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It is known that the theories of rough sets and fuzzy sets have successful applications in
computing. Textures, as a theoretical model, provide a new perspective for both rough sets
and fuzzy sets. Indeed, recent papers have shown that there is a natural link between rough
sets and textures while a texture is an alternative point-set based setting for fuzzy sets.
Relations are representatives of information systems and induce approximation operators.
Therefore, the first step for the categorical discussions on rough sets involves the category
REL of sets and relations. In this context, we observe that power sets and pairs of rough
set approximation operators form a category denoted by R-APR. In particular, we prove
that R-APR is isomorphic to a full subcategory of the category cdrTex whose objects are
complemented textures and morphisms are complemented direlations. Therefore, cdrTex
may be regarded as a suitable abstract model of rough set theory. Here, we show that R-APR
and cdrTex are new examples of dagger symmetric monoidal categories.

© 2012 Elsevier B.V. All rights reserved.

0. Introduction

Rough set theory was introduced by the Polish mathematician, Z. Pawlak in the early 1980s as a new mathematical
approach to deal with imprecision vagueness, and uncertainty in data analysis [28]. The starting point of the theory is a
data set which consists of objects and attributes obtained from measurements and human experts. Formally, a data set is
an information system with a universe U of objects and a set A of attributes related to objects of the universe. Any subset B
of A determines an equivalence relation r on U, called an indiscernibility relation defined by (x, y) € r if and only if a(x) =
a(y) for every a € B where a(x) denotes the value of attribute a for object x. Then we can approximate every subset X C U
using only the information contained in B in the following manner: if [x] denotes an equivalence class of r containing x, then
we may define two operators apr, apr : #(U) — P (U) as

apr(X) ={x e U | [x] € X} and apr(X) = {x e U | [X] N X # ¥}

for all X C U, respectively. The pair (apr(X), apr(X)) is called a rough set. In rough set theory, equivalence relations can be
replaced by ordinary relations (see e.g., [32-35]). This leads to very successful applications in machine learning, intelligent
systems, inductive reasoning, pattern recognition, mereology, knowledge discovery, decision analysis and expert systems
(for more information see [29]). Approximation operators are fundamental tools in rough set theory. Here we consider rough
set models on two universes for arbitrary relations, and we show that the pairs of approximation operators and power sets
form a category denoted by R-APR. In fact, R-APR is isomorphic to the category REL of sets and relations. The categorical
discussions on rough sets are rare and recent studies on category theoretical approaches to rough set theory can be found
in [3,4,17-19,23,24].

Recall that a texturing U is a family of subsets of a given universe U satisfying certain conditions related to the basic
properties of the power set #(U). The pair (U, U) is called a texture space or a texture, in brief [6]. The basic motivation
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for textures is to give an alternative point-set based setting for fuzzy lattices, that is, complete, completely distributive
lattices with an order reversing involution [7]. Coincidentally, a texture is a To-topological space with completely distributive
lattice of open (or closed) sets [11]. However, this side of textures is not the motivation for the alternative setting for
fuzzy lattices and the morphisms are not the same as the ordinary functions between topological spaces. Since duality
is an important tool of texture spaces, we notice that the morphisms between textures have two parts which are dual to
each other. Namely, a direlation is a pair (r, R) where r (relation) and R (corelation) are the elements of a textural product
satisfying certain conditions [8]. Presections with respect to direlations are natural generalizations of rough sets in that if
(r, R) is a complemented direlation on a complemented texture (U, U, cy), then the system (U, U, cy, R, r ) defines an
approximation space where R~ and r < are the inverse corelation and inverse relation, respectively (see e.g.,[12,27,28,33]).
Here, we report that the complemented textures and complemented direlations form a category which is denoted by cdrTex
and prove that the category R-APR is a full subcategory of cdrTex.

On the other hand, the concept of monoidal category goes back to works on monoid in abstract algebra. It is well-known
that Abelian groups, vector spaces, more generally R-modules, or R-algebras constitute symmetric monoidal categories by
means of ordinary tensor product (see e.g., [20,21,25,31]). Dagger (involutive) symmetric monoidal categories are also used
in linear logic and quantum mechanics [1,2]. Here, we prove that cdrTex is a new example to a dagger symmetric monoidal
category.

This paper is an extended and revised version of the conference paper [13] and it contains full proofs, more detailed
remarks, and several further results.

For the benefit of the reader we give the necessary concepts and results related to textures and textural rough sets in
Sections 1-4. For details, we refer to [5-8,11-16,26].

1. Textures

Let U be a set. Then U C £ (U) is called a texturing of U, and (U, U) is called a texture space, or simply a texture, if

1. (U, <) is a complete lattice containing U and @, such that arbitrary meets coincide with intersections, and finite joins
coincide with unions, )
2. U is completely distributive, i.e., for all index set I, and for all i € I, if J; is an index set and ifA]i € U, then we have

' )
VA=V Nae
iel jej; ve[l;Ji i€l
3. U separates the points of U, i.e., given u; # u, in U there exists A € U such thatu; € A, u, ¢ A,oru; € A, u; ¢ A.
Note that for any family {A; | i € I} € U, we have

\/A=(){AlAeuand | JAcA;.

iel iel
A mapping ¢y : U — U is called a complementation on (U, U) if it satisfies the conditions cf, (A) = AforallA € U and

A C Bin U implies cy (B) C cy(A). Then the triple (U, U, cy) is said to be a complemented texture space.
For u € U, the p-sets and g-sets are defined by

Puzﬂ{Ae‘u|ueA}andQu=\/{Ae‘u|u¢A}.

A nonempty set A € U is a molecule if YVB,C € U,A C BUC = A C BorA C C. Clearly, p-sets are molecules of a texture
space. A texture space (U, U) is called simple if all molecules of the space are p-sets. The p-sets and g-sets are important
tools in the theory of texture spaces since complete distributivity can be written in terms of p-sets and the g-sets:

Theorem 1.1 ([11]). Let (U, <) be a complete lattice. The following statements are equivalent.

(i) (U, W) is completely distributive.
(ii) ForA,B € U, if A £ Bthen there exists u € U withA € Q, and Py Z B.

Example 1.2 ([8]). (i) The pair (U, £ (U)) is a texture space where & (U) is the power set of U. It is called a discrete texture.
Clearly, (U, £ (U)) is simple and for u € U we have

Py ={u}and Q, = U\ {u}
and ¢y : P(U) — £ (U) is the ordinary complementation on (U, &#(U)) defined by cy(A) = U \ AforallA € £ (U).
(ii) Let M = (0, 1]. The family M = {(0,r] | r € [0, 1]} is a texture on M which is called the Hutton texture. Clearly, M
is closed under arbitrary intersections. Then it is easy to see that it is a complete lattice with respect to set inclusion. It is
also completely distributive. To see this, take (0, r], (0, s] € M where (0, 1] € (0, s]. Then we have s < r. Choose a point

t € [0, 1] wheres < t < r.Since we have P, = Q; = (0, t], we may conclude that (0, r] € Q; and Py £ (0, s]. Therefore, by
Theorem 1.1. M is completely distributive. Further, M is simple and the complementation ¢y; : M — M is defined by

Vr e (0,1], cy((0,r]) = (0,1 —r].
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Here, join is not always equal to union. For example, for the collection {(0, 1 — %] | n € N} € M we have

1 1
U(o, 1— n} = (0, 1) and \/(0, 1— n] = (0, 1].

neN neN
(iii) Using a similar argument as in (ii), we may show that the pair (I, 4) where
I =1[0,11and & = {[0, 1) | r e [JU{[O, 1] | €I}

is also a texture (unit texture). For r € I, we have P, = [0, r], Q- = [0, r). Since Q, is also a molecule, the texture is not
simple. Further, the mapping ¢; : 4 — J{ defined by

Vrel, ¢(0,7r]) =[0,1—r1), ¢([0,1)) =[0,1—r1]

is a complementation on (I, {).
(iv) Let U = {a, b, c}. Then U = {@, {a}, {a, b}, U} is a texture on U. Clearly,

P, ={a}, P, ={a,b}, P. =Uand Q, =¥, Qy = {a}, Q. = {a, b}.
The mapping ¢y : U — U defined by

cw® =U, cyU) =0, cy(fa}) = {a, b}, cy({a, b}) = {a}
is a complementation on (U, U). It is clearly simple.

2. Products of textures

Here, we discuss the product of any two texture spaces (U, U) and (V, V). For more information about the products of
arbitrary families of textures we refer to [7]. Consider the family 4 = {A x V | A € U} | J{U x B | B € V} and define

B = [UEJHEJ};E,H}.

i€l
The family of arbitrary intersections of the elements of 8, that is, the lattice

URYV = {ﬂDi | {Di}ier 93}

iel
is a texture on U x V. Clearly, for all A € U and for all B € V, we have A x B € U ® V. Further, the p-sets and g-sets may
be easily determined as

P,vy =Py x Pyand Qg vy = (U x Q) U (Qy X V).

If cy and cy are complementations on the textures (U, U) and (V, V), respectively, then for the complementation cy«y on
the product, it is enough to check that

CUX\/(U X B) =U x Cv(B) and CUX\/(A X V) = Cu(A) x V

forallA € U and B € V. In particular, if #(U) is a discrete texture on U, then for the textures (U, £ (U)), (V, V), the p-sets
and g-sets will be

Py = {u} x Pyand Q) = (U \ {u}) x V) U (U x Q)

for the product texture (U x V, L(U) ® V).

Now take the texture (M, M, cy) in Example 1.2(ii). We determine the product texture £(U) ® M on U x (0, 1]. It is
easy to see that the sets A x (0, r] are the elements of the product texture for allA € U and r € [0, 1]. Note that for £ (U),
we have P, = {u} and Q, = U \ {u} where u € U. Further, we have P, = (0, r] = Q, in M. Therefore, the p-sets and g-sets
of the product texture #(U) ® M are

P,ry =Py x Pr = {u} x (0, ]
and
Qu,n = (Qux (0, 1D U WU x Q) = U\ {u} x (0, 1) U (U x (0, r]),
respectively. On the other hand, the complementations on .M and # (U) are given by
Vr e (0,1], co,1;(0,71] =(0,1—r]and VA C U, cy(A) = U\ A,
For the complementation cy«y on the product texture £ (U) ® M, we have
cuxm((A x (0, 1)U U x (0,r])) = (U\A) x (0,1 —r]

for every subsetA C U andr € (0, 1].
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3. Hutton textures

The basic motivation of textures is the correspondence between fuzzy lattices and simple textures [7]. Let (L, <, /) be
a fuzzy lattice (Hutton algebra), that is, a complete, completely distributive lattice with an order reversing involution “/”.
Recall that m € L is join-irreducible, if

Va,bel, m<avb=m<aor m<h.
Consider the sets

M; = {m | mis join-irreducible in L},
M, =({a|ael},anda={m|meM,andm < a} foralla € L.

Then the mapping ™~ : L — M, defined by Ya € L, a +> @ is a lattice isomorphism and the triple (M, My, cy,) is a
complemented simple texture space which is called a Hutton texture. Here the complementation ¢y, : M; — M, is defined
by

Vael, oy (a) = a.
Conversely, every complemented simple texture may be obtained in this way from a suitable Hutton algebra [7].

Example 3.1. (i) The unit interval [0, 1] is a Hutton algebra with the usual ordering < and the order reversing involution
swhere u’ = 1 — ufor all u € [0, 1]. The simple texture corresponding to the Hutton algebra [0, 1] is the Hutton texture
(M, M, cy) given in Example 1.2(ii) where

M ={(0,u] |uel[0,1]}and cy(0,u] = (0,1 —u], Yu € [0, 1].

Indeed, the set of all join-irreducible elements of [0, 1] is M = (0, 1] and for every u € [0, 1], we have U = (0, u]. Then the
mapping

~:[0,1] — M
u—> (0,u],Yu € [0, 1]

is a lattice isomorphism.
(ii) Recall that a fuzzy subset « of U is a membership function @ : U — [0, 1]. We denote the set of all fuzzy subsets of U by
F (U). It is well known that # (U) is also an Hutton algebra with the pointwise ordering

VueU, a <8 < a(u) < B
and the order reversing involution o’ (1) = 1 — a(u). Here the join and the meet of fuzzy sets are considered as
(@A B)W) =a) A B(u)and (a vV B) () = a(u) v B(u)
foralla, B € F(U).
Now consider the fuzzy points us and fuzzy copoints v° of # (U) defined by

s, ifz=u
1, fz#£u

s, ifz=u
0, ifz£u

Let us take the sets:

us(z) = : and u(z) = :

a = {uS | uS S a}a
My:(u) = {b?l o€ ?(U)}, and
Mgy = {us | us is a fuzzy point in £ (U)}.

Then under the lattice isomorphism™ : F(U) — Mz, the corresponding texture space will be (Mg, M#)). Every
fuzzy point us can be regarded as an ordered pair (u, s) € U x (0, 1] and then we may obtain that@ = {(u, s) | s < a(u)}.
Therefore, it can be shown that the texture (Mg ), M#)) is isomorphic to the product texture

UxM, PU)® M, cyxm)

while the complementation mapping is defined by cy .y (@) = T—aforalla e F (U) [7]. Further, for the p-sets and q-sets
in this product we immediately have that

iy = {u} x (0,5] =Py and w8 = (U\ {u} x [0,1]) U (U x (0,s]) = Qu.s.
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4. Direlations

Direlations play a central role in the theory of texture spaces [8]. A direlation has two parts which are dual to each other.
Now let (U, U), (V, V) be texture spaces and let us consider the product texture #(U) ® V of the texture spaces (U, & (U))
and (V, V) and denote the p-sets and the g-sets by P, ,y and Q (, ,,, respectively. Then

(i) r € #(U) ® V is called a relation from (U, U) to (V, V) if it satisfies
R1r SZ Qu,v)» Pw SZ Q =1 @ Qu v)-
R2r ¢ Qu, = 3 e€UsuchthatP, ¢ Qyandr ¢ Q.-

(i) R € £(U) ® Vis called a corelation from (U, U) to (V, V) if it satisfies
CR1 Py ZR Py & Qv = Py £ R
CR2 Py, ¢ R = /' € UsuchthatPy ¢ Qand Py ) ¢ R.

A pair (r, R), where r is a relation and R a corelation from (U, U) to (V, V) is called a direlation from (U, U) to (V, V).

If textures are discrete, then there is a close relation between direlations and ordinary relations. Indeed, if r is an ordinary
relation from U to V, then the pair (r, (U x V) \ r) may be regarded as a complemented direlation between discrete
textures (U, £ (U)) and (V, £(V)). Conversely, if (r, R) is a complemented direlation from (U, £ (U)) to (V, £(V)), then
r and R are already ordinary relations where R = (U x V) \ r. Hence, direlations between textures may be considered
as natural generalizations of ordinary relations between sets. On the other hand, direlations are abstract approximation
operators in rough set theory and this is the essential connection between rough sets and textures. Further, note that if
(r, R) is a direlation from (U, £ (U)) to (V, £(V)), then r and R are point relations from U to V, thatis,r, R € U x V since
PU)QPWV)=PLWUxV).

The identity direlation (i, I) on (U, U) is defined by

i=\/{Puw lueUtandl =" |{Quu | ueU’)

where U® = {u | U € Q,}. Recall that if (r, R) is a direlation on (U, W), then r is reflexive if i C r and R is reflexive if R C I.
Then we say that (r, R) is reflexive if r and R are reflexive.

