(2732 — ot s) VAT,

for some locally integrable functions h; and hs.

LEMMA 1.1. Let Ag, A1, Az € C([to,0), R) with Ay > 0, and w € C*([to, c0), R). If there exist
{a,b) C [tg,00) and ¢ € (a,b), such that

w' < —Ao (8) + A1 (s)w — Ag (s) [w| @tV s (a,b), (1.5)
then "
1 NH(sa) A () - O 91(s9)]"
H(c,a)/a [H(» )40 (8) = T, () }ds

1.6
1 a® g (b,9)| " o

b
+‘H(b,c)/c [H(b,S)Ao (s)— T ) (A2 (5))° :Idsgo

for every H € P, where

b1 (5,) = by (s,a) /H (5,a) + A; (s) H (s, a)
(H (s,a))a/(aﬂ)

by o —ha(b,s) VEB5) + A1 (s) H (b 5)
¢2( ,S) - (H(b’s))a/(a+1) “

Proor. Multiplying (1.5) by H(s,t) and integrating with respect to s from ¢ to ¢ for ¢ € (a, ],
we have

?

[H(s,t)Ao (s) ds < —/:H(s,t)w'(s) ds+/tcH(s,t)A1 (s)w(s) ds

¢ (1.7)
—/ H (s,t) Az (s) |w ()| T/ ds.
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In view of (H1) and (H2), we see that
[ 60w 6 ds=H@ow - [ h(o.0 VEGDu(o)ds (18)
Using (1.8) in (1.7) leads to
/tcH(s,t) Ao (s)ds < —H (e, t) w ()
+ [ (0 VG
+ A1 (s) H (s,)) w(s) ds

- /CH(S, t) Ay (s) jw (s)| T/ ds (1.9)
< —H e tyw(e)

+/tc [[hl (5:6) VET5,0) + As () H (5,8)] ()]
— H (s,t) Ay (s) jw (s)| @Y/ a] ds.
For given t and s (¢ not equal s), set

Fi(u) = ‘hI\/I_I + AlHl u— ApHuHD/a 5,

F; (u) attains its maximum at

o @ hl\/H+AlHla
u= (a-}-l) (A H)®

and

a® ‘hl\/ﬁ'l' AlHlm+1

Fl (U) S Flmax = (a n 1)a-l—1 (AzH)a (110)
Then, by using (1.10) in (1.9), we get
/tc H(s,t) Ag (s)ds £ —H (e, t)w(c)
e / b (s,6) VD + Ay B (1) ot .
G ), 2 (VH (5:0)

et [ g (s, D)
G 1 ) ()"

Similarly, if (1.5) is multiplied by H(t, s) and then integrated from ¢ to ¢ for ¢t € [c,b), then one
gets :

ds.

= —H (c,t)w(c) +

/tH(t,s)Ao(s)ds SH(t,c)w(c)-I—/t [—ha(t,s)VH(,s)

1
+ A1 (s)H (t,s)]w(s)ds — / H (t,5) Ag (s) fw (s)|@1/* ds 112)

<H@Aw @+ [ (|- VIS + 41 (5) H 69|l s)
—H (t,5) As (s) [w ()[*D/?] ds.
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For given t and s (¢ not equal s), set
Py (u) = ‘—hQ\/ﬁ + A1H| u— A Hu@D/a oy s,

F5 (u) attains its maximum at

a \*¢ —hoVH + A1H|a
v (a + 1) (A:H)"
and
o |havE+ AlH‘aH
Fy (w) £ Fymax = (@+ 1) (A H)® (1.13)
Then, by using (1.13) in (1.12), we get
¢ o ¢ atl
/C H(t,5) 4o () ds S H (1w (9 + - +a1)a+1 c “”(2;';’ (Ss))‘)a ds. (1.14)

Letting t — a¥ in (1.11) and ¢t — b~ in (1.14) and adding the resulting inequalities, we have
equation (1.6).

