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ABSTRACT. We consider Cauchy problem for the semilinear plate equation
with nonlocal nonlinearity. Under mild conditions on the damping coefficient,
we prove that the semigroup generated by this problem possesses a global
attractor.

1. Introduction. In this paper, we study the long-time behavior of the solutions
for the following plate equation with localized damping and nonlocal nonlinearity
in terms of global attractors:
uge + A%+ a(z)us + M
+ f(llu @)l goggny) [ul”u=h(x), () € (0,00) x R". (1.1)
Plate equations have been investigated for many years due to their importance
in some physical areas such as vibration and elasticity theories of solid mechanics.
For instance, in the case when f (-) is identically constant, equation (1.1) becomes
an equation with local polynomial nonlinearity which arises in aeroelasticity mod-
eling (see, for example, [7], [8]), whereas in the case when p = 2, the nonlinearity
Sl pogny) |u|’~? u appears in the models of Kerr-like medium (see [15], [21]).
The study of the long-time dynamics of evolution equations has become an out-
standing area during the recent decades. As it is well known, the attractors can
be used as a tool to describe the long-time dynamics of these equations. In par-
ticular, there have been many works on the investigation of the attractors for the
plate equations over the last few years. For the attractors of the plate equations
with local and nonlocal nonlinearities in bounded domains, we refer to [3], [5], [14],
[16-19] and [22]. In the case of unbounded domains, owing to the lack of Sobolev
compact embedding theorems, there are difficulties in applying the methods given
for bounded domains. In order to overcome these difficulties, the authors of [9-10],
[13] and [23] established the uniform tail estimates for the plate equations with local
nonlinearities and then used the weak continuity of the nonlinear source operators.
In the case when the domain is unbounded and the equation includes nonlo-
cal nonlinearity, an additional obstacle occurs. For equation (1.1), this obstacle
is caused by the operator defined by F (u) := f([|ullzsgn)) lul’"?u , because the
operator F, besides being not compact, is not also weakly continuous from H? (R™)
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to L? (R™). This situation does not allow us to apply the standard splitting method
and the energy method devised in [2]. Recently in [1], the obstacle mentioned above
is handled for the nonlinearity f(||Vu|| r2(rn))Au by using compensated compact-
ness method introduced in [11]. In that paper, the strictly positivity condition on
the damping coefficient « (-) is critically used. In the present paper, we replace this
condition with the weaker conditions (see (2.3), (2.4)), and by using effectiveness
of the dissipation for large enough x, we prove the existence of the global attractor
which equals the unstable manifold of the set of stationary points.

The paper is organized as follows: In Section 2, we give the statement of the
problem and the main result. In Section 3, we firstly prove two auxiliary lemmas
and then establish the asymptotic compactness of the solution, which together with
the presence of the strict Lyapunov function leads to the existence of the global
attractor.

2. Statement of the problem and the main result. We consider the following
initial value problem
uge + A%+ a(z)us + M
Flw @l o)) lul”*u=h(z), (t,z) € (0,00) x R", (2.1)
u(0,2) = up(x), u(0,2) =us(x), zeR", (2.2)
where A > 0, h € L? (R"), p > 2, p(n —4) < 2n — 4 and the functions « (-), f (+)
satisfy the following conditions:

a € L*®[R"), a(-) >0 ae. in R", (2.3)
al-) > ap >0ae. in {x e R": |z| > ro}, for some ro, (2.4)
feC'RY), f()=0. (2.5)

Applying the semigroup theory (see [4, p.56-58]) and repeating the arguments
done in the introduction of [1], one can prove the following well-posedness result.

Theorem 2.1. Assume that the conditions (2.3)-(2.5) hold. Then for every T > 0
and (ug,uy) € H? (R"™) x L? (R™), problem (2.1)-(2.2) has a unique weak solution
uwe C([0,T]; H* (R™)) N C* ([0, T]; L* (R™)) which satisfies the energy equality

Egn (u(t))+%)F(||u(t)|\’zp(w)) f/h( (t, da:Jr// @) |ug (7, 2)|? dwdr

s R™
1
= Egn (u(s)) + ;F (||u(s)|\]zp(w)) - /h(x)u(sm) dz, ¥t>s>0, (2.6)
RTL
where F(z) = [ f(¥/s)ds, for all z € RT andEQ(()):%f‘Uttﬂf +
o)

0
|Aw (t,z)|° + X (t, 2))*)dz, for subset @ C R™. Moreover, if (ug,u;) € H* (R™) x
H?(R™), then u € C ([0, T); H* (R™)) N C* ([0, T]; H* (R™)).
In addition, if v,w € C ([0, T); H? (R™)) N C* ([0, T); L? (R™)) are the weak so-
lutions to (2.1)-(2.2) with initial data (vo,v1) € H? (R") x L? (R"™) and (wg,w1) €
H? (R") x L? (R"), then

[0(t) = w2y + [1ve(t) = 0 (@) L2 m)

o(T,7) (Ilvo = woll sragany + 01 = w1l ey ) » ¥t € 0,7,
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where ¢ : Ry X Ry — Ry is a nondecreasing function with respect to each variable
and I = max {||(U0, Ul)”Hz(Rn)xLZ(R“) s [ (wo, w1)||H2(R")><L2(R”‘) }

Thus, according to Theorem 2.1, by the formula (u(t),u:(t)) = S (¢) (uo,u1),
problem (2.1)-(2.2) generates a strongly continuous semigroup {5 (¢)},>, in H? (R™)
x L? (R™), where u(t,-) is the weak solution of (2.1)-(2.2), determined by Theorem
2.1, with initial data (ug,u1).

Now, we are in a position to state our main result.

Theorem 2.2. Under the conditions (2.3)-(2.5), the semigroup {S (t)},5, gener-

ated by the problem (2.1)-(2.2) possesses a global attractor A in H* (R™) x L? (R")
and A= M"(N). Here M“(N) is unstable manifold emanating from the set of
stationary points N (for definition, see [6, p.359]).

Remark 2.1. We note that by using the method of this paper, one can prove the
existence of the global attractors for the initial boundary value problems

Wizt + (—A)'u; + o) uss + Mg

+ (i ) o) il ws = h(2), () € (0,00) x Q,

wi(t, ) = (B%)%1 u;(t,x) =0, (t,z) € (0,00) x 09,

w;(0,2) = woi(x),  wu(0,z) = uy(x), x € Q,

where 2 C R"™ is an unbounded domain with smooth boundary, v is outer unit
normal vector, A > 0, h € L?(Q), p; > 2, p;(n—2i) < 2n — 2, i = 1,2, the
function f(-) satisfies the condition (2.5) and the damping coefficient «(-) satisfies
the following conditions

a € L*(), a()>0, ae. in Q,

a() > ap >0, ae. in w, for some w C £, such that

w is the union of a neighbourhood of the boundary 0 and {z € Q : |z| > ro}, for
some 7.

3. Proof of Theorem 2.2. We start with the following lemmas.

Lemma 3.1. Assume that the condition (2.5) holds. Also, assume that the sequence
{vm}oe_y is weakly star convergent in L* (0, 00; H? (R™)), the sequence {vmi}oe_;
is bounded in L> (0,00; L? (R")) and the sequence {||Um (t)HLP(Rn)} ) is conver-
gent, for allt > 0. Then, for all v > 0 "

t
lim 1irnsup/ / T(f (Ilvm (7')HLP(JR")> [m (7, 2) P2 v (7, 2)

m—o0 l—00
0 B(0,r)

1 (Il (D)l ) L, ) 0a(7,2) ) (vt (7, 2) = v (7, @) dadr| = 0, ¥t >0,
where B (0,7) = {x e R" : |z] < r}.

for € > 0. Then, we have

Proof. Denote f. (u) = { ff(s), ’() §UUZ<5;’

1 (Iom Ol ) = F= (Iom (D)l ogany )| < _max__1f (s1) = £ (s2)],

T 0<s1,52<¢e
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and consequently

/ |7 (lom 0langan) lom ()P~ vnr,2)

0 B(0,r)

1 (1t Dl gy ) lor(r, D2 0(7,2)) (v (7,) = w14 (7,) |

/ / (o ()l gy ) o (7, 2) P2 i, )

0 B(0,r)
L (o0 (D)l gy ) 1o, )P 00(7, ) (0 (7, ) = v (7, ) dadr|
+cto<gllas)§<s|f(sl)—f(82)|, vt > 0. (3.1)

Let us estimate the first term on the right hand side of (3.1).
¢

[ ] ot (I Olnieny) lom () (. 2)

0 B(0,r)

= (10 Lo ) [, @) P2 00(7,2) (o (7,2) = w1 (7, 2) v

7t (lom (D)l zoen)) / [V (7, 2P 0 (7, 2) 0 (7, ) divdr
B(0,r)

I
o—_ .

t
" / o (I Ol [ lulr o)l alr oo (r.2) deds

B(0,r)

B(0,r)

¢

/ng lvm (Tl Lo &) ) / [ (7, 2) P2 O (7, 2011 (7, ) dadr
0

t

[t (10 Olren) [ Dl 02 () dadr. (32
0 B(0,r)
For the first two terms on the right hand side of (3.2), we have
¢

[ 78 (1om Ollns) [ 1o (700 o) (7,0)
0 B(0,r)
t

+/Tfs (||vl (T)HLP(R”)) / jou(r, @) [P w7, @) (7, @) dadr

0 B(0,r)

1 1
= tfe (lom o)) 1om O oo, + 518 (ot Ollzogeny ) o O oo,

t
1
o [ 1 (B O angam) e (o 7
0
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t
1
o A (o Ol T Ol
0

1 d )
_5 /T@ (fa (HUm (T)HLP(Rn))) H’Um (T)||LP(B(O,7-)) dr
0
t
1 d ,
o [ (0 (10 O g ) N ()
0

oo
Since the sequence {||vm Gl LP(RH)} is convergent, by continuity of f., it fol-
m=1

lows that the sequence { (||11m Ol Lo ey )}OO also converges for all ¢ € [0, c0).

Moreover, by the conditions of the lemma and tTle definition of f., we obtain that the

sequence {fe <||vm (.)||L,,(Rn))} ) is bounded in W (0,00). So, the sequence
m=

{fe (va (.)||LP(W,))} converges weakly star in W1 (0, 00) and we have
m=1

Je (Iom Ol o any) = @ weakly star in W (0,00),
Uy, = v weakly star in L (0, 00; H* (R™)) , (3.3)
Umt — vy  weakly star in L™ (0, oo; L? (R")) ,
for some Q € W (0,00) and v € L> (0,00; H* (R™)) N W1 (0, 00; L* (R™)).
Applying Aubin—Lions—Simon lemma (see [20]), by (3.3)2-(3.3)3, we find
r)), VI >0, (3.4)
Then, considering (3.3) and (3.4), we get

Um — v strongly in C ([0,T7]; LY (B (0,

where ¢ < o 4)+

t

i £ (fom (o) [ o ()™ vy} (7,2) dadr

0 B(0,r)

t
+l1_i>r£10/7'f5 (Hvz (T)IILP(R")) / (7, )P~ 2 oy (7, 2wy (1, ) dacdr
0

B(0,r)

*B

t
2 2
= 20QO 10 Oncsi0) ~ > | QOO o7
0

t

=2 [+ 2 @) 1o Mooy 35)
0

For the last two terms on the right hand side of (3.2), by using (3.3), we have
t

tim_tim [ 7f (o lgniay) [ o (o)™ o) (r.2) dodr

m—o0 [— o0
0 B(0,r)

t
+ lim lim [ 7f. (Hw (T)IILP(R")) / vy (7, )P~ 2 0y (7, )iy (7, ) dadr

m—00 [—00
0 B(0,r)
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t
=2 [ 7Q(7) lv(T, 3:)|p_2 o(T, z)ve (1,2) dedr
[0 )

t

2 2
= 21QO I Olsp0,) ~ = [ Q)0 () ooy dr

0

2 ; d .
-2 0/ r = QNI (M50, 4 (3.6)

Hence, taking into account (3.5)-(3.6) and passing to limit in (3.2), we obtain

i tim [ [ ofe (lom (D)l ey o (7202 0(7:2)

m—00l—00
0 B(0,r)

— 1= (100 () oy ) 1072 0(7,2) (o (7, 2) — v (7. 2)) iz = 0. (37)
Then, by (3.1) and (3.7), for all » > 0, we have

lim sup lim sup / / Tf ||vm )l Lo rn) ) 0 (7, 2) P72 0y (7, )

m—0o0 =00
0 B(0,r)

~F (Il Dl o) (@) 007, @) (vt (7,2) = v (7, ) davdr
<ct max |f(s1)— f(s2)|, Vt>0.

0<s1,82<¢

Thus, passing to the limit in the above inequality as € — 0, we obtain the claim of
the lemma. O

Lemma 3.2. Assume that in addition to the conditions of Lemma 3.1, conditions
(2.8) and (2.4) also hold. Then, for every v > 0 there exists ¢, > 0 such that

/ [ 7 (o) )P~ )

0 R
~f (Ilom (Mg any) om (7, 2) P2 0 (7)) (Ot (7,) = w12 (7, ) dadr
t t
< ’Y/TERn\(B(o,r)) (U (7) — i (7)) d7 + CW/ER"\(B(O,T)) (U (T) —wi (7)) dT
0 0

¢
+cy /T (H\/avmt (T)HZLQ(RW,) + ||Vavy (T)HQL,,(Rn)) Egn\p(0,r) (m (1) — v (1)) dT
0
+K™Y(t), Yt >0, Vr > 1o,
where K™ € C'[0,1], Snlmlll) ||K},”’l||c[o7t] < oo and lgn limsup |K™! (t)] = 0, for

R BN

allt > 0.
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Proof. Firstly, we have

/ 7 (o)) )P~ w2

0 R™
1 (Wom ()l oy ) [om (7,22 0 (7,2)) (o (7,2) = v (7, 2)) daclr

-/ (7 (It ()l oy ) I )72, 2)
0

fwamﬁwmmﬂ)wmhﬂM”QwMﬂID@an@*vuﬁwbin
+KV(t),  Yr>0, (3.8)

k0= [ [ 7 (8 (10Ol lalr ol 2 ulr o)
0

B(0,r)

where

—F (Iom () oy ) om (7 2) P2 0 (7,2) ) (0t (7,2) = w14 (7, 2)) dvd,
and by Lemma 3.1, it follows that

bup HKm N

< oo and lim limsup K7 )‘ =0, Vt > 0.

Clo,t] m—=0o0 | 500

On the other hand, for the first term on the right hand side of (3.8), we get
/ [ 70 (10 Ol atr o)tz 2)
0 R”\B(0,r)

—F (Ilom Dl zoany ) 1om (7,2) P72 0 (7,2)) (e (7,2) = v () dadr

t

_ _(p; D) /Tf (Ilvm (T)HLP(R"))

0
1
X |vm (T, 2) + o (v, (T, 2) — v, (7, a:))|p_2 do
RO\BO)
d
X — [vm (r,0) — v (r,2)|” dadr + K33 (1), (3.9)

where

m,l
Ky (1)

sT

S (0 lsgeey) = £ (o i)
0

P2 Ul(Ty 1‘) (Umt (7'7 $) — Ut (7', SC)) dxdr.

x / fi(r, )|
R\ B(0,r)

By the conditions of the lemma, we find

< oo and lim limsup K2 )‘ =0,Vt>0.

sup H
2 o4 M=o | oo
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So, denoting K™ (t) := K1 (t) + K5%' (t), by (3.8) and (3.9), we have

/ [ 7 (I s )~ e, 2)

0 Rn»

— 1 (Ilom ()l 2o o) ) [om (7)™ 0 (7,) (vt (7,) = w14 (7, ) ddr

Tf ||Um HLP(R”))

0
1
x lom (7,2) + 0 (v (T, @) — v (7,2))|P 2 do
R\ B(0,r)
X di [om (7, 2) — vy (7, 2) > dadr + K™ (t). (3.10)
T

Now, let us estimate the first term on the right hand side of (3.10). Denote
o (u) =

u, |uf <M, e, Jul <e,
{ M, |ul > M, and U, (u) = { |u|p Clul > e . Then, we get

[om ()| Lo &ny = 921 (m ()] o ey

<2 / lom (7, 2)|” da

{zeR™:|vy, (T,2)|>M}

P
2 p+B

2 P8
< [ el | <55 0Ok, (1)

JzER™:| vy, (T,2)|>M}

where [ € (0, (niiz)* - p). Also, it is clear that
™ = 0. ()] < w (), (3.12)
_[e? p>2
where w () = 0, p=2

By (3.11) and (3.12), it is easy to see that

/T.f (||Um (T)HLp(Rn)) / /01 [om (7, 2) + & (v, (T, 2) — vy (1,2))[P "2 do
0

R™\B(0,r)

X lom (7,2) — v (1, @)|* dwdr

t

> [ o8 (loas @n (Do)

0
1

X / U, (U (1,2) + 0 (v (T,2) — v, (7, 2))) do

R7\B(0,r)

[V (7,2) — vy (T, x)|2 dxdr

“ar
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~ar (17 (50) = £ (2] + 7z +0(6))

x / 7 B\ (0.r) (v () — v (7)) dr, (3.13)

0
where f. (-) is as in Lemma 3.1.
Now, let us estimate the first term on the right hand side of (3.13).

/Tfa (H%DM (vm (7 HLP(R") / / Ve (om (r,2) 0 (v (7,2) = om (r,2))) do

R\ B(0,r)
d 2
X — |V (1, 2) — v (7, 2)|” dadT
dr
t
= [ £ (los ©n (Dl goiey)
0

1

X / U, (v (1,2) + 0 (0 (1, 2) — v (7,2))) do [0y, (1, ) — vy (7, )| dadr
0
R™\B(0,r)
_/T% (fs (HcpM (Vm (T))||LP(R")>)
0
x / U, (vp (1,2) + 0 (0 (1, 8) — v (7,2))) do [0y (7, 3) — vy (7, )| dadr
0
R\ B(0,r)

t

- / 1 (Jeons (o (Dl o)

/ / dT (v (T,2) + 0 (v, (T,2) — vy, (7, 2)))) do
R"\B(0,r)
X v (7, 2) — v, (7, 2)|? dedr. (3.14)

Since
d

% <||¢M(vm(7))HLP(R">)

Sz (lear o ()l o cery 'y
(1o S /lsoM (v (7, 2)I" g (v (7,2)) O (7, 7)

loar (om )ty

/ [ (7, 2) [P (v (7, )| da + MP~ / Ut (7, )| daz

"\B(0,r0) B(0,70)

C3 —
< 527 (o Ol2@esrop + M7 ome (9l 50,100

/ / dT (v (1,2) + 0 (U (T, 2) — v (7, 2)))) do v, (T, 2) — v (T, .13)|2 dx

R7\B(0,r)
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U (v (1,2) + 0 (v (1, 2) — v, (1,2))) do v, (T,2) — v (T, Jc)|2 dx

IN

0
R\ B(0,r)

% (llomt ()l 2z 0.y + 100 (Ol 2oy 0,
Cyq 2
< Cmax {03 p] [vm (7) = o0 (T 52\ B(0,)

X (vat (T L2 @®@m\ B0, T it (T)||L2(R"\B(O,r)))

by (3.14), we find
t

[t (s o Do) [ / (01 (7,2) + 0 (v (7,) — v1 (7,)) do
0 R\BO)

lom (7, 2) — vy (7, 2)|* dadr

“ar

—c5 /E]R"\B(O,r) (Um (1) =i (7)) dr
0

t

C5
_F/TER”\B(O,T) (Um (1) = v (7)) [[vme (T)||L2(Rn\B(07ro)) dr
0
C5J\4'pi1
— =

/TE]R"\B(O,r) (U (7) =01 (7)) [[vme (T)HLl(B(o,m)) dr

0
t

/TERn\B(o,r) (U (7) =i (7))

0

Cs
- emax{0,3—p}

% (Iomt (7m0, + 0t ()2 0.y) -
After applying Young inequality in the above inequality, we get

/tTfs<||soM(vm( Misge) | / e (0 (7,2) + 0 (vm (7,2) = 00 (7,2))) do
0

R™\B(0,r)
X lom (7,2) — v (1, 2)|* dwdr
t
> _C5/ER”\B(O,T) (Um (1) = v (7)) dT — 7M/TER”\B(O,T) (Um (1) = vy (7)) dT

0 0

t
— = [ "Bz 50 (0m (7) = 01 (7)) [[ome (D)1 dr
er=1y2 R™\B(0,r) \¥m ! mt L2(R?\B(0,70))
0
05]\417_1

p / 7 B 500y (0m (1) — w1 (7)) dr
0

gp—1
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s MP—1

i | Bera) (0 (1) = 0 () ot () o 7
0

t
Cs

_Emax{O,B—p} H/TER"\B(07T) (Um (T) — U (T)) dr
0
t

/TERn\B(o,r) (Um (7) = v (7))

0

Cs
B 5max{0,37p}ﬂ2

2 2
X (It (1) 32500 + 10 (D)@ m0,ry ) 47 (3.15)
By (3.13) and (3.15), we obtain

[ (lon Olsen) [ ] o (,2) + 0 (0 (7,2) — v (r, )P~ o
0

R™\B(0,r)

