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Abstract—Sufficient conditions for global nonexistence (blow up) of solutions of the initial-
boundary value problem for a class of second-order quasilinear parabolic equations:

. ((@+1vur-2), 2+ 0w vw = 1

i=1 9% Ti

are established. © 1999 Elsevier Science Ltd. All rights reserved.
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In this note, we consider the following problem:

we g (@ 199r7), 5) o099 = 100 )
u(z,0) = uo(z), z €Q, (2)
u(z,t) =0, zed, t>0, (3)

where € is a domain in R", p > 2, g, and f are continuous functions which satisfy the following
conditions:

(f{u),u) > 2(a + 1)G(u), Yue R, a>0, 4)
where
Gt = [ f(s)ds, )
0
lg(u,v)| < e1 (Ju] + jv|}, e1>0, YueR! VveR™ (6)

Our main goal is to find sufficient conditions for global nonexistence of solutions of pro-
blems (1)-(3).
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Global nonexistence theorem for problems (1)—(3) when g = 0 and f satisfies condition (4) is
proven in [1] (see also [2]). Sufficient conditions of global nonexistence of solutions of (1)-(3),
when p = 2 with f satisfying (4) and g satisfying (6) are obtained in (3].

So our result is a generalization of corresponding result of [1,3] for second-order quasilinear
parabolic equations.

THEOREM. Suppose that all conditions formulated above are satisfied for the functions f, G,
and g. Let u be the solution of problems (1)-(3). Assume that following conditions are valid:

-2
o = 1+ﬂ‘1’ ﬂE(O,a), a>£'2—, M =0, 72=-2,
where
cz=c1(1+£1—>, €1>0, ad>e,
261
and

. d 1 A
50 = =5 1V wl? = 3 [ 1Vl dz - 5 fuol® + G(uo) >,
PJa 2
ol (a +1)7(0) + 12(1 + 1) [Juol® > 0,
where A > (1/2)(c3/eod)(1 + dy) and dy = AT*, where \;
~Ap =My,  laa =0.
Then |lu(.,t)||L,(@)—0c as t — t1, where

1 a3 (a + 1)5(0)

t1<—1In ) B —.
2e2 (1l +u)? [luoll” + of(a +1)5(0)

PROOF. In order to prove this theorem, we will use the following Lemma 1.1 [3].

LEMMA 1.1. Suppose that a positive, twice differentiable function ¥(t) satisfies on t > 0 the
inequality

U — (14 0q) ()% > —2M, 90 — M, T2,
where ay > 0, My, My > 0, if ¥(0) > 0, ¥'(0) > ~v2a7 ¥ (0), and M; + My > 0, then ¥(t)
tends to infinity t — t; < t5.

£y = 1 0 1¥(0) + o1 ¥'(0)
2\/M1! + a1 M, 72‘1’(0) +O‘1‘I”(0),
where 12 = —M| F \/Ml2 + a3 M,. If ¥(0) > 0, ¥/(0) > 0, and My = My =0, then ¥(t) — oo
ast — £ < tp = U(0)/ar¥'(0).

Let us set the function v(z,t) = e~*tu(x,t) where u is the solution of problems (1)-(3). We
get the following equation for v:

MMty + eMo, — 5"-: 9 de“—a-y—
t (99:,- 8.'1:,'

i=1

n
S (e@-z)“ Vo~ *a%g) +9(eM0, V) = £ ().
i=1 * :

We can rewrite problems (1)—(3) as follows:

v + Av — dAv — eP~ D diy (lV uP? Vv) +§(v, Vv) = F(t,v), (7
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v(z,0) = vo(z), = € Q, v(z,t) =0, z € 3, t > 0, where F(t,v) = e~ f(eMv), (v, Vv) =
e Mg(eMv, eV v).
With the help of conditions (4),(6), we can easily obtain the following conditions for the
functions F(t,v), §(v, Vv), and G(t,v) = e~ 2}*G(erv) :
(F(t, v),v) —2(a+ 1)G(t,v) = (7P f (e*v) ,e*v) — 2(a + 1)e™?MG (eMv)
= e 2 [(f(u), u) - 2(a +1)G(u)] 20, (8)
so we have (ﬁ(t, v), v) - 2(a + 1)G(t,v) >0,

G(v, V) = e Mg (eMv, MV v) < e Mey (|eMo] + [NV o))
=c1(Jv|+|Vv]), so wehave g(v,Vv) <1 (u|+[Vo]), (9)
45 _ 0 e
dTG(t’v(T)) =35 (e™*MG(eM))

e Lo @) - (o) ) (0

= (f (o) vr) = (Fltv)er)

G(t,v(t)) = —22e MG (M) + 6_2’\‘%5 (e*Mu(t))
= —22e” MG (eMv) + e 2 f (Mu(t)) (AeMv + eMuy) (11)

= G. (t,0(r)) + (F(t, v), ) ,

Gi(t,v) = =2 e~ MG (eMv) + e Ga, (e”v)
= —2e MG (eMv) + e (f (eMv) , AeMv) (12)
= —22G(t,v) + A (F(t,v),v) > —2AG(t, v) + 2\ (a + 1)G(¢,v),

4
dt

so we have ét(t,v) > 22aG(t, v).
Let us take the scaler product of (7) with v, in Lo(2)
(ve,vt) + A(v,v) — d(Av, vy)
— elP=2At (div (|Vv|”'2 Vv) ,vt) + (v, V), ve) = (F(t, v), vt) . (13)

Using the relation

; p=-2 _-= p _
/lev (]Vv] Vv) v dz = /le| dxz and (Av,v) 2dt/ |V o|® dz,

and (11) we get from (13) the relation
d ~ ~
(p-2)2t & P _g _
llve||? +2dt olf? +2dt (Vv + e /]Vv| d:z:+(g(v Vv),vt> dtG(t,'v) Gi(t,v).

By using condition (9), the Friedrichs inequality ||v||> < d1]|Vv||? and the inequality a.b <
€0a? + (1/4¢0)b?, we can get from the previous equality

dd

(p—2)At =2 p _
22 1Tl + e L [ (9o do kL0l - ZE(E0)

< —Jlug)? +c1/ [v| [vt|dz+01/n|Vv| lvg| dz — Gy(t,v),
Q
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dd
(p—2)At 2 P _
S5 Vel + e g [ oy dm+2dt Ioll? - 23 (t,0)
c? ~
<~ ul? + L ol? 4o Jonl? + £ 17012 4o ol - Gute ),
460 460
so we have

d
= —||vU|| +pe<v~2)“ / Vol dz + 5 ||v|| - Gt 'u)]

< (260 — 1) ||ue]® + —1(1 +dy) Vo)) + E== > P2, - 2W/ IVul? dz - Gy(t,v).
Using (12) in the last inequality we obtain
d,. 2 2 P—2, (p-2)at P e
= (@) 2 (1 = 2e0) [loe]l” = (1 +d1) |[Vo[|” = ~=—=2e IVol® dz + 2XaG(t, v),
dt deo p Q

where

, d 1 A ~
i(t) = =5 IV v]* - —elP=D / Vol dz = 5 |lol* + G(t,v).
p Q 2

We can rewrite the last inequality as follows:

FUO)> 0=2a) [l + 240+ a (-5 9o
(14)
+(p—2)A (-;e(P—ZW /Q |V vf? d:c) + 2X2aG(t, v).
Then d
ZU®) 2 (1= 2€0) uell” + 22aj(2) (15)

is obtained.
We get following equation by taking the scalar product of (7) with v:

(v4, ) + A(v, v) — (dA v, v) — P~ 2N (div (!V v|P? Vv) ,v) +(g(v, Vv),v) = (ﬁ(t, v),v) . (16)

By using the equality
/ div (|Vv|"’—2 Vv) vdz = —/ |V P dz,
Q o}

conditions (8),(9) and the inequality a.b < €;/2|a|? + 1/2€;||b||? in (16), we can get the following
inequality:

—d||Vul|? = A 2-e(P-2W/ VolP dz
m” )| > —d ||Vl [|v]] n| I

2
2 2_ ¢ A
—elll” = eIV oll® = 52 ol + 2(a + )G (2, v).

The last inequality can be written as follows:

>
2 7 ||v|} 2(a+1) dz

A 2 = C1 2
-3 lvl|* + G(¢, 'u)] c (1 + 261) lv]l”.
It follows that

1d

52 Il 2 2a+ 15 - e o), an
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where ¢3 = ¢1(1 + (e1/2€1)). From (15) we obtain

d , _ . -
5 (E7294(8) 2 (1 - 2e0) 2 oy |
Integrating the previous inequality over (0,t), we get
t
38) 2 (= 2e0) [ [l ds+ 300, (18)
1+75
> 1+a/ ool ds + (0), (19)

where 2¢p = (@ — 8)/(1 + a).
By using the inequality (19) in the inequality (17), the following result is obtained:

Lol > 40+ ) /0 val1” ds + 4 + 1)5(0) ~ 2¢2 |Jo]*. (20)

Let us set U(¢) = fot ||v||? ds + c3. We will show that the function ¥(t) satisfies the conditions of
Lemma 1.1 for suitable choice of positive constant c3. We introduce the notations A; = fot |lv||* ds
and Az = [ |lvs]|2 ds, so that

U(t) = A; +cs. (21)
By using the Cauchy-Schwartz inequality, we can get
V'(t) < 2v/A1 Az + [luoll®. (22)

With help of (20)-(22) we can estimate the term U”(£)¥(t) — (1 + o) (¥'(t))? as follows:
V/(ET() - (1+ 1) (¥'(1) > (41 + B) A2 + 4(a + 1)5(0)
- 2c2 W' (t))(A1 +¢3) — (1 4+ 1) [4A1A2 + ||v0||4 +4e0A1As + ;; ||v0||4]
> 4(1 4 B)AA;1 + 4(1 + B)Azca + 4(a + 1)5(0)A; + 4(a + 1)5(0)cs

- 260 (V) ~ 40 + )1+ ) drda - 1+ ) (14 2 ) ol

> 4(a+1)j(0)ca - 4(1 + 1) (1 N ) lvoll® = 2e2¥/ () E (1)

We get the result
() E(E) - (1+ 1) (W ()" > 26,9/ (1) (t),
where
_ (1+a1)? ool
— a(a+1)5(0)
Since ug satisfies the condition

oy =€, and (1+a)?=(1+0).

L > 0+ 0n) fuo|?

~ af(e+1)5(0)

we have U/(0) > —(v2/c1)¥(0). Thus, according to the Lemma 1.1, ¥(t) tends to infinity for
t—t; -0,

I od(a +1);(0)
2c2 (1 +a1)? lwol® + ad(a +1)5(0)
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