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Communicated by C.A. Weibel that Zhou's §-ideal is always enabling, and that the right singular ideal is enabling if and

only if it is contained in the Jacobson radical. The notion of a weakly enabling left ideal is
MSC: defined, and it is shown that a ring is an exchange ring if and only if every left ideal is weakly
Pn.m'aw: 16A32; 16E50 enabling. Two related conditions, interesting in themselves, are investigated: the first gives
Secondary: 16U99; 16570 a new characterization of §-small left ideals, and the second characterizes weakly enabling
left ideals. As an application (which motivated the paper), let M be an I-semiregular left
module where | is an enabling ideal. It is shown that m € M is I-semiregular if and only if
m — q € IM for some regular element g of M and, as a consequence, that if M is countably
generated and IM is §-small in M, then M = @2, Re; where e? = e; € R for each i.
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Throughout this paper all rings are associative with unity, and all modules are unitary. We denote the Jacobson radical of a
ring R by J] = J(R), the right and left socles by S, and S;, the right and left singular ideals by Z; and Z;, and the left §-ideal
[8] by 6 = §(R). We write I < R to indicate that [ is an ideal (right and left) of R. The ring of integers is denoted by Z, and
we write Z, for the ring of integers modulo n. If X is a subset of R we write r(X) and 1(X) for the right and left annihilators
of X in R. Modules are left modules unless otherwise indicated, and homomorphisms are written on the right. The notation
S C® M indicates that S is a direct summand of M.

1. Enabling ideals

Let I be anideal ofaring R. Then I is called lifting if, for each a € R, the condition a®> —a € I implies thata—e € I for some
e? = e € R.In[6], the ideal I is called strongly lifting if for each a the idempotent e can be chosen so that e € aR, (equivalently
e € Ra, equivalently e € aRa; see [6, Lemma 1]). The next result allows us to split the notion of strong lifting, and will be
used extensively below.

Lemma 1. Let I < R. The following are equivalent.
(1)Ifa—ecl,acR, e =ecR, thena—f el forsomef’=f € Ra.

(2)Ifa—eecl,aeR, e =eecR, thena—f el forsomef? =f € aRa.
(3)Ifa—ecl,acR,e?=ecR, thena—f el forsomef’=f € aR.
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Proof. We need only prove (1)=>(2). Ifx,y € Rwritex = y whenx — y € I. Given (1), leta = e where e*> = e € R.
We have a®> = e so, replacing a by a® in (1), we obtain g2 = g € Ra® such thatg = a*> = a. Writeg = ba?, b € R,
where (since g = g?) we may assume that gb = b. Define f = aba € aRa. Then f?> = aba’ba = agha = aba = f, and
f = aba = aba? = ag = a® = a. This proves (2). O

We remark that Lemma 1 is true for any left ideal I provided the idempotent e is central.

An ideal I < R is called an enabling ideal of R if it satisfies the conditions in Lemma 1. Thus I = 0 and I = R are both
enabling ideals in any ring R. If I < R is strongly lifting then it is both lifting and enabling, and we claim that the converse is
true. For if a> — a e I then, because I is lifting, there exists e = e € R such that a — e  I. But then there exists f> = f € Ra
such that a — f € I because I is enabling. Hence I is strong lifting, and we have proved that strongly lifting “splits” in the
following sense.

Theorem 2. IfI < R, then I is strongly lifting if and only if I is both lifting and enabling.

Since every strongly lifting ideal is enabling, Theorems 10 and 4 in [6], respectively, give the following examples.
Example 3. The right socle S; and the left socle S; are both enabling ideals.
Example 4. Every ideal in an exchange ring is enabling.

If R is commutative, the converse to Example 4 is true. In fact, we will show that a left duo ring R (left ideals are ideals) is
exchange if and only if every ideal is enabling. We return to this in Corollary 23.
While the Jacobson radical may not be lifting, it is always enabling. In fact, we have the following proposition.

Proposition 5. IfI < Rand I C ] then I is enabling. In particular, ] is enabling.

Proof. Writer = stomeanr —s € [.Ifa = e = > we must find f2 = f € Rasuchthata = f. Wehavee —a e CJ, so
u=1—(e—a)isaunitinRand u = 1. Moreover ue = ae so e = e*> = e(u~'ae). Hence f = eu~'ais an idempotent in Ra,
and f = ea = a® = q, asrequired. O

An enabling ideal need not be contained in the Jacobson radical. For example, if F is a field and R = |:I(; £i| then

S F } is enabling by Example 3, but S, ¢ J because ] = |: 0 F } . However there is one important class of enabling

|0
7|10 F 0 0
ideals that must lie in the Jacobson radical. An ideal I < R is said to be idempotent-free if O is the only idempotent in I.