2. MAIN RESULTS
We are now able to state the main results.

THEOREM 2.1. Suppose that Conditions (i)-(iv) are satisfied. Suppose also that there exists an
interval (a,b) C [to,00) and there exist ¢ € (a,b), p € C([to,0)), H € P, p € C*([to, 00)), such
that p(t) > 0,

(v) F(t,z,u,v,w)/|z|* 1z > p(t) holds, fort >ty and x # 0, u, v, w € R,
and

1 c 1 N
ﬁ@alpuﬂHu@pw—aﬁjgnﬂmm@an“}@
. ) . (2.1)
-_ s syp(s) - ———7r (s )|t ds
+H&@Ap<ﬂHm>m> e ()66 }d>m
where
b1 (s,0) = hi(s,a) VH (s,a) + (¢ (s) /p(s)) H (s,0)
T (H (5,0)* D ’
) (2.2)
b2 (b, 5) = —hy (b,5) VH (b,s) + (¢ (s) /p(s)) H (b, s)
! (H (b, S))a/(a+1)
Then every solution of (1.1) has a zero in (a,b).
ProoF. Otherwise, z(t) # 0, for all t € (a,b). Define
_POr®l oI 2 ¢)
w(t) = O 20 , t € (a,b). (2.3)
Differentiating (2.3) and making use of {1.1) and Condition (v), it follows that
b P p®F(te(),3 (), (),7 (T(1) ep®r )|z B
RATOR DR e )
, (at1)/ (2.4)
< —p@p) + L - 22

p(0) r@p)*
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Comparing inequalities (1.5) and (2.4), we identify that

P (t) @
Ac)=p®)pt), Ai(®)="  and  Ay(t) = — .
o(t) =p(t)p(t) 1(t) e 2 (1) YOG
Applying Lemma 1.1 to (2.4), we see that inequality (2.1) fails to hold. i

If the conditions of Theorem 2.1 hold for a sequence {{an,b,)} of intervals, such that

lim a, = oo,
n—oo

then we may conclude that (1.1) is oscillatory. That is, we have the following corollary.

COROLLARY 2.1. If for a given T > to there exists an interval (a,b) C [T, c0) for which the
conditions of Theorem 2.1 are satisfied, then (1.1} is oscillatory.
The following theorem is also a consequence of Theorem 2.1.

THEOREM 2.2. Let Conditions (i)-(v) hold. Suppose that there exist H € P and p € C*([to, 0)),
such that p(t) > 0,

r -

liixligp/l p(s) [H(s,l)p(s) — mr (s) |1 (5,107 | ds >0, (2.5)
and . ) ;
li?isogp‘/; p(s) H (t’ s)p(s) - mr (S) l¢’2 (t’ S)luH ds >0, (2'6)

for each | > to, where ¢y and ¢o are as in (2.2). Then, (1.1) is oscillatory.

PROOF. Suppose that z(¢) # 0, for all t € [t1,00), for some t; > tg. Set I = a > t; in (2.5).
Clearly, we see from (2.5) that there exists ¢ > a, such that

1 =717 (5) |61 (s,a)|**!| ds > 0. (2.7)

Ap@ﬂH@@M@—G:3-

Similarly, setting [ = ¢ > ¢; in (2.6), it follows that there exists b > ¢, such that

() ()| >0 @9

b
/p@ﬂHm@M@—

From (2.7) and (2.8), we see that (2.1) is satisfied. Therefore, in view of Corollary 2.1, we may
conclude that (1.1) is oscillatory. ]
THEOREM 2.3. Suppose that (i)-(iv) are satisfied. Further,

(vi) sgn F (¢, z,u,v,w) = sgnz for eacht >ty and z,u,v,w € R;

(vii) (t) is a nondecreasing, differentiable function, and satisfies [ ©(ds/r1/(s)) = .

Suppose also that there exists (a,b) C [fo,00) and there exist ¢ € (a,b), p € C([to,0)), H € P,
p € C*([to, 00)), such that p(t) > 0,

(viil) F(t,z,u,v,w)/|lu[* tu>p(t), fort >to, 2 #0,u#0,v,w € R,

and

1 ¢ kn(s)a_ 1 s et g
H(c,a)/a p(s) [H(s,a)P(s){ S ] T ) (s) |61 (s, )] }d

b T (8)]° .
+Hé@/p@ﬂHmQM@V*”]—( 1 wwmwm+ﬂ¢>q

T
s a+1)0£+1

(2.9)
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where k is a constant, k € (0,1), 7«(t) = min{¢, 7(t)}, and ¢; and ¢, are as in (2.2). Then, every
solutions of (1.1) has a zero in (a, b).

Proor. Let z(t) be a nonoscillatory solution of equation (1.1). Without loss of generality, we
may assume that z(t) > 0 and z(7(t)) > 0, for t > Ty > ¢o. Because, from equation (1.1) and
Condition (vi), a similar analysis holds for z(¢) < 0 and z(7(¢)) < 0. Using Conditions (iii), (vi),
and (vii), from equation (1.1), it is easy to prove that 2”(t) < 0 and 2’'(t) > 0, for t > T} > To.
Hence, by Lemma 2.1 in [10], for any & € (0,1), there exists a T, > T, such that

kT (1)
t

z (7 (¢)) > z(t), for all t > Ty,

where 7, (t) = min{t,7(t)}. Let us define w(t) again by (2.3). Then, we may obtain

o 1y = 2Oy py - POF G2 ®),2(0@),2 @),0' (@) _ alw@*
p(t) (z ()" (r (t) p (£)
POy pOELz0),2(T(),2 (), 2 (1)) (w(f (t)))"‘
p(t) (@ (r ()" z ()
_a lw (t)l(a+1)/a
(r (&) p (£)) /"
_ ke @))% P10), o _ alw (p)|ern/e
<= Or0) [ t ] tow (r@®p)e
The rest of the proof is similar to that of Theorem 2.1, hence, is omitted. [}

COROLLARY 2.2. If for a given T > ty there exists an interval (a,b) C [T,00) for which the
conditions of above theorem are satisfied, then (1.1) is oscillatory.

The following theorem is also a consequence of Theorem 2.3.

THEOREM 2.4. Let Conditions (i)~(iv) and (vi)—(viii} hold. Suppose that there exist H € P and
p € C([to, 00)), such that p(t) > 0,

limsup/ltp(s) [H (s,0)p(s) [k'r* (S)]a

t—o0 s

(a +11)“+1T (s) 161 (s, l)lm] ds > 0,

and

limsup/l p(s) [H(t,s)p(s) [’”* (3)] - L (3)]6s (t,s)|a+1} ds > 0,

t—oo s a+1)

for each | > to, where k is a constant, k € (0,1), 7.(t) = min{¢,7(t)}, and ¢ and ¢ are as in
equation (2.2). Then, equation (1.1) is oscillatory.

ProoF. The proof of this theorem is similar to the proof of Theorem 2.2. |

The above theorems are presented in the form of a high degree of generality and deriving
different explicit oscillation criteria for (1.1) with appropriate choices of H (t,s) and p(s). For
the case where H := H (t —s) € P, we have that hy (¢t —s) = hy (¢t — s) and denote them by
h(t — 5). The subclass of P containing such H (t — s) is denoted by P,. Applying Corollary 2.1
and 2.2, we obtain the following results, respectively.
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THEOREM 2.5. Suppose that (i)~(v) hold. If for each T > ty, there exist H € P, p € C1 [ty, o)
and a,c € R, such that T <a<e, p(t) >0 and

/°H<s—a> (p()p () +p (2 — 5) p (2 — s)) ds

ati
LT r(s)o(s) [h(s = a) VE s =) + ¢/ (5) /o () H ( ;
@t Do J (H—a)" ’ (2.10)

r{2¢~3s)p(2¢c—3s) ‘ (s—a)/H{(s—a)+(p (2c-—.s)/p(2c-—.<>‘))H(s—-a)’c‘.H
-+ ds,
(H (s —a))*

then equation (1.1} is oscillatory.

THEOREM 2.6. Suppose that Conditions (i)-(iv) and (vi)—(viii) hold. If for each T > tg, there
exist H € P, p € C![to,00) and a,c € R, such that T < a < ¢, p(t) > 0, and

/H (s —a) ( s)p()[kl*s-(flrw(zc—s)p(zc—s) [-’ffﬁc—”i)r) ds

2c—s
Sy r©p() |h(s =) VEG=a + (0 (5) /p(s) H(s—a)|
(a+1)*+ (H(s—a))"
+r(2c—s)p(2c—s)|—h(s—a) H(s—a)-{-(p’(2c—s)/p(2c—s))H’(s-—a)a1 J

(H (s —a))*

where k is a constant, k € (0,1), and 7.(t) = min{t, 7(¢)}. Then, equation (1.1) is oscillatory.
Next, we define

R(t) :/tr‘lf"‘(s)ds, t>1>to, (2.11)
l
and let
H(t,s)=[R(t)-R(s)]", t=>s2>t, (2.12)

where A > max{1, o} is a constant. By Theorems 2.2 and 2.4 for p(t) = 1, respectively, we have
the following oscillation criteria.

THEOREM 2.7. Let Conditions (i)-(v) hold. Assume that lim; o, R(t) = oco. Then, equa-
tion (1.1) is oscillatory provided that for each | > to and, for some A > max{1, o}, the following
two inequalities hold,

A past
hmsup e O‘(t / [R(s)—R(D)]" p(s)ds > G D™ 0 —a) (2.13)
™ *p(s)d A 2.14
lim sup e t)/ R~ ROPp()ds > s, (2.14)

THEOREM 2.8. Let Conditions (i)-(iv) and (vi)—(viii) hold, and assume that lim,; o, R(t) = oo.
Then, equation (1.1) is oscillatory provided that for each 1 > tg and for some A > max{1, o}, the
following two inequalities hold,

Aa+1
A -a)

lim sup RT'IW /l [B(s) = RQ)* p(s) [T—;(S—)] do> g (2.15)

t—oo
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and
Aa+1
(@+1)* P A -a)’

imoup s [ (RO~ RIPp() E (S)]“ds S

t—oo s

(2.16)

where T, (t) = min {t, 7 (t)}.
REMARK 2.1. In the case when F'(f,z,u,v,w) = p(t) |:1:|°‘—1 z, Theorems 2.1, 2.2, 2.5, and 2.7
reduce to corresponding all theorems given in [34].

REMARK 2.2. In the case when F (t,z,u,v,w) = p(t) |u|°‘—1 u, our results are better than cor-
responding results of [22], since our conditions do not require the existence of p’ (t) > 0 and
T/ (t) > 0.

REMARK 2.3. Let F(t,z,u,v,w) = p(t)z. If we take p(t) =1, @ =1, and r(t) = 1, Theorem 2.7
(or Theorem 2.8 with 7(t) = t) reduces to the part of Theorem 2.3 in [17].

REMARK 2.4. Taking F(t,z,u,v,w) = (u/t})u, p(t) =1, a =1, 7(t) =1, and 7(t) =t + o, then
equation (1.1) reduces to the Euler equation,

=" (t) + t%:z (t+0)=0. (2.17)

It is well known that [26,28,29] equation (2.17) is oscillatory if 4 > 1/4 and nonoscillatory if
u < 1/4. Applying Theorem 2.8 to equation (2.17), we also see that equation (2.17) is oscillatory
if 4 > 1/4 (see Examples 3.2 and 3.3 in Section 3). This implies that our results are sharp.

3. EXAMPLES

In this section, we will show the application of our oscillation criteria in three examples.
EXAMPLE 3.1. Let r(t) € C([0, o0), (0,1]) and

n(t—3k), 3k <t <3k+1,
p)=¢ n(-t+3k+2), 3k+1<t<3k+2,
po (t), 3k+2<t<3k+3,

for k € {1,2,...} where pg is any continuous function which makes p a continuous function, and

()\ + 2) >\a+1
(A —a) (a+ 1)

is a constant for fixed A > max{1, a}. Consider the equation,

(rOR @I T ®) +pO @ 2@ =0, 20, (3.)

with o > 0 a constant. Let a = 3k, ¢ = 3k + 1, H(t,s) = (t — s)*, and p(t) = 1. Note that for
h(t, s) = A(t — s)*=2/2,

c a+l c
/ (s— a)’\ [p(s)+p(2c—s)]ds— —)‘—a+—1 / [r(s)+7(2c—9)(s— a)’\—("‘“) ds
a (01 + 1) a
3k+1 atl 3k+1
>2 n(s— 3k 1ds — L&;J / 2 (s — 3k)} (@D gg
3k (a+1) 3k
2n o)+l

= — >0,
A+2 (a+ 1) (A —a)
i.e., (2.10) holds. Thus, equation {3.1) is oscillatory by Theorem 2.5. It is worth mentioning that

by a suitable choice of pg (t) (for example, pg (t) = —ksin7t), we can make ftc;op(s) ds = —o0,
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meaning that the results of this paper are applicable for such extreme cases. In this case, the
known results such as in [2,9,13,15] fail to apply to this equation.

Now, we shall construct two examples including the Euler equations (1.2) and (1.3) as special
cases.