Now let (r, R) be a direlation from (U, U) to (V, V) where (U, U) and (V, V) are any two texture spaces. The inverses of
r and R are defined by

r" =({Quw T ¢ Quy}andR™ = \/{ﬁ(u,u) | Py & RY,

respectively. One can prove that r < is a corelation and R is a relation. Then the direlation (r, R)~ = (R, r*) from (V, V)
to (U, U) is called the inverse of the direlation (r, R) and (r, R) is called symmetricifr = R~ andR=r*".
The A-sections and the B-presections with respect to relation and corelation are given as

rUA= ﬂ{Qy I Vi, 1 € Quay = A C Q)
RZA=\/{P, | Yu, Py & R=> P, C A}
rB= \/{Pu | Vv, ¢ Q. = P, € B}, and
RTB=[){Qu | Vv, Py £ R=>B S Q)

forallA € U and B € 'V, respectively.
Now let (U, W), (V, V), (W, W) be texture spaces. For any relation p from (U, U) to (V, V) and for any relation q from
(V, V) to (W, W) their composition q o p from (U, U) to (W, W) is defined by

qop=\/{Puw |3v e Vwithp ¢ Q) and q ¢ Qo))

and any corelation P from (U, U) to (V, V) and for any corelation Q from (U, U) to (V, V) their composition Q o P from
(U, W) to (V, V) defined by

QoP =({Quu | Fv eV with Py, ¢ Pand P, ) ¢ Q).
Finally, the composition of the direlations (p, P), (q, Q) is the direlation
(g, Q) o (p,P) =(qop,QoP).

Further, r is transitive if r or C r and R is transitive if R C RoR. Then (r, R) is called transitive if r and R are transitive. Finally,
if (r, R) is reflexive, symmetric and transitive, then it is called an equivalence direlation.

Now let ¢y and ¢y be the complementations on (U, U) and (V, V), respectively. The complement 1’ of the relation r is
the corelation

= (Quw | 3w, zwithr € Q2. cw(Q) Z Qy and P, Z cv(P,)).
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The complement R’ of the corelation R is the relation

R =\/{Puu | Fw, zwith P, ) Z R, P, & cy(P,) and ¢y (Q) £ Q.}.

The complement (r, R)’ of the direlation (r, R) is the direlation (r, R)’ = (R’, ’). A direlation (r, R) is called complemented if
r =R and R = r'. It is easy to see that if (r, R) is a complemented direlation from (U, £ (U)) to (V, £(V)), then we have

r=@UxV)\randR = (U x V) \R.

Therefore, if (r, R) is a complemented direlation, then we obtainr = (U x V) \ R.

5. Category of rough set approximation operators

For the basic motivation of rough sets in terms of equivalence relations, we refer to [28]. Here, we consider rough set
models on two universes [10,33]. Let U and V be any two sets and r be any relation from U to V. Recall that a generalized
rough set based on r is given by a pair (@r (A), apr.(A)) where the approximation operators apr apr, : (V) — 2 (U)
are defined by

VACV, apr (A)={xeU|VeV, x,y)er = yeA}land
apr,(A) ={xeU|3dyeV, (x,y) erandy € A},

respectively.
The following result will be useful in the sequel:

Theorem 5.1. If r is a relation from U to V, then for any subset A C V,
apr (A) = U\ r~ ' (V\ A) and apr,A = r~'(A)
where r~1 is the inverse relation of r.

Proof. Suppose that @rA & U\ r~1(V \ A). Let us choose a pointu € U where u € ﬂrA andu ¢ U\ r~1(V \ A). Then
u e r~'(V\ A)and so we have v € V \ Asuch that (u,v) € r.Butv ¢ A is a contradiction since u € ﬂrA. Now let
U\ I (V\A) & @rA and take a pointu € U whereu € U\ r '(V\A)andu ¢ @rA. Thenu ¢ r~'(V \ A) and for

some v € V we have (u, v) € rand v & A. However, v € V \ A and this contradicts u & r~*(V \ A). The proof of the second
equality follows from the definition of the inverse image of a relation. O

The lower and upper approximation operators satisfy the following properties [33] which can be easily proved in view of
Theorem 5.1.

(L1) apr (A) = U \ (apr,(V \ A)),

(L2) apr (AN B) = apr, (A) N apr (B),

(L3) AS B = apr (A) < apr (B),

(U1) apr,.(A) = U \ (apr (V\ A)),

(U2) apr.(AU B) = apr,(A) U apr,(B),

(U3) ACB = apr,(A) < apr,(B).

The system (£ (U), P (V), N, U, \, apr apr,) defines a rough set model on two universes.
Now we may give the following lemma:

Proposition 5.2. Let U, V, W and Z be sets,andletr C U x V,q C V x Wandp € W x Z. Then we have the following
statements:

(i) For any subset C C W,@qor(C) = @r(@q(@) and apr g, (C) = apr,(apr,(C)).
(ii) Let Ay = {(u,u) |u € U} C U x U.Then for any subset A C U,
prropy (A) = apr.(A)and VB SV, apr _ (B) = apr (B).

(iii) For any subsetD C Z, apr . qor) (D) = apr o or (D) and apr . gor) (D) = aPT (pogyor (D).

Proof. We give the proof using Theorem 5.1.

M apr, (©) = U\(@on ™ W\O)=U\(""(q' W\ 0)
U\ (apr, (apry(W \ C))) = apr (V \ (apry(W \ ()))
= @r(@q(@), and

@pT 4o (C) = (g o)™ (C) = 171(q~'(C)) = r~'(@pr,(C)) = apr,(@pr,(C)).
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(ii) It is immediate sincer o Ay = Ay or =T.
(iii)

ap

apr . qen D) = apr (apr (D)) = apr (apr (apr (D)))

=ar, (ﬂpoq D)) = @(poq)or(D)

and
Wpo(qor) (D) = qur (Wp(D)) = apr, apr, (Wp (D))
= apr, (apﬁpoq(D)) = apﬁ(poq)or (D). O
Note that Proposition 5.2(ii) is also true for Ay orandr o Ay.
Corollary 5.3. (i) The composition of the pair of rough set approximation operators defined by

(%s Wq) ° (%r’ apr,) = (@roq’ apﬁroq)

is associative.
(if) (apr ,apr;) o (apr, .@pry,) = (apr, ,@pr,,) o (apr ,apr;) = (apr ,apr.).
Proof. (i) By Proposition 5.2(ii), we have
(apr , aprp) o ((apr ,aprg) o (apr ,apr;)) = (apr ,apry) o (apr . aPrroq)
= (@(roq)op’ ro(gor)’ Wfo(qop)) = (apr]op’ qup) o (@T’ W}‘)
= ((apr , apry) o (apr , aprq)) o (apr , apr,).
(ii) It is immediate by Proposition 5.2(iii). O

W(roq)op) = (@

Corollary 5.4. Power sets and the pairs of rough set approximation operators form a category which is denoted by R-APR.
Theorem 5.5. The functor T: REL— R-APR defined by

TU) =2U) and %(r) = (apr ,apr,)
forallsets U,V andr C U x V is contravariant, and an isomorphism.
Proof. For any object U, the pair idy = (@Au, apr ;) is an identity morphism in the category of R-APR and T(Ay) =
(@Au’ apr 4 ). Further,

T(qor) = (apr, . @PTon) = (apr ,apr,) o (apr ,apry) = T(r) o T(q)
and so indeed ¥ is a contravariant functor. Let U and V be any two sets, and r, q be direlations from U to V where r # q.
Suppose that (u, v) € r and (u, v) ¢ q for some (u, v) € U x V. Then we have u € r='({v}) = apr,({v}) andu & g~ '({v})
= apry({v}) and this gives (@r, apr,) # (%, apr,). Conversely, if (@r, apr,) # (%, apr,), then we have @r(B) #*
@q(B) or apr,(B) # apr,(B) for some B C V. With no loss of generality, if apr, (B) # apr,(B), then r~1(B) # q~'(B) and so
clearly, r # q. Therefore, the functor ¥ is bijective on hom-sets. Clearly, it is also bijective on objects. O

6. Category of textures and direlations

By Proposition 2.14 in [8], direlations are closed under compositions and the composition is associative. By Theorem
2.17(1) in [8], for any texture (U, U), we have the identity direlation (iy, Iy) on (U, U) and if (r, R) is a direlation from
U, U) to (V, V), then

(iV7 IV) o (T, R) - (T, R) and (ra R) o (iUv IU) - (rv R)
Now we may claim:
Theorem 6.1. Texture spaces and direlations form a category which is denoted by drTex.

Let (U, U, cy) and (V, V, cy) be complemented textures, and (r, R) a complemented direlation from (U, U) to (V, V). If
(g, Q) is a complemented direlation from (V, 'V, cy) to (Z, Z, cz), then by Proposition 2.21(3) in [8], we have

(qor) =q or'=QoRand (QoR) =Q oR =qor.
Hence,
((@.Q) o (r,R) =(qor,QoR)
=((QoR) ., (gor))
=(qor,QoR)
=(q,Q) o (r,R),

that is the composition of (r, R) and (g, Q) is also complemented. Since the identity direlation (iy, Iy) is also complemented,
we have the following result:
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Theorem 6.2. Complemented texture spaces and complemented direlations form a category which is denoted by cdrTex.

Now let r be a relation from U to V. Then the pair (r, (U x V) \ r) can be regarded as a complemented direlation from
U, 2U)) to (V, P(V)) where R = U x V \ r (for detail see Proposition 3.1(11) and (12) in [26]). Conversely, if (r, R) is a
complemented direlation from (U, (U)) to (V, £(V)), then

rRCPU)QPV)=PU xV),

that is, r and R are ordinary relations from U to V where R = (U x V) \ r. For discrete textures (U, & (U)) and (V, £ (V)),
we have the following facts:

(1) Quuwy = (U \{uh) x V) U U x (V\ {v}).
(2) Py = Pu x Py = {u} x {v} = {(u, v)}.
3)rZQuy & W v) er.

(4) P(u,v) g R <— (U, U) ¢ R.

By definition of A-presections, we may easily see that
(r"A, RA) = (apr A, apr,A)
for every set A € £ (V). To see the equality, it is enough to observe that
roA=\/{Pu | V0,1 £ Quyy = P, S A}
:U{{u} | Vv, (u,v) e r = v € A}
:{u|Vv,(u,v)er:>veA}:@rA
and
RTA=(){Qu | Yv. Pus) ZR=>A S Q}
=\ {u} | Yo, (wv) er=ACU\ {v}}

—U\ (U{{u} | Yo, (U, v) €1 = v ¢A})

=U\{u|Vv, (u,v)er= v ¢A}
={u|3Jv, (u,v) erandv € A} = apr,A

forall A € (V). Therefore, presections are very natural generalizations of approximation operators of rough sets. Further,
we have

r= = Quw I T Z Qun)}
= (W \ wh x VYUV x U\ {uh) | @ v)er)

= v x\ (Ut x 0 n v x fup) | @.v) e 1)

= vxu\ (Jtw.wr 1w ern)
=V x\{v,w)]| wv)yery=xU)\r "
By a similar argument, we find
R =\/(Pouw | Puwy ZRY=r"".
Now we can prove the following.
Theorem 6.3.
(i) The functor £ : R-APR— cdrTex defined by
Lr ) = U, »U)), Lapr, apr,) = R",r7)
for every morphism (@r, apr,) : #(U) — £ (V) in R-APR where
Ro=rlandr= = U x V) \r™!

is a full embedding.
(ii) The functor M : REL— cdrTex defined by

nU) = U, W), Nr)=(@,R)
for every morphismr : U — V in RELwhere R = (U x V) \ r is a full embedding.
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Proof. First let us show that £ is a functor leaving the proof of 9. By Corollary 5.3(ii), the pair (@Au, apr ) is the identity
morphism in R-APR for an object & (U). Then

S(apr, . @pra) = (45", (U xU)\ Ay = (Ay, (U x U)\ Ay)
is the identity direlation on the texture (U, & (U)). Now let (@r, apr,) : (W) - £(V)and (@q, apry) : P (V) - £ U)
be morphisms in R-APRwhereq : U — V andr : V — W are relations. Then by Proposition 3.1(7) and (8) in [26], we have
£((apr,, apry) o (apr , apr;)) = £(apr . GPTroq)
— (o™, Wx W\ (oq™
=@ or L (VxU)\g Ho(WxV)\r )
=@ (VxU)\gHo™, WxV)\rh
= £(apr, apry) o L(apr , @pr,).

The functors £ and 91 are injective on objects and hom-sets. Further, if (R, r*") is a complemented direlation from
(U, 2U)) to (V, £(V)), then r is a relation from V to U. Hence, (@r, apr,) is a pair of approximation operators from
P (U) to P (V). Therefore, £ is full. Likewise, 91 is also full. O

7. Textural isomorphisms

Definition 7.1 ([6]). Let (U, U) and (V, V) be texture spaces. A function vy : U — V is a textural isomorphism if
(i)  is bijective,

(ii) VA € U, ¥ (A) € V,and

(iii) the mapping ¢ : U — V,A — ¥ (A) is bijective.

Wessay (U, U) and (V, V) are isomorphic if there exists an isomorphism between them. We denote this by (U, U) = (V, V).
If cy and ¢y are complementations on (U, U) and (V, V), respectively, and v satisfies the additional property

VA, ¥ (cy(A) = cv (Y (A)),
then v is called a complemented textural isomorphism. When such an isomorphism exists we write (U, U, cy) = (V, V, cv).
Proposition 7.2 ([6]). Let y be a textural isomorphism from (U, U) to (V, V) and {4; | j € J} € U. Then
0) v (Vg A) = Vg v A).
(i) v (Mg A) = Njg ¥ (A).
Proposition 7.3. (i) Let (U, W), (V, V) and (W, ‘W) be texture spaces. Then
(UxV)xW, (UQV)Q W)= (U X (VxW), (UR (VR W)).
(ii) Take the texture (E, &) where E = {e} and & = {{e}, #}. Then for any texture (U, U) we have
U, WEExU, e@Uand (U, U= U XE, UR &).
(iii) UxV, UQV)E(V XU, VR U).
Proof. (i) For the sake of shortness, we denote the product textures
(UxV)xW, (UV)®@ W)and (U x (VX W), UR (VY W))
by (S, 4) and (T, 7), respectively. Then the function ¢ : S — T defined by
V(w,v),w) €S, ¥(((u,v), w) =, (v,w)) €T
is one-to-one and onto. Further, the mapping
Y:8—>T,A—> YA),AcS

is also one-to-one and onto. Hence, v is a textural isomorphism.
(ii) It is enough to consider the mappings defined by

o:U—ExU, puy=(e,u)and¢’ : U — U xE, ¢'(u) = (u, e)
for all u € U, respectively.
(iii) The mapping y : U x V — V x U defined by y (u, v) = (v, u) for all (u, v) € U x V is a textural isomorphism. O

Proposition 7.4. If (U, U), (V, V) and (W, W) are complemented, then the textural mappings v/, ¢ and y in the proof of
Proposition 7.3 are complemented.
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Proof. Letus show that the mapping v is complemented leaving the mappings ¢, y to the interested reader. Let cyxv)xw =
¢s and cyxvxw) = cr be the complementations on S and T, respectively. By Proposition 7.2, for the proof it is enough to
consider a set (E x G) x HwhereE € U,G € Vand H € 'W. Then
cry ((E x G) x H) = ¢cr(E x (G x H))
=cr(Ex (VxW)NnU x (G x H))
= (cu(E) x (V x W)) U (U x (cvxw (G x H))
= (cy(E) x (V x W)) U (U x (cvxw((Gx W) N (V x H))
= (cy(E) x (V x W)U U x (ev(G) x W) U (U x (V x cw(H)))
=Y ((cy(E) x V) x W) U (U x cv(6)) x W) U ((U x V) x cw(H))
=Y ((cuxv(E X V) x W) U (cyxv (U x G) x W)U (U x V) x cw(H)
=Y (cs((Ex V) xW)Ucs((U x G) x W)Ucs((U x V) x H)))
=Y (cs(Ex V) x W) NU x6) xW)N (U x V) x H)))
=¥ (cs((Ex G xH)). O
Proposition 7.5. (i) Let  be a textural isomorphism from (U, U) to (V, V). Then the direlation (ry, Ry) from (U, U) to
(V, V) defined by

ry = \/{ﬁ(u.v) | Pyw € Q}andRy, = ﬂ{@u,v) | Py € Q)

is an isomorphism in drTex.
(ii) If (U, U) and (V, V) are complemented textures and ¢ is a complemented textural isomorphism, then (ry, Ry ) is also
complemented.
(iii) Let ¢ be a textural morphism from (V, V) to a texture (W, W). Then ¢ o v is also a textural isomorphism from (U, U)
to (W, W).If ¢ and i are complemented isomorphisms, then ¢ o 1 is also complemented. Further, we have
Tpoy =Ty OTy and R¢m/, = R!ﬂ o Rw.

Proof. (i) It can be easily checked that (ry, Ry ) is a direlation, that is, it satisfies conditions R1 and R2. To show that the
direlation (ry, Ry ) is an isomorphism in drTe, it is enough to prove the equalities

(ry,Ry) o (ry,Ry)™ = (iv,Iy) and (ry, Ry) ™ o (ry, Ry) = (iy, ).,
respectively. For the first equality let us suppose thatry o R\‘,j ¢ iy. Then we may choose v, v’ € V such that

Ty o R; Z a(v,v’) and ﬁ(v,v’) Ziy.
Hence, for some u € U, there exist vy, v, € V such that
Rl(p_ g a(vl,u) and rvl g a(u,vz)

and If’(vl,vz) Z E(v,vr). Note that v = v, P,, € Qy and P,y & Q,. Further, by Proposition 2.4(1) in [8] we may obtain that
P,vy) & Ry, thatis, Py € Ry.Then for some w € Uandz € V, Py Z Qu.z) and P, € Qy ). Clearly, we have u = w
and P, € Q; and so we obtain P,  Qy ). On the other hand, since ry, @u,vz), for some w; € U and z; € V we have

ﬁ(wl,ll) ¢z a(u,vz) and Pl//(w1) Z Qzl'

Itis easy to see that wy = uand P,; Z Q,,. Hence, we have Py, ) Z Q,,.Since P,, Z Qy, Pywy € Qy andso Py Z Q, implies
that Py ) € Q,. But this is a contradiction. The reverse inclusion iy C ry o R? and the second equality can be proved in a
similar way.

(ii) Let cy and cy be complementations on the textures (U, U) and (V, V). If ¢ is a textural isomorphism, then by Proposition
3.15in [8] for all u € U we have ¥/ (P,) = Py and ¥ (Q,) = Q). Suppose that for some w € U andz € V, we have
ry € a(w’z) such that cy (Qy) € Qy and P, Z cy(P,). The function i preserves the inclusion and so since P, € cy(Qy),
¥ (Py) € ¥(cy(Qy)) and hence, we find Py ) € cv ¥ (Qu) = cv(Qy ). If we apply the complementation to the both sides
of the inclusion, we obtain Qy ) < cv (Pyw))- Further, since ry & Q (u.2) Pywy € Q.- Then by the inclusion ¢y (P,) € Q,, we
conclude that Py, € cv(P,). Therefore, we have P, Z cyPy ), thatis, P, € Qy . Finally, by definition of the corelation
Ry, we have Ry, C Q) and so we obtain Ry, € ry- Similarly, one can show thatr), € Ry.

(iii) It is easy to see that ¢ o v is a textural isomorphism. Let us show that r .y = 1, o . The second equality is similar.
Suppose that r, oy, & ryoy. Let us choose u € U and w € W such that

Ty OTy Z a(u,w) and ﬁ(u,w) Z Typoy -
Then for some w’ € W, we have

Ty g a(u,u)) and Ty g a(u,w’)
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where v € V.By (i), ry & a(u,w) andr, £ 6(14,"/) implies that Py«y € Q, and P,y € Q.r, respectively. Further, since

Puw) € Tyoy and Py € Qu, Pigoyywy S Qur- By the proof of Proposition 3.15 in [8], textural isomorphisms preserve the
p-sets and g-sets and so we have

¢Pyw) = Powy £ ¢(Q) = Q-
On the other hand, Py, € Q. gives that P(yoy)w) Z Qur which is a contradiction. The reverse inclusion is similar. O

8. Product of direlations
Let (r, R) be a direlation from (U, U) to (V, V) and (q, Q) be a direlation from (W, W) to (Z, Z). Then the product of

(r,R) and (g, Q) is defined by

rxqg, RxQ):(UxW, UR®W)—> (VXZ, VQ2Z)
where

rx q=V{Puw.wo | T Z Quuandq Z Q, )}, and

Rx Q= Quw.wz) | Py € Rand Q) Z Q} [5].
Proposition 8.1. (i) If the above textures are complemented, then

(rxq) =r'xq, RxQ =R xQ.

(i) r x@“=r“xq°, RxQ)" =R xQ~.

(iii) r xp)o(@xk)=(oq) x(pok),
(RxP)o(Q xK)=(RoQ) x (PoK).

Proof. (i) Assume thatr’ x ¢  (r x q)’. Let us choose (u, w) € U x W and (v, z) € V x Z such that
(rx @) € Quw.w.2) AN Pwu), oz E1' x4
From the first statement, for all (v/, w’), (v/, '), we have
0 (Qu.) S Qu,wy and Py 21y € (Pwz) = X 4 S Qw2 (%)
where ¢y X cy = o and ¢y X ¢; = 5. From the latter, it is easy to show that
Py Zr'and Pz Z 4.
Then by definition of complementation, for some v; € V we have
Py & Quys T € Quyuyys Po € cv(Pyy) and cy(Qu) Z Quy
where u, € U and v, € V. Similarly, for some z; € Z, we have
P, € Qs 4 L Quyzy)s Pr € €2(P7) and ew(Qy) £ Qu,
where w, € W and z, € Z. Now let us choose (u5, v3), (w5, z3) such that
" Z Quyyys Pagy) € Qugny a0 € Qg ) Pt ) € Qo zyy-
Then we have

r Z a(uz,vé)’ Pvé ,@ sz and q 5; a(wz,zé)’ Pzé JQ— QZz~

Therefore, T)((uz,wz),(vg,zg)) C r x q.On the other hand, if cy (Qy) Z Qu, and cw (Qy) € Qu,, then (cy X cw) (Quy,wy) € Quu,w)
and similarly, if P, & ¢y (Py,) and P, ¢z (P, ), then P, ;) Z (cv X ¢z) (P, 2,))- Hence, by (x) we have r x ¢ € Q ((uy,wy), (v3,2))-
But P, Z Q,, and Py & Q,, give a contradiction. The reverse inclusion is similar.
(ii)Let (r x @) € r= x q<.Letus choose (u, w) € U x W and (v, z) € V x Z such that

rx9)” € Quu.zwuwy ad Pz wuy E17 % g7

From the first statement, we have Pq,u), v,2)) € T X q and by definition of product of direlations we have r € Q. or
q € Qy.z). Further, if we consider the latter statement, then for some u; € U and w; € W we have

ﬁ(v,ul) g r< and ﬁ(z,wl) g q‘_

where P w) € Quy,wy)- Hence, r € a(ul,v) andq € a(wl,z). However, since P, x Py,  (Qu x W)U (U X Qu,), Py € Qy, and
P, € Qu,. As aresult, by condition R1, we obtain r @u.v) andq £ @qu) which is a contradiction. The reverse inclusion
and the proof of second equality is similar.
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(iii) For the first equality, let us choose (u, z) € U x Z and (w, n) € W x N such that
(rxp)o(@xk) & a((u,z),(u;,n)) and ﬁ((u,z),(w,n)) Z (roq) x (pok).
From the first statement for some (v;, my), there exist (u1, z;) € U x Z and (w1, n;) € W x N such that
q % k € Qg 2. p.mp) AT X P L Q ((wy,mp), (.
With Py 20),w1.n) € Qauz).(w.ny- Further, it is clear that uy = u, z; = z, P,,, € Q, and P, Z Q. Therefore, we obtain that

4%k Z Quz),vr,mp) AT X P Z Q((wg,my), wm)-
Sinceq x k & 6((u,z),(v1,m]))- for some (u, z;) € U x Z and (v,, my) € V x M we have
P(wy.2).00.m) & Qwa), s 4 E Quug,vp) AN K E Qzmy)-
This gives that u = u,z = 25, P, € Q,,, and Py,  Qm,. Now we have
qZ a(u.vﬁ and k Z a(z,m1)~ (1)
On the other hand, sincer x p & a«vl’ml),(w,n», for some (v3, m3) € V x M and (w,, n;) € W x N, we haver £ 6(,}3’,”2)
and p Z Q (g ny)- SiNCe vy = v3, My = m3, Py, € Qu, and Py, Z Qu,, Where Py my) (wrinp)) Z Qor,my), (wy.my))» We Obtain
r¢ a(vlqwl) andp a(mlvnl)' (2)
Hence, by (1) and (2), we conclude that P(,,,,) € 1 o gand P, »,) € p o k. By the assumption o ¢ C Q () Or k Z Q7. my)-
Then Py, uwy) S Quw) O Pzny) € Q(z.ny)- However,
Py, € Quor Py, € Qy,
is a contradiction. The reverse inclusion and the proof of the second equality is similar. O
Corollary 8.2. If (r, R) and (q, Q) are complemented direlations, then
(rxq,RxQ)
is also a complemented direlation.
Proof. By Proposition 8.1(i), it is immediate. O
Corollary 8.3. The mapping ® : cdrTex x cdrTex —> cdrTex defined by
WU, W, (V,V)) =UxV, Uu®V)and @ ((r,R), (q,Q)) = (r x ¢, R x Q),
is a functor.
Proof. Let (r,R) : (V,V) - (W, W),(q,Q) : (U, W) — (V,V),(,P) : M, M) - (N,N) and (k,K) : (Z,Z) —
(M, M) be direlations in cdrTex. By Proposition 8.1(iii), we have
®(((r, R), (g, Q) o ((p, P), (k,K))) = Q((r,R) o (p, P), (q, Q) o (k, K))
=®({(rop,RoP),(qok,QokK))
= ((rop) x (qok), (RoP) x (QoK))
=((rxqo(xk),RxQ)o (P xK))
=T xqRxQ)o(pxk,PxK)
=Q®((r,R), (q,Q)) o ®((, P), (k, K)).
Further, if (iy, Iy) and (iy, Iy) are the identity direlations of some objects (U, U) and (V, V), respectively in cdrTex, then
the identity of object ((U, U), (V, V)) in cdrTexxcdrTex is ((iy, Iy), (iv, Iv)). Now let us show that (iy x iy, Iy x Iy) =
(iuxv, luxv) where (iyxv, Iyxv) is the identity direlation of U x V. Letiy X iy € Qw.v),a.v'y)- By definition of product, we
have
P02 € Qo> 0 € Quuyay and iy € Quy,uy)
for (uq, v1), (U, v3) € U x V. This follows that ﬁ((u,vﬁu,v» Z Q). g0+ thatis, ivxy Z Q(auv),(uy.uy)- This implies that
iy x iy C iyxy. For the reverse inclusion, let iyxy Z Q (.v).@.vy)- Then for some (uq, v1) € U x V, we have P, Z Qy and
P,, € Q.. Now let us choose u, € U and v, € V such that

Py, € Qu,, Py, £ Qu, Py, € Qy, and P, Z Q.
Then clearly,
Py, 020 E Qv Puy & Quy and Py Z Q.

This means that iy X iy € E((u,v),(u/yu/)) and so we obtain iy.y C iyxy. The second equality Iy = Iyxy can be proved by a
similar way. Hence, we have

Q (v, Iv), (v, Iv)) = (iy X iy, Iy x Iy) = (yxv, luxv)-
Since (iyxv, Iuxv) is the identity of the object (U x V, U ® V) in cdrTeX, the proof is complete. O



58 M. Diker / Theoretical Computer Science 488 (2013) 46-65
Proposition 8.4. Let
(0, P): (U, U) — (U, U),(qQ):(V,V) - (V,V)and (r,R) : (W, W) — (W, W)

be direlations where (U, W), (V, V), (W, W), (U", U), (V/, V') and (W', W’') are arbitrary texture spaces. Then for all
uelU,veV,weW,u el ,v eV, w € W, we have the following conditions:

() @ x @ XTZ Q. wy, @), wy =P X @AXT) L Qu, o), o, W'y
(i)) (P x Q) X RZ Qv vywy) €= P X (Q X R) € Q. v.m)). . w'y)-

(iii) p X ¢ Z Q) @y = 4 X P Z Qouy, (' .))-
(iv) P x Q Z Quuw), w.vy = Q X P Z Qwu. v/

Proof. (i)Let (0 x @) X T Z Q(qu.v). w). (v, w'y)- Then there exist (uq, vi, wy) € Ux V x W and (u}, v}, w}) € U' x V' x W’
such that

P (o, o), o)), why € Qe wy, (@' ), w)
and
P X QL Qv w0y AT L Qe u)-

Then we have uy = u,v; = v, w; = w and Pu/1 Z Qu, Pvﬁ Z Qy, Pu,/l Z Q, and so by definition p-sets and g-sets in
textural product we obtain

Py, wrw, @, wpwp) € Qe wan). @, @w))-
Then we must show that

qxr g Q((vl,w]), (v/l,w/l)) andp 5; Q(ul,u/l)' (*)
By definition of p x g, there exist (u,, v2) € U x V and (1}, v}) € U’ x V' such that

Py v, a0  Qeuy,on, i vpy» P E Quug,uy A @ Z Q).

However, since u, = uy, p g a(ul,u/z)' Further, since Pu/z Z Qu/l, by definition of p-sets and g-sets, we Ebtain p gié(ul,u/l).
Now we show that g X1 & Q ((y,wy), o] w})- First, let us choose wy, wj € W such thati & Qeut,wg) and Pyt us) Qwy,w)-
Thenr & Quu,,wg) and Pys Qu-By definition of product of relations, we have write P, .,), Wy S qxT.0n the other
hand, Py, & Qy and Px Qut implies that

Py w), @gws) & Quwpwn), wwh)-

As aresult, we obtaing x r £ 6((1,1.“,1)’ W w))- From (x), we have

Py, wrwo.ag, pawgy S P X (G XT).
We conclude thatp x (g xr) € a(u, (), (', (v.wy)- The second part of the equivalence is similar.

(ii) Similar to (i).
(iii) Let p X @ € Q(w.v). ar.v1y)- BY definition of product, there exists (u}, v}) € U’ x V' such that

Pu’1 Z Qu, Pu; ZQy,p & Q(u,up andq £ Q(v,v;>~
Then we have P((U’“%(”/p“/ﬂ) C q x p. However, since PW%»“D Z Q. Piww, W}, Z Qw,u), .y and this gives that

4% P Z Quw, way-

(iv) Similar to (iii). O
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9. Dagger symmetric monoidal categories

Dagger symmetric monoidal categories are used in abstract quantum mechanics [1,30]. The primary examples are the
categories REL of relations and sets, and FdHilb of finite dimensional Hilbert spaces and linear mappings. Since REL and
R-APR are isomorphic categories, R-APR is also a dagger symmetric monoidal category. In this section, we show that the
categories drTex and cdrTex are also dagger symmetric monoidal categories.

Definition 9.1. (i) A dagger category [9,22] is a category C together with an involutive, identity-on-objects, contravariant
functor t : C— C. In other words, every morphism f : A — B in C corresponds to a morphism f' : B — A such that for
allf : A— Bandg : B— C the following conditions hold:

idl =idy:A— A, (gof)f =flogt:C—> A and fif =f:A— B.

(ii) A symmetric monoidal category [25] is a category C together with a bifunctor ®, a distinguished object I, and natural
isomorphisms

aapc:A®B ®C—-> AR (B® (),
M:iA—> QA pp:A— ARlIandos :A®B— BRA

subject to Mac Lane’s standard coherence conditions.
(iii) A dagger symmetric monoidal category [30] is a symmetric monoidal category C with a dagger structure preserving
the symmetric monoidal structure:

Forallf :A— Bandg:C - D, (f®g) =ff®g :B®D - ARC,
@ pe=p ARBR®C) > A®B) ®C,AT=1"":1®A— A and
UAT_B:UA_,; :B®A —> AQB.

Theorem 9.2. The categories drTex and cdrTex are dagger categories.
Proof. First let us determine the dagger structure on drTex. By Proposition 2.17 in [8], note that for any texture (U, U),
(iy, Iy)™ = (iy, Iy) and ((q, Q) o (r, )™ = (r, )" 0 (q, Q)"

where (r, R) is a direlation from (U, U) to V, V) and (g, Q) is a direlation from (V, V) to (Z, Z). Therefore, { : drTex —
drTex is a functor defined by

(U, W) = (U, U) and {(r,R) = (r,R)*

for all (U, U) €ob(drTex) and (r, R) €hom(drTex). Further, we have ((r,R) <) = (r, R).
Therefore, drTex is a dagger category. On the other hand, if (r, R) is complemented, then (r,R)~ = (R,r ) is also
complemented. Indeed, by Proposition 2.21 in [8],

(Re)/ — (R/)e —r< and (re)/ — (r/)e — R,
As aresult, the category cdrTex is also a dagger category. O
Corollary 9.3. The diagram

REL— > R — APR

o,k
cdrTex - cdrTex
commutes.
Proof. Letr : U — V be a morphism in REL. If we take R = (U x V) \ r, then
(to&)(r) =1(&(r) =1(r,R) = (r, ™ =R",r7)
=N(apr , apr;) = NE(@)) = Mo T)(r). O
Corollary 9.4. (i) For the functors
F, B : cdrTex x cdrTex x cdrTex — cdrTex
defined by
FU, W, V,V),W, W) =((UxV)xW, (URV)R W),

3((0,P),(q.Q), (r,R) = ((pxq) xr, (PxQ)xR)
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and

BU, W, (V,V), W, W) =Ux(VxW), UV W),

B((p,P), (q,Q), (r,R) =@ x(gxr), Px(QxR),
respectively, there exists a natural transformation « : § — 9 with the component
ayw (UXV)XxW, (URV)@W)=Ux(VXW), UR(VRW))

which is a natural isomorphism.
(ii) Take the functors R, ® : cdrTex — cdrTex defined by

RU,U)=UXE, URE) DU, U)=(ExU, 60U

R((r,R)) = (r X ig, RxIg),and D((r,R)) = (i x r, Iz x R) where (E, &) is the texture given in Proposition 7.3(ii).
Then there exist the natural transformations A : R — Jedrtex and p : ® — Jedrtex SUch that for all (U, U), the components

Auvw U, W=EXU, e@Wandpyy : (U, U) = U XE, U E).

are natural isomorphisms where Jearrex : €drTex — cdrTex is the unit functor.
(iii) Consider the functors &, 4 : cdrTex x cdrTex — cdrTex defined by

S(U, W), V, V) =UxV, U V) (U, W), (V, V)=V xU, YU
S((r,R), (q,Q)) = (rxq, RxQ), and U((r,R),(q,Q)) =(qxr, QXR).
Then there exists a natural transformation o : & — 4 such that for all (U, U), the component
oy (UXV, URV)=(V xU, Ve U)
is a natural isomorphism.

Proof. (i) Using a similar argument as in the proof of Corollary 8.3, it is easy to show that the mappings § and B are indeed
functors. Now let ((U, U), (V, V), (W, W)) be an object in cdrTex x cdrTex x cdrTex and consider the complemented
textural isomorphism ¢ : (U x V) x W — U x (V x W) defined by ¥ ((u, v), w)) = (u, (v, w)) for all ((u, v), w) €
(U x V) x W. By Proposition 7.5(i), the corresponding isomorphism (ry, Ry, ) in cdrTex can be given by the equalities

ry = \/Pww.w. @oon | Puww  Qavod

Ry = [ NQuwww.@ton | Paboy E Qu.wuwnl:

We prove that (ry, Ry) is the desired natural isomorphism o, v,w) in cdrTex. Now for all objects ((U’, U’), (V', V'),
(W', W) in cdrTex x cdrTex x cdrTex and for all morphisms

((p, P), (q,Q), (r,R) : (U, W), (V, V), (W, W)) — (U, U), (V', V), (W, W)),
we show that the diagram

(P xQ) xR
URV)® W ((pxq) xr,(PxQ)xR) WU RV)RW

(ry, Ry) (ry, Ry)

,P R
UR (VW) (px(qxr1),Px(QxR) UV QW)

is commutative, where (r,, R,) is a direlation corresponding to the mapping
e: (U xV)YxW = U x (V' xW)

defined by ¢ ((u/, v), w") = (/, (v/, w")) for all (', v"), w") € (U’ x V') x W’. In other words, we check the equalities
px(@xr)ory=r,0((pxq)xr)yand (P x (Q xR)) oRy =R, o ((P x Q) xXR).

For the first equality, let us suppose that (p x (g x 1)) ory € r, o ((p x q) x r) and let us choose ((a, b), ¢) € (U x V) x W
and (a’, (b', c’)) € U x (V' x W) such that

(X (@%x1)ory Z Quabyo@ b,y A Pabyon@ b oo (P xq) xT1). (%)
Then for some ((as, b1), c1) € (U x V) x W, (a}, (b), ¢})) € U x (V' x W') and (u*, (v*, w*)) € U x (V x W), we have

Py boy.en. @, oi.cpn € Qab.o.@ ..
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where

Ty Z Quap by .o, s, o, wiy) AN P X (@ X 1) L Qs o, wy), (.00} )-
Therefore, by Proposition 8.4(i), we conclude

(P X @) X T Z Qv (CHARDE
Further, ry & @«a.b),c).(u*’(v*.w*))) and P<“’1’(b’1’ < Z Q.- On the other hand, by the second part of (x), for all
(W, v),w) e (U x V') x W we have

(P x @) X1 Z Qaby,on. @' wn == Ty S Q)@ .- (%)
Now let us choose ((aj, b3), i) € (U x V') x W’ such that

(P X @) X T L Qs vey.w%). ((ay.05).c5) AN Picag bty ) L Qe b))
It is easy to see that since ry Z Q ((a.).c).(w*.(v*.w*)» Piaby.c) & Quu,w*,wey)- Hence, by R1 we find

Pxq@xrg §(<<a,b>,c), ((dy.by).c4))+

Thus by (**), we obtain I’w - Q(((ag,bg),cé),(u’,(b/,c’))' Further, since P((agvbg)'cg)) Z Q((a/1~b/1)-54))' P((a%'hg)'cé)v((a/lvb/])ch)) - r(ﬂ' But
this is a contradiction since P, @ ¢y & Qa'.v'.c)- Therefore,

(px(@xr)ory Cryo((pxq) xr).

The reverse inclusion can be proved using a similar argument.
(ii) Let us prove the existence of the natural isomorphism A : 8 — Jcgrrex. Consider the textural isomorphism ¢ : (U, U) —
(E x u, & ® U) defined by

Yue U, ¥(u) = (e, u).

It is easy to see that by Proposition 7.5(i), the corresponding isomorphism (ry, Ry,) can be given by the equalities
ry = \/ Pauewy | Pu € @} and Ry = (| Qu ey | P € Q-

Now let (r, R) be a morphism from (U, U) to (V, V) in cdrTex. By the definition of product of direlations, we have
g X1 = \/{ﬁ((e,u),(e,v)) |7 Z Quu)and Iz x R= ﬂ@(e,u),(e,v» | Py € R}

Take the isomorphism (r,, R,) in cdrTex corresponding to the textural isomorphism ¢ : (V, V) — (V X E, V ® €). Now
we show that the diagram

(r,R)
Uu 1%

(ry» Ry) (9, Ry)

(ig xr,Ig XxR)

E®U EQV

is commutative, that is, the equalities
(i xr)ory =roorand (I x R)oRy =R, oR

hold. Let (ie x r) ory & r, or.Let us choose u; € U, vy € V such that

(it X 1) 0Ty & Quy ey AN Py ey L T O T

From the first statement, for some u € U and v € V, we have Py )y € Qu,.(e.vp) Such that ry & Q. ey and
r X i € Q). (.0 Whereu’ € U.On the other hand, since u = uyand P, Z Qu,, 1y Z Quy.eryy AT X i Z Q (). (e.01))-
Hence, 1y Z Q ;. (e.uy) implies that Py e.uy) € Quy.eury) a0 Pyug) € Qee,uy) for some us, ug € U. Therefore, it is easy to
see that P, Z Q. Further, ip X 1 Z Q (e, (e.07)) 8iVeS that Pce us) e.v)) Z Qo). ewpy ANA T L Qs o) fOr some us € U
and v, € V.Then we have r Z Qy.,,)- As a result, P,, ¢ Qy and condition R1 implies that r Z Qy, ). Further, since
P, ey Z Ty o T, we have that

Yo eV,r g @u],m = 1, C E(U*,@_U])). (1)
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Now let us choose u* € U and v* € V such that
r g a(u*,v*) and F(u*,v*) g a(“l,vl)'

Then we have u; = u* and P,» € Q,,. Hence,r & 6(1,1,”*) and so by (1) we findr, C 6@*‘(&,,1)). Let us choose a € V such

that P+ Z Qq and Py  Q,,. Clearly, Py(y+) € Qee.q). Therefore, we obtain Py« e, < Ty, thatis, P+ e.a)y S Qu*.e.vy))- BY
the inclusion

{v*} X Py € (V\ {v*} x ({e} x V) U (V X Qee.ny))
we conclude that {v*} X Peq €V X Qe .. Hence,
{e} x Pg € (fe} x Q) U(Qe x V) = ({e} x Q) U@ x V) = {e} x Qy

so that one obtains the contradiction P, C Q,,. The reverse inclusion and the second equality can be proved using a similar
argument. The proof of the existence of the natural transformation p : ® — Jedrrex iS Similar.