X lom (7,2) — v (1, %) |* dwdr

t
> _C6/EIR"'\B(O,T) (U (T) — i (7)) dT
0

max _ |f(s1) — f(s2)|+ 1 M

—1
—c6 = + iy + e
6 ep—1 emax{0,3—p} 0<s1,52<e €

+% +w (6)) /TE]R"\B(O,T) (’Um (7‘) — U (T)) dr

1 1
—C (epllﬂ + 6max~{0,3p}u2> /TER"\B(OW) (vm (1) = w1 (7))
0

2 2
(e (P gy + 101 () B 0y )
t

Mpr—1
/TER”\B(O.,T) (Um (T) =01 (7)) [[vme (T)Hil(B(O,ro)) dr, Vr = ro. (3.16)
0

—Cg 76;”71#2
To complete the proof, let us estimate the term ||v,; (7‘)”%1(B(0’T0)). By the condi-
tions of the lemma, we have

2

2
e / (ot (7, 2)]| e
B(0,70)

_ a(x)+ A
= / (1) A [Vt (7, 2)| dx
B(O,To)
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< % / a () |ome (1, 2)| da + / a(x;w\wmt(nmﬂdax

B(O,T‘o) B(O,T(})
c A 2
S )\7’; a/(.’L') ‘Umt (T,$)|2d.’L'+C7 / ((]J(:E)H\) dZC, V)\ > 0 (317)
R™ B(O,’l"())
2
Since, by Lebesgue dominated convergence theorem, limy_,o+ [ (m) dx =
B(O,To)
0, we can choose positive parameters €, M, p and X such that
[ 1 Mp—t
co (5 Sty * g IF o1) = f o)l +
1 Mr—1 P
o) s [ (am) oo
B(O,T‘())
Thus, by (3.10), (3.16) and (3.17), the proof of the lemma is complete. O

Now, we prove the following theorem on the asymptotic compactness of {S (t)}tzo
in H? (R") x L? (R™), which plays a key role in the existence of the global attractor.

Theorem 3.1. Assume that the conditions (2.3)-(2.5) hold and B is a bounded
subset of H* (R™) x L* (R™). Then for every sequence of the form {S(tx)¢k}re ,
where {pk e, C B, t;, = 0o, has a convergent subsequence in H? (R"™) x L* (R™).

Proof. To get the claim of the theorem, it is sufficient to prove the following se-
quential limit estimate

likm inflirrggof 15 (tk) ok = S (tm) Pmll 2wy x £2@n) = 05 (3.18)

—0o0 m

for every {¢r}p—, C B and t; — oco. Indeed, establishing (3.18) and using the
argument at the end of the proof of [12, Lemma 3.4], we obtain the desired result.
Now, by (2.3), (2.5) and (2.6), we have

Supsup |1 (1) @ll g2 gy 12y < 00 (3.19)
t>0p€B

Since {¢y } re; is bounded in H? (R™)x L? (R™), by (3.19), the sequence {S (.) ¢k } ey
is bounded in C}, (0, 00; H? (R™) x L* (R™)), where Cj, (0, 00; H* (R™) x L* (R™)) is
the space of continuously bounded functions from [0,00) to H? (R") x L? (R™).
Then for any Ty > 0 there exists a subsequence {km};'le such that ¢, > Tp, and

Up, — v weakly star in L (0, 00; H? (R")) ,
Ut — vy weakly star in L™ (0, o0; L? (R™)) ,
[vm ()70 gny — @ (t) weakly star in W (0,00),
U (1) — v (t) weakly in H? (R™), Vt >0,

for some ¢ € W' (0,00) and v € L™ (0,00; H* (R™)) N W (0, 00; L? (R™)),
where (U, (t) , Vme (8) = S(t + tr,, — To)¢k,,- By (2.1), we also have

Vit (L) — vige (8, ) + A2 (v (8, ) — vy(t, 1)) + a(2) (Vme (t, ) — v (L, 7))
X (W (t,2) = vi(t,2) = F(lvr @)l o) et )P wi(t )
= F(lvm O Lo my) om (, 2) P 0 (8, 7). (3.21)

(3.20)
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We obtain (3.18) by means of the sequential limit estimate of the energy of
Uy, — v which is proved in the following three steps. In the first step, we get the tail
estimates, by using the effect of the damping term. In the second step, we obtain
the interior estimates. Finally, in the last step, we get the sequential limit estimate
of the energy in R™, by considering the results obtained in the previous steps. Note
that we establish these estimates for the smooth solutions of (2.1)-(2.2) with the
initial data in H* (R™) x H? (R™), for which the estimates in the following text are
justified. These estimates can be extended to the weak solutions with the initial
data in H? (R") x L? (R") by the standard density arguments.

Step 1 (Tail estimates). Taking into account (2.3), (2.4), (2.5) and (2.6) we get

/ [Vme ()72 g 0.0y At < €1, VT > 0, (3.22)

where the constant ¢; depends on B and is independent of T and m. Now, putting
U, instead of v in (2.1), we have

Ve (t, ) + A%, (1, ) + (@) v (t, ) + Ao, (t, )

P08l o o) [0 (8, 2) P2 0 () = B (2)

0, |z| <1 "
Let g € O (R, 0 < n(e) < 1oo) = { 1 (15 ad o) = n(2),

Multiplying above equation by n2v,, and integrating over (0,7) x R™, we get

T
[ (180015 + MmO 35 )
0
T T
= [ et Oyt = | [ 02 (@) 0 (8.2 00, 2)
0 " 0

4 n
—= Z/nr nml Avm(t )V, (t, )dxdt

r
1o
T
/ 862 @) Avntt. ooty ~ 5 { [ 42 @)a @) 0nt. ) de
0 R™ n 0
/f v (Ol Lo &) /|vm (t, )P n? dmdt+// ) U, (t, ) dzdt.