EXAMPLE 3.2. Consider the second-order differential equation,

1, / pr—(1/a) a1
(r@ R O @) +”—,§;—ﬁ(t—(f>!m<r(t>)| 2(r(®)=0, a>0, (32

for t > to > 0, where 4 > 0 and a > 0 are constants, 7 € C ([to, o), (0, o0)), T(t) > t,
lim; o0 7(t) = oo, R(t) is defined as in (2.11) and lim;_eo R(t) = co. Let g := max{1,a}.
Then, we can verify that equation (3.2) is oscillatory for u > ad™!/(a + 1)®*! by Theorem 2.8.
In ordinary case, that is 7(t) = t, this example examined in [34].

Let H(t,s) = [R(t) — R(s)]*, A > ap > 1, and p(t) = 1, for t > to. As also given in [34], we
have

[R(s)-R(D]) >R (s) - AR () RM1(s), for s > 1 > tg. (3.3)

It follows from R’ (¢) = r~1/* (¢) and 7, (t) = ¢ that, for each [ > £,

t rel/e (g T {8)]%
limsupﬁr_lc—!m /l [R(s) - ROP A2 (())[ S()] ds

t—o0

L pr=i/2 (5 w8
- A = A-—-1 [l S o
t]:_glo P )‘/l [R* (s) = AR () R*1 (s)] R (s) dR(s) = o
For any p > agt1/(a + 1)1, there exists A > ap, such that
I Ao+l
A= > atl iy N7
a (a+1)""(A-a)
This means that (2.15) holds.
Next, we will prove that
t ~1/a t /o
AT (s) T (s)
RO~ RO Gy do 2 [ (R()— ROP Ty ds (33)

Let

Then, F (1) =0, and for t > {,

¢ 1/e -1/a
F’(t)—/ MR () - R(sn*“lR'(t)ﬁa—;l—((—%’ s~ (RO - RO Terr
r—1/c
> el [ ARG - ROP™ % ()ds - [R() ~ ROP e & =

Hence, F'(t) > F(t) = 0 for t > [, i.e., (3.5) holds. By (3.4) and (3.5), condition (2.16)
holds for the same A. Applying Theorem 2.8, we find that equation (3.2) is oscillatory if u >
ot/ (a+ 1),

Taking p(t) = 1, a = 1, r(t) = 1, and 7(t) = ¢ + o, then equation (3.2) reduces to the
Euler equation (2.17). It is well known that [28,29] equation (2.17) is oscillatory if u > 1/4 and
nonoscillatory if p < 1/4. Since og = a = 1, we also see that equation (2.17) is oscillatory
if u>1/4.
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When r (t) = 1, for ¢t > to, 7(t) =t and o = 1, then equation (3.2) reduces to equation (1.3).
In this case, a0+1 [{a+ 1)0""1 = 1/4 and Example 3.2 is consistent with the well known result
of (1.3) that equation (1.3) is oscillatory if 4 > 1/4 and to a certain extent it also reveals the
construction of the Euler equation (1.3).

ExampLE 3.3. Consider the differential equation,
’ a—-1 ! e a—1
(]:1: @ e (t)) + gzt -0 T a(t—0) =0, t2te>0, (3.6)

where t > ¢ and ¢, p and a are constants. Let ag := max{l,a}. Then, we can see that
equation (3.6) is oscillatory for u > a2/ (a +1)*** by Theorem 2.8.

Let A > ag > 1 and p(t) =1 for t > ¢. It follows from R(t fl ds=t—land n(t) =t -0
that, for each [ > tp,

hmsup 7= a(t / [R(s) )]A[ §8)]“p(s) ds
= lim #; /l t (s—l))‘( a) —d (3.7)

L t-10) t—o M
_tli,rglo (/\—a)(t—-l))‘_a_l t tC!+1 _A_a'

On the other hand, from (3.3), we have

1 ¢ by Tx (.S‘) «
hmsup B ) /; [R(t) — R(s)] ( . ) p(s) ds
= limsu (t_a)a a /t(t—s)A g for £ € (1,1) 3.8
- t—»oop t (t_l))\—a ¢ ga+l yb) ( . )
N AN i a-1y L
> = 00.
- tli»ngo ( t ) (t _ l)A—a L ( — Ast ) gotl —pds =00
By (3.7) and (3.8), for any u > ag*!/(a 4 1)*+! there exists A > ap, such that
A—a a+1 A—a’

Then, applying Theorem 2.8, we find that (3.6) is oscillatory for u > ag*!/(a + 1)**+L In
particular, if @ = 1, then equation (3.6) reduces to the Euler equation (1.2) and a®*1/(a+1)*+! =
1/4. Tt is well known that equation (1.2) is oscillatory if p > 1/4.
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