(iii) Let (U, W), (V, V)) be an object in cdrTexx cdrTex. The mapping ¢ : U x V — V x U defined by v (u, v) = (v, u)
for all (u, v) € U x V is a complemented textural isomorphism. Using Proposition 7.5(i), let us consider the corresponding
isomorphism (ry, Ry) from (U x V, U ® V) to (V x U, V ® U) where

ry = \/{ﬁ((u,v),(m,m)) | Pw.uy € Quyup}and Ry = m{a((u,v),ul,ul)) | Poyup) € Qo }-
We show that the diagram

PxQ
Uy —P8PXY ey
(ry» Ry) (9. Ry)
(@xp.Q xP
Ve U Ll L L N Y7

is commutative, that is, the equalities
(@xpory=r40(xqgand(Q xP)ory =r,0(P xQ)

hold for all morphisms ((p, P), (g, Q)) : (U, W), (V,V)) — (U, U), (V',V)) where (r,, R,) is defined as (ry, ry).
Suppose that (q x p) ory & 1, o (p % q). Then we may choose (u, v) € U x V and (v, u') € V' x U’ such that

(@xp)ory Z Quw.a.uwy and Pw,v),w .y € Tp o (P X Q).

From the first statement, for some (vq, u4) € V x U we may find (v}, u}) € V' x U’ such that
Ty L Q). vr.up) AN G X P L Q (quy,up), ) )

where P ) & Qu'.u)- On the other hand, since r, & Q ((w.v). vy We find Py yy € Qquy vy OF equivalently, P,y &
Qqv,,uy)- Hence, if we consider condition R1, then we obtaing x p & Q ((w,0), () ) Therefore, by Proposition 8.4(iii), we
conclude thatp x q € a((u’v),(u/l’v;)). Now let us choose u, € U’ and v, € V' such that

P X a4 Z Quuv).avp) a0 Py vy Z Qi o)

Since P((u,v)ﬁu’,u’)) Z ryo(pxq),wehaver, C Qv ) Further, Pay 1) Z Qv implies that Py ) Z Qe ) Then
we see that P((u’z.ug), W) uh) C r,.But P(U; ) & Q) gives a contradiction. We have showed that (g x p)ory C r,0(p x Q).
The reverse inclusion and the second equality can be proved in a similar way. O

Proposition 9.5. Mac Lane’s associativity and unit coherence conditions hold [25]:
(i) The following pentagonal diagram commutes:
AUV, W)RZ AU VRW,Z)
((UVIAWRZ > (URKR(VRIW))RZ—>UR(VIOW)R Z)

URYV, W, Z) U awy,w,z)

AUV, WRZ))

(URV)R (W Z) UR (VR (W Z))
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(ii) The following diagram is commutative.

o
(URE RV ey U EQV)
puU RV
U iy
UV

Proof. (i) Consider the complemented textural isomorphisms defined by

Y (UxV)yxW)xZ—> Ux(VxW))xZ, ¢((((u,v),w),2) = ((u, (v, w)), 2),
o:(UxVxW)xZ—->Ux(VxW)xZ,)oe({(u (v,w)),z)= (U, ((v,w),z)),
y: (U x((VXxW)xZ)—>Ux(VxWx2)), y(u, (v,w)),2))) = U, (v, (w,2)))
Y (UXxV)xW)xZ— (UxV)x W x2Z), ¥'((u,v), w),2) =(u,v), (w,2)),
@ UxV)x(WxZ)—Ux(VxWx2Z)), ¢({((u,v), (w,2)) = (u, (v, (w,2z))

forallue U,v e V,w € W, z € Z, respectively. By Proposition 7.5(iii),
yol(poy)andy oy’

are also complemented textural isomorphisms. Again by Proposition 7.5(iii), for the corresponding isomorphisms in cdrTex,
we have

Tyo(goy) =Ty © (T 0 Ty) and Ryogoy) =Ry 0 (Ry o Ry)
and
Te'oy’ =Ty 0Ty and Ryoyr = Ry o Ry,

It is easy to see that we have

Fyotow) = V Pocwn).m . @r.orwrz0m | Pw.w.z) € Qur.wr.wr.z)
=V {Pown.w .2, @rnnam | Pown.wo) € Quywr.anan}
=V P@w.w.0. @0 | Pow.omom € Quer.anan}

=V P@ww .2, @z | Peoy@ewnm € Qu,onwan}
= r(p/OI///

and similarly

Ryo(poy) = ﬂ{Q«(u,v),w),z),(u], @z | Pz € Quuw.w.zn}
= [NQu@ww).2). @r.wnrzm | Parwnone € Qf@w.w.on}
= N Qu@w.w).2. @ronwrz | Par.wnonz) € Q. w.a)
= [ NQuwvw.0. wrwrwrzon | Pannorz € oy w.awom)
= R(p/ol[//'
As aresult, the isomorphisms
(r]//a Rl//)a (rtpa R(p)a (rya R}/)» (rlﬂ/7 Rlﬂ/) and (r(p/R(p/)

in cdrTex are the desired morphisms

Qv WeZs AUV, W,2), Xvew.z), U ow wz and U ® aw, w z)

satisfying the pentagonal diagram, respectively.

(ii) Let us consider the complemented textural isomorphisms defined by
Y:(UXE)xV—Ux(ExV), ¥((u,e),v) = (U, (),
p:Ux(ExV)—>UxV, o(u,(e,v) = (),
y:(UXE)yxV —>UxV, ¢((u,e),v)) = (u,v).
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Then ¢ o y is also a complemented textural isomorphism and we clearly have y = ¢ o . Further, by Proposition 7.5(iii),
we obtain that

1y =V Puworw.wrom | Puy € Quyen)
=\ Puwo v | Potu ey Z Quyun)
=V Pwom.aom | Por@erm € Quyun}
=V Puwev.wom | Pooyy@o.nn € Quym}

= Tpoy
= rw o T,[,

and
R, = ﬂ{a«(u,e),v),(m,um | Py € Quont
= (N Quworv.wrom | Paron € Qe
= (Quwov.wro | Paron € Qe

= (Quwow.wrw | Paron Z Qpopycermn)
= Ryoy
=Ry oRy.
Then the corresponding isomorphisms (ry, Ry), (ry, R,) and (r,, R, ) in cdrTex are the desired morphisms
daev), Pu®V, UR Ay
satisfying the diagram, respectively. O
Corollary 9.6. The categories drTex and cdrTex are dagger symmetric monoidal categories.

Proof. It is immediate from Proposition 8.1(ii) and 9.5, and Corollary 9.4. O

10. Conclusions

In this paper, we have considered a rough set model on two universes. We have determined the position of the theory
of rough sets with respect to category REL of sets and relations. We have shown that the categories REL and R-APR are
isomorphic. In view of this argument, we have obtained that R-APR and REL are a full subcategories of the category cdrTex
of complemented textures and complemented direlations. Further, we have shown that cdrTex and R-APR are new examples
of dagger symmetric monoidal categories.
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