R» 0 Rn
Taking into account (2.3), (2.5), (3.19) and (3.22) we obtain
T

2 2
(18 @)1 pr0.20) + Mom @z @m0y
0

T
S 02 (1 + ? + T ||h|L2(R”\B(O,T))> 9 VT 2 0 and V?“ 2 TO, (3.23)
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where the constant ¢y depends on B and is independent of T', r and m.

Step 2 (Interior estimates). Multiplying (3.21) by Y i, i (1 — n2,) (vm — 1),
+% (n—1) (1 = n2,) (v — v;), and integrating over (0,T) x R", we find

2
/HA (Um (8) — i (¢ ))||L2 (B(0,2r)) dt+ 5 /”Umt — Vit (t)HLz(B(ogr)) dt

B(0,4r)

<[ A @) enT) a2, ne(T.2) ~ D) d

+ ZLI / (1 = n2r (%)) zi (m (0, 2) — v1(0, 7)), (Vme(0, ) — viz (0, 2)) dz

B(0,4r)

% (n—1) / (1= 1r (2)) (0wt (T, ) — 000(T, 7)) (v (T 7) — w0(T, 2)) da

(0,47)

3 0-0| [ 0 () G0,2) = 0e0,2)) (0 0,2) = 0(0,2)) d
(0,4r)

+ir Z:Zl / / Na; (%) i (Ut (t, ) — vy (8, 2))? dadt

0 B(0,4r)\ B(0,2r)
T

1 n z 2
—1—5 Zi:l/ / N, <§> x; (Avpy, (t,x) — Avy (t,2))” dedt
0 B(0,4r)\B(0,2r)

HY / [ A= @) ) G 0) w0,

0 B(0,4r)
X A (U (8, 2) — v (t, ) dadt]

I S / [ (o) o n o) - utea,,,

0 B(0,4r)\B(0,2r)
X A (v, (8, ) — vy (¢, ) dedt|

T
w0 [ [ A @) @ o) - u (b))
0 B(0,4r)\B(0,2r)

X A (v, (t,2) — vy (¢, ) dedt|

L) RN DS

0 B(0,4r)\B(0,2r)
X A (v, (8, 2) — vy (¢, ) dedt|
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2L

T
0 B(0,4r

[ 0= @) on 0) ),
)

X a () (Vme (8, ) — vt (¢, x)) dadt]

tpm-0| [ [ 0 @) n (t2) - u(t,2)
0

X a(x) (Ve (¢, x) — vy (¢, x)) dedt]

) / [ 0= @) o 0) — w2,

- B(0,4r)
X(f(lvm (O ogn)) [vmE2) P v (t, )

— Ut )l o geny) lon(t, )P~ wi (¢, @) dedt

2

T
pm-0| [ [ 0 @) e (t2) - u(t,2)
)

0 B(0,4r
< (Flvm )l 1o gny) [0m (£ 2) P72 0 (, 2)
—F (e ()] Lo ey 01 (8, 2) P72 0t @) dardt

< c3r (vam (T) = Vu (T)||L2(B(o,4r)) + [V (0) = Vu (0)HL2(B(O,4T)))

2 2
+c3 [|[vme — Ult||L2(0,T;L2(B(O,4r)\B(0,2r))) + 3 [lum — UlHL2(O,T;H2(B(O,4r)\B(O,2r)))
+ esrVT ||Vom = Vil 2 0.1y xB0.4r) (3.24)
since, by (2.5) and (3.19),
<ec.

17 1om ()] ) om (O 72 0 (8) = F0l0n ()] o)) (D2 00 (2) L2 (B0

Since the sequence {v,}re_; is bounded in C ([0, T]; H? (R™)) and the sequence
{vmi}oe_y is bounded in C ([0, T]; L? (R™)), by the generalized Arzela-Ascoli the-
orem, the sequence {v,,} - _, is relatively compact in C ([0,7]; H' (B (0,r))) for
every r > 0. So, according to (3.20)1-(3.20)2, the sequence {v,, },~_, strongly con-
verges to v in C ([0,7]; H* (B (0,7))). Then, by using (3.22) and (3.23) in (3.24) ,
we get

T
lim sup lim SUP/ [HA (vm (£) — i (t))HiZ(B(OQT)) + [vme (£) — vie (t)||:22(3(0,2r))} dt

m—00 l—o0

T
S Cyq (]— + ? + T ”hHLz(R"\B(O,r))) 5 vT Z 0 and Vr Z T0,
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where the constant ¢, depends on B and is independent of T" and r.

Step 3 (Estimates in R"). By using (3.22), (3.23) and the last estimate of the
previous step, we obtain
T

lim sup 1imsup/ {va () — v (t)||?{2(Rn) + ||V (£) — vy (t)||iz(Rn)} dt
m— o0 l—o00 0
T
S Cy4 (1 + ? + T ||h|L2(R”\B(O,r))> 5 vT Z 0 and Vr Z T0-

Passing to limit as 7 — oo in the last inequality, we get
T

timsap s | [ (6) = o (0 ey + o (6) = o1 ()]

m—00 l—o0

< cs, vT > 0. (3.25)
Multiplying (3.21) by 2t (v — vir), integrating over (0,7') x R™, using integration
by parts and considering (2.4), we find

TNIA (0 (T) = 00 ()| 72y + T 0me (T) = vt (D)[72 )
T

ATA [vm (T) = o1 (T)][ 72y + 200 / / t (U (£) — vpe (£))° daedt

0 R”\B(0,r)

T
< / me (£) = 010 (1) 2 gyt + / 1A (0 (8) = 0122 o

A / om () = (1) 2 oy it + 2 / / (ot (Ol ) fen(t, 2) P2t 2)

0 R»
= FUlom O o ) [om (t2) P72 0 (8 2)) (0 (£ ) = v (£, 2)) daedt. (3.26)
Multiplying (3.21) by 0, (v, — v;), integrating over (0,7) x R™ and using integra-
tion by parts, we get

T/ (Ve (Tyx) — v (T, 2)) e () (v (T ) — vy (T, x)) de
RTL

_ /T / t0 () (vme (8, 7) — vis (¢, 7))2 dwdt

0 R7™

— / / N (@) (Ve (8, 2) — v (¢, 2)) (U, (8, 2) — vy (¢, 2)) dedt

0 R»
T
+ [ [ G t) = ut.0)? 0 (o) doc

0 R

2y / / A (0 (t,2) — vy (£,2)) £ (0 (2)),, (0 () — 01 (£, ), dicdt

0 R~»



EXISTENCE OF THE GLOBAL ATTRACTOR 167

T

+//A< (t,2) — 0 (6, 2)) A (3, (2)) (v (£ 2) — 01 (£, 7)) derdt

0 Rn
—/ ) (Um (T, 2) — v (T, 2))* gy (x) da

T

5 [ [ @ @) o () = w1 (,0))* o

0 R»
T

A / / (om (6 2) — o1 (£ 2))2 0y () dadt

T

+//t|m1nm ) [om (8, 2) P2 v (£, 7)

0 Rn»

—F(lor @)l o) lnlts )P~ ou(t, @) (2) (v (8, 2) = w0 (¢, 2)) dedt = 0.
Then, considering (2.3), we obtain
T

//t ) — v (t,2))? 0y () dadt

0 R™
+A t (v (6, ) — vy ()2 e (2) daedt
| RZ

< —T/ (Ve (T, 2) — v (T, %)) nr (2) (Vi (T ) — vy (T, x)) da
” T
+ tny () (Ve () — v (¢, 3))° dadt
[l

T
+ / / N (@) (Vmt (8, 2) — v (£, @) (U (8, 2) — v; (¢, 2)) dadt

0 R
T

) ZLI //A (U (t, ) — vy (t,x)) t (), (m))xl (v (t, ) — vy (¢, ac))9121 dxdt

0 R»
T

— / / A (v, (t,z) — v (8, 2)) LA (r (2)) (Vg (8, 2) — vy (¢, 2)) dedt
0 Rn

+% / / o (@) ny (2) (vm (t,3) — vy (¢, 2))? dadt

0 R»
T

= [ [ o Oy ot 2 00,2

0 R»
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—F o @)l o geny) (s 2) P2 vt )
XN () (O (8, ) — v; (¢, 2)) daxdt, VT >0 and Vr > ro.
Taking into account (2.5) and (3.19) in the above inequality, we find

/ / EA (o (£,2) — w1 (8, 2)) e () dadt

n

A / / (om (6 2) — o1 (£ 2))2 0y () dadt

0 Rn

2 2
<T (vat (Tv :L') — Vi (T, x)HLQ(JR") + va (T’ :L') —u (T, ‘r)HLz(R"))

+ /T / 0y (2) (U (8, 2) — vie (8, 2))? dadt + /T / Ny (2) (Umg (8, 2) — vie (¢, 2))? dasdt

0 R 0 R
T
+ / / e (2) (0 () — 01 (1,2))* dardt
0 Rn
. T
+5 //a (@) () (U (t,2) — vy (t,2))° dedt
0 R»
T —~m,l
+ Co - + K, (T), VT >0andVr>rg, (3.27)
where

T
B @)= [ (00 @y = S0 Olgoieny) [ Tt ) e o, (2)
0 R

X (’Um (ta 'T) — U (ta 'T)) dl‘dt,
and considering (3.19) -(3.20)3, it is easy to see that

—~m,l —~m,l
sup ‘K}, H < oo and lim limsup K, (T)‘ =0, VT'>0.

m,l Clo,1] M= | 400
Now, multiplying (3.27) by § > 0 and adding to (3.26), we have
T|A (v (T) = v (T)) 7280y + T vme (T) = o1 (T) |72y
T

AT [om (T) = 0 (T)|[ 72z + 200 / / t (U (1) — vy (1)) davdt
0 R™\B(0,r)

T
+0 / / (A (v (8 3) — v (8, 2))) 0 (2) dadt

0 R»

+6 / / t (vm (1, 2) — 01 (8, 2))> 0y () dadt < / ot (T) = vie ()22 eyt
0

0 R»
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/||A v (t) = 0r(8)) 722y dt+A/IIvm — (1) |72 gy dt

+2 / J e @pgan) )P )

0 Rn»
—F(Uom Ol ) o 8 2) P 0 (82)) (vt (1) = o0 (1,2)
8T (I[ome (T, 2) = v (T,0) 2 ) + o (T,2) = 0 (T,2) ) )

+o / / 10 (&) (0ot (£27) — w00 (2, 7)) daedt

0 R»

T
+0 / / Ny (2) (Ume (8, 2) — vy (8, 2))? dadt

0 R~

+4 /T / e () (U (£, 2) — vy (£, 2))° dadt

0 R»
5 T
+5 / / o (2) 1 () (vm (£, 2) — w1 (8, 2))2 ddt

0 RB»

T —~m,l
+cgd— + 0K, (T), VT >0andVr >ry. (3.28)
r
Considering Lemma 3.2 in (3.28), for every v > 0, we get

TNIA (0 (T) = 00 ()72 gny + T 0me (T) = vt (D)[72 )
T

AT v (T) = v1 (T 72y + 200 / / t (Ut () — vy (1)) daedt

0 R»\B(0,r)
T
+6//t (A (U, (t, ) — vp (t,2)))? y (2) dadt

+5/\// v (8, 2) — vy (8, x)) N ( dxdt</|\vmt — U )||2Lg(Rn)dt

0 R»

+ / 1A () = 00() 2y + A / Jom(t) = 0(6) o

T
+’Y/TE1R<W\(B(0 2r)) (Um (t) — v (2)) dt + C’y/ER" \(B(0,2r)) (Vm (1) — v (1)) dt

+c'y /t |\/&vmt (t)Hi,?(]R") + ||\/Efvlt (t)Hiz(R”)) E]R”\B(O,Zr) (Um (t) — U (t)) dt
0
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+ | KD)] + 0T (Ifome (T, 2) = o (T, ) [ oy + lom (T2) = 00 (T, )13 ey )

T
+6 / / 0y (2) (Vme (@) — vy (¢, 3))° dadt
0 R™
T

+0 / / Ny (2) (Ume (8, 2) — vy (8, 2))? dadt+6 /T / 0y (2) (v (8, ) — vp (£, 2))° dadt

0 R» 0 R~

5[ 2
+3 O/Rla(x)m (@) (vm (£, ) — v, (£, 2))° dedt

1

T ~m
+CG(S? +0K, (T), VT >0 and ¥r > ro.

Then, for sufficiently small v and J, we obtain
T

TERn (’Um (T) — U (T)) § (64 / E]Rn (Um (t) — U (t)) dt
0

T
ey / E(IVavme Ol gy + IVav 02y ) B (v (1) = v (1)) dt
0

T —~m,l
+er <T+|K;”’l (T)’Jr‘KT (T)D , VT >0 and Vr > rg.

Now, denoting y,; (t) := tErn (U, (t) — v (t)), from the previous inequality, we
have

T
Ym,1 (T) < c'y/ (H\/avmt (t)HiQ(Rn) + H\/avlt (t)HiQ(]Rn)) Ym,l (t) dt
0

T
ter / g (0 (£) — 1 (1)) di+
0

T —~m,l
+e7 <r+‘K:”vl (T)|+‘KT (T)D , VT >0 and Vr > ro.
Applying Gronwall inequality and considering (2.6) and (3.19) in the above inequal-

ity, we get
T Egn (v (T) = 01 (T))

< [ Ban (o 0~ w) i+ er (T4 |5 ()] + R ()]
0

+C70/ O/E]Rn (vm (8) — vy (s)) ds + ; + ‘K:”’l ()| + ‘k:m’l (t)‘

) Cry ftT(”\/E”mt(T)HQLz(Rn)+||‘/Evlt(T)Hiz(R"))deS

% (IVavme ()52, + [IVave )72 g, ) @
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< 67/E]Rn (U (£) — 01 (1)) dt+ c7 (i: KT+ ‘E’”’l (T)D

T
tey / B (v (6) = 00 ()t [ (V@ 0]y + [V (O] o))
0

T

T
+08? / (H\/avmt (t)Hi2(Rn) + ||\/afvlt (t)Hiﬁ(R")) dt

0

T
s / (&t @]+ B @) (IVavme 02, + Voo 02 g0 ) dt
0

T

< ¢ <|K7’,"’l (T)| + ’IA(;WZ )|+ CQ/ERH U (B) — v (1)) dt + ng
; T
T
+c9/ (|K;”»l )| + ’f{}m’l (t)’) dt, YT >0 andVr > 7.
0

By using Lebesgue dominated convergence theorem and considering (3.25) in the
last inequality, we obtain

T
lim sup limsup T Egn (U, (T) — vy (T)) < c10(1 + =), VT >0 and Vr > o,
r

m—oo l—o0

where the constant cio as all previous constants ¢; (i = 1,9) is independent of T
and r. By passing to limit as r — oo in the above inequality, we find

lim sup limsup TEgn (v, (T') — v (T)) < ¢10, VT >0,

m—o0 l—o0

which gives

limsup lim sup || S(T + t,, = T0)¢k,, — ST + te, = To)or, || zr2 ey x 2 mm)

m— oo l—o0
C11

Choosing T' = Ty in the previous mequality, we have

VT > 0.

. . C
fim sup Btnsup 1St 9k, — (b )y ey < s T > 0.

m— oo l—o0

As a consequence, from the above sequential limit inequality, we get (3.18) which
completes the proof. O

Now we are in a position to complete the proof of the Theorem 2.2. Since, by
(2.3) and (2.6), problem (2.1)-(2.2) admits a strict Lyapunov function

1 p
@ (u(8)) = Eer (u(®) + ~F (|0 0 Fogany) —/ h(@)u(t, o) dr,

applying [6, Corollary 7.5.7], we obtain the claim of Theorem 2.2.
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