Proposition 6. IfI < R is idempotent-free, then I C J(R) if and only if I is enabling.

Proof. The forward implication is Proposition 5. For the converse, assume that I is enabling but ¢ J. ThenI ¢ M for some
maximal left ideal M of R, soR =1 + M, say 1 = x + mwherex € and m € M. Thusm — 1 € I so, since I is enabling,
there exists f2 = f € Rmwithm —f € I. Butthen 1 — f = (1 —m) + (m — f) e I. Since I is idempotent-free, it follows
that 1 = f € Rm C M, a contradiction. O

We will improve on Proposition 6 later (Proposition 34).

It is worth noting that the proof of the reverse implication in Proposition 6 requires only thata — 1 € I impliesa —f € I
for some f2 = f € Ra. We will return to ideals with this property in the next section where they will be called weakly
enabling.

Corollary 7. If0 and 1 are the only idempotents in a ring R, and if I < R is an enabling ideal, thenI C J or[ = R.
Proof. If I ## Ris an enabling ideal, then I is idempotent-free by hypothesis, so I C J by Proposition 6. O

Thus, for example, the only enabling ideals of Z are 0 and Z.

The left singular ideal Z; = Z;(R) of aring R is defined by Z; = {z € R | 1(z) is essential in gxR}, with a similar definition for
the right singular ideal Z,. If Z denotes Z; or Z,, it is often a mystery whether Z C J. Since Z is idempotent-free in both cases,
we have the following corollary.

Corollary 8. If Z denotes Z; or Z,, then Z is enabling if and only if Z C |.

Recall that the second left singular ideal Z? = Z*(R) of a ring R is defined by Z(R/Z)) = Z}/Z,. It follows in the same way
thatZ* C J if and only if Z? is enabling.

The next example gives two important situations where the left singular ideal Z; is enabling. Call a ring R left principally
injective if every R-linear map Ra — R, a € R, extends to R; and call R right Kasch if every simple right module embeds in
R, equivalently if 1(T) # 0 for all maximal right ideals T of R.

Example 9. Let R be a ring.

(1) If 1(a) = 0, a € R, implies aR = R, then Z is enabling.
(2) In particular, if R is right Kasch or left P-injective, then Z is enabling.
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Proof. (1) If a € Z then the fact that 1(1 — a) N 1(a) = 0 implies that 1(1 — a) = 0. Hence (1 — a)R = R by hypothesis.
This proves that Z; C J so Corollary 8 applies.

(2) IfRis left P-injective then aR = r1(a) for each a. Hence 1(a) = 0 implies aR = r(0) = R, and (1) applies. Now assume
that R is right Kasch, and suppose that 1(a) = 0 but aR # R. Let T be a maximal right ideal such that aR € T. Then
bT = 0 for some 0 # b € R by the Kasch condition. Hence b € 1(a) = 0, a contradiction, and again we are done by
(1. o

Example 10. Neither “lifting” nor “enabling” implies the other.

Proof. Let p # q be primes in Z, and let R = {’H‘ € Q| ptdandgq1d}. Write P = pR and Q = gR. Then one verifies that

R/P =7Z,,R/Q =Z¢,and PN Q = pqR = J(R) = . Since P 4+ Q = R, it follows from the Chinese remainder theorem that

R/] = 7Z, x Zq. As R is a domain, it follows that ] is not lifting so, by Proposition 5, ] is an enabling ideal that is not lifting.
On the other hand, the ideal P is lifting because R/P = Z, is a field, but P is not enabling by Proposition 6. O

Note that if p € Z is a prime, the ideal p"Z of Z is another commutative example of a lifting ideal that is not enabling.
Proposition 11. Let A C I be ideals of R. Writet =r + AinR = R/A.

(1) IfAis lifting and 1 is enabling in R, then I is enabling in R.
(2) If A is strongly lifting and I is enabling in R, then I is enabling in R.

Proof. (1) Leta — e € I, 8 = &. As A s lifting we may assume that e’ = e.Since a — e € I and I is enabling, there exists
f? =f € Rasuchthata — f € I. Hence f = f € Raanda—f el.

(2) Assumethatllsenablmng Ifa—eel, e> =e,wewantg? =g € Rasuchthata—g € . Wehavea—ée cl,e* =&
so, by hypothesis, let f> = f € Rasatisfya — f € I. As A is lifting we may assume that f2 = f. Write f = 7a, r € R, and
observe that (ra)? — ra € A. Since A is strongly lifting, there exists g2 = g € Rasuch thatg — ra € A C I. Hence, if =
denotes congruence modulo I, wehaveg =ra=f =q; thatisa—g el. O

Corollary 12. If] is lifting and ] C I < R, then I is enabling in R if and only if /] is enabling in R/].
Proof. It follows by Proposition 11 because J is strongly lifting whenever it is lifting. O
Corollary 13. Let A C I be ideals of R where A is strongly lifting and [ /A C J(R/A). Then:

(1) Theideal I is enabling;
(2) Iis strongly lifting if and only if it is lifting.

Proof. Since (1) implies (2), it is enough to prove (1). But I/A is enabling by hypothesis, so I is enabling by (2) of
Proposition 11. O

Following Zhou [8, Lemma 1.2] a submodule K C M is called §-small in M if the following equivalent conditions are
satisfied.

1) If M = K + X where M /X is singular then X = M.
2)IfM =K+ XthenM =Y @ X whereY C K and Y is semisimple and projective.

Note that (2) implies that a §-small left ideal which is a direct summand is semisimple.

Zhou defines § (M) to be the sum of all §-small submodules of M and shows that § is a preradical in the category of left
R-modules. In particular §(gzR) is an ideal of R which we will call the left §-ideal of R, and denote by § = §(R). Zhou goes
on to show [8, Theorem 1.6 and Corollary 1.7] that §(R) is the intersection of the essential, maximal left ideals of R, and that
J(R/S)) = §/S;. In particular, § 2 J. Since S is strongly lifting [6, Theorem 10], the following result follows from Corollary 13.

Corollary 14. IfR is any ring then §(R) is enabling.

Note that the ideal § (R) need not be lifting. To see this, let p # q be primes in Z, and let R = {g € Q| ptdandqtd}bethe
ring in Example 10. Then pR and qR are the only maximal ideals in R, and they are essential in R, so §(R) = pRN gR = J(R).
Hence §(R) is not lifting by Example 10.

We conclude this section with some results about related rings. The first result is clear from the definitions.

Proposition 15. Let [, < R, where each Ry is a ring. Then Il is enabling in the direct product ITyRy if and only if I is enabling
in Ry for each k.

Proposition 16. Let g> = g € R. IfI <1 Ris enabling, then glg < gRg is enabling.

Proof. Let a € gRg and assume that a — e € glg where e? = e € gRg. Thena € Rand a — e € I so, by hypothesis,
there exists f2 = f € aRawithf —a € I. As a € gRg, it follows that f € gRg, and hence that f — a € gRg. Finally
f € aRa = (ag)R(ga) = a(gRg)a, completing the proof. O

If R is a general ring (possibly no unity), we define enabling ideals of R in the same way. Then an argument similar to the
proof of Proposition 16 shows that if | < Ris enabling then I NS < S is enabling for any left or right ideal S of R.
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Proposition 17. Let T = be a split-null extension. IfI <« Rand K <« S, and if [(I) V:| is enabling in T, then I and K

R V
0 S K
are enabling in R and S respectively.

Proof. Leta—eelwhereez=eeR,and1etb—feKwheref2=feS.Thenwehave|:g 2:|—|:8 })]e[é X]

2
. . p v| _|p v a O p v| |a O IV
By hypothesis, there exists [ 0 gq :| = |: 0 gq :| eT |:O b :| such that |:0 q :| [0 b } € [0 K :| . It follows that

p? =peRawithp—ael,andg? =qeShwithq—be K. O

In particular, if T, (R) denotes the ring of upper triangular matrices over R, and if I < R and T,(I) is enabling in T, (R), then |
is enabling in R. We do not know if the converse is true.

Question. IfI < Ris enabling, is M,,(I) <« M, (R) enabling where M, (R) is the matrix ring.
Question. [fI < Ris enabling, is I[x] < R[x] enabling?

Question. IfI < Ris enabling, is I[[x]] < R[[x]] enabling?

2. Weakly enabling left ideals

In the discussion following Proposition 6, we mentioned a class of ideals with a weakened enabling requirement. Other
characterizations are given in the following lemma.

Lemma 18. The following are equivalent for a left ideal L of a ring R.

(1) Ifa—1€lL,aeR, thena—f € Lforsomef? =f € Ra.
(2) Ifa—1el,aeR, thena—f e Lforsomef? =f € aRa.
(3)Ifa—1€lL, acR,thena—f eLforsomef?=f e aR.

Proof. We prove (1)=(2) and (3)= (2). Write x = y to mean thatx — y € L.

(1)=(2).1f a = 1 one verifies that a> = 1, so (1) produces g> = g € Ra® such thatg = a®>. Writeg = ba?, b € R, where
(since g = g?) we may assume that gb = b. If we define f = aba € aRa, then f> = aba’ba = agha = aba = f,
so it remains to show that f = a.Since 1 = a> weobtainb = ba> = g = a®> = a. Sincea = 1, we have
f = aba = (ab)1 = ab = a®> = 1 = a. This proves (2).

(3)=(2).1fa = 1then a®> = 150 (3) produces g> = g € a’R such that g = a®. Write g = a’c, ¢ € R, wherecg = c. If
we define h = aca then h?> = h € aRa as before. Note that, since a = 1, we have ah = a’ca = ga = g = 1. Finally, define
f=h+4ah—hah.Thenf? =f caRaandf =h+1—h-1=1=q, proving (2). O

A left ideal L is called weakly enabling if the conditions in Lemma 18 are satisfied for every a € R. A left ideal L is called
strongly lifting [6] if > — a € Limplies e — a € L for some e*> = e € Ra, and, in this case, L is weakly enabling because
a — 1 e Limplies a> — a € L. Obviously enabling ideals are weakly enabling both as a left and a right ideal, but we do not
have an example showing that the converse is not true.

It turns out that weakly enabling left ideals admit a characterization in terms of the following important notion. If N is a
submodule of a module M, we call N a partial summand’ of M if the following condition holds:

IfM = N + X, X a submodule then M = S + X for some S €® M withS € N.

As the terminology suggests, every direct summand N of M is a partial summand (take S = N), and every small submodule
is a partial summand. In fact, if N is a partial summand of M, and K is small in M, then N + K is a partial summand. Indeed,
ifM = (N+K)+ X then M = N + X because K is small, and so there exists S €® M such thatS € N € N 4 K. We note in
passing that by [5, Proposition 2.9 ] a projective module has the finite exchange property if and only if every submodule is
a partial summand.

Before proceeding, we recall a lemma [4, Lemma 1.16] which will be used several times below.

Lemma 19. Let M be a projective module and assume that M = P 4+ K where P and K are submodules and P is a direct summand
of M. Then there exists Q C K such that M =P & Q.

A left ideal L is called a left partial summand of R if it is a partial summand of gzR; that is

(1) If R=L+ X, X aleftideal, then R = Re + X for somee? =e € L.
By Lemma 19 this is equivalent to

(2) If R=L+ X, X aleftideal, then R = Re ® Rf forsomee* =e c Landf> =f e X.
These left partial summands are precisely the weakly enabling left ideals.

T [1] a partial summand of M is said to be DM in M.
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Theorem 20. The following conditions are equivalent for a left ideal L of a ring R.

(1) Lis weakly enabling.
(2) Lis aleft partial summand of R.

Proof. (1)=>(2).LetR =L+ gX,say1 =a+x,ac L, x € X.Thenx — 1 € Lso, by (1), there exists f> = f € Rx such that
x—felHencef eXand1—f=(1—-x)+(x—f) €L, soR=R(1—f)+ X. This shows that L is a left partial summand
OfRR.

(2)=(1).Leta — 1 € L; we must find g2 = g € Rasuchthata —g € L. We have R = L + Ra so (2) gives R = Re + Ra
where e? = e € L. Since R is projective, Lemma 19, gives R = Re @ Rf where f2 = f € Ra. Let 1 = re+sf wherer, s € Rand
considerg = f +sf —fsf. Theng? =g e Raand1—g = (1—f)(1—sf) = (1—f)re € L.Hencea—g = (a—1)+(1—g) €L,
asrequired. O

For an ideal, Theorem 20 shows that “partial summand” is a left-right symmetric concept.
Theorem 21. If] < R the following are equivalent.

(1) Iis weakly enabling as a left ideal.
(2) Iis weakly enabling as a right ideal.
(3) I'is a left partial summand of R.

(4) Iis a right partial summand of R.

Proof. (1)<(3) and (2)<(4) follow from Theorem 20, and (1)< (2) follows from Lemma 18. O
With this we can give a new characterization of exchange rings.
Theorem 22. The following are equivalent for a ring R.

(1) Ris an exchange ring.
(2) Every left ideal of R is a weakly enabling left ideal.

Proof. (1)=(2). Every left ideal of an exchange ring is strongly lifting [6, Theorem 4], hence weakly enabling.
(2)=(1). Given (2), every left ideal of R is a left partial summand of R by Theorem 20. But then [5, Proposition 2.9] shows
that gR has the finite exchange property, that is, R is an exchange ring. 0O

Corollary 23. A left duo ring R is an exchange ring if and only if every ideal is enabling.

Proof. IfRis exchange, use Example 4. Conversely, if L C Ris a left ideal then, by hypothesis, L < R so L is enabling. But then
L is weakly enabling as a left ideal and Theorem 22 applies. O

If R is a ring in which every ideal is a left and right partial summand, we do not know whether every ideal is enabling in
R. This clearly holds for commutative rings; indeed, it holds much more generally. The following notion is needed.

Following [3], a module M is said to have the summand-sum property (SSP) if K + L is a direct summand of M whenever
both K and L are direct summands. We say that a ring has left SSP if the module R has the SSP. Clearly any von Neumann
regular ring is left and right SSP, as is every ring in which 0 and 1 are the only idempotents. More generally, any ring with all
idempotents central is left and right SSP (ife? = eand f2 = f, and we let g = e + f — ef, then gZ = g and Re + Rf = Rg).

However, if R = [(S) ‘; ] is any split-null extension and both S and T have no idempotents except 0 and 1, then R has left

SSP but idempotents are not central. Indeed, except for 0 and 1, the only idempotents in R are of the form e = |: (1) g ] and

f= [8 }1’ :| , and one verifies that Re + Rf = R in every case.

We can now state one situation where left partial summands are enabling. The proof requires the following sufficient
condition that an ideal I < R is enabling.

Lemma 24. Let] < Randleta — e €  where a € R and e* = e € R. Assume that
Ra+R(1—e)+1=Rg+R(1—e)+1 forsomeg® =g € Ra.

Then there exists f> = f € Rasuch thata — f € I.

Proof. Write R/ = Rand7 = r +1 forallr € R. Since @ = dand g € Ra, we obtain ga = 3. We claim that also ag = a. To
see this, writea = rg+s(1—e)+xwherer, s € Randx € I.Sincea = eweobtaina = a? = rga+s(1—e)a+xa = rga = rg,
and it follows that ag = a. _

Now define f = g + ag — gag. Thenf? =f ¢ Raandf = g + ag — gag = g + a — g> = a. This proves the Lemma. O

Theorem 25. Let R be a left SSP ring. If I < R then I is weakly enabling if and only if I is enabling.
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Proof. By Theorem 20 it is enough to show that, if I < R is a left partial summand then [ is enabling. So let a — e € [ where
e’ = e; wewantf? = f € Rasuchthata —f € . Wehave1l = (e —a)+a+ (1 —e),soR =1+ Ra+ R(1 —e).
Since I is a left partial summand, there exists S €® Rsuch thatS € I andR = S + [Ra + R(1 — e)]. Now rewrite this as
R = Ra+[S+R(1—e)], and observe that S + R(1 — e) is a summand of R because R is left SSP. Hence Lemma 19 applies to
give a summand Rg C Ra, g2 = g, such that R = Rg @ [S + R(1 — e)]. Since S C I this gives R = Rg + R(1 — e) + I. But we
also have R = Ra + R(1 — e) + I. Since g2 = g € Ra, we are done by Lemma 24. O

The proof of Proposition 17 goes through to give the following example.

Example 26. If] C Rand K C S are left ideals and X = |: é X i| C |:§ ‘S/ :| is a weakly enabling left ideal, then the same

istrue for] C RandK C S.

3. §-small ideals

We are going to characterize the ideals I < R such that I is a §-small left ideal in terms of the following notion. If M is a
module, a submodule N is said to be summand-small in M if it satisfies the following condition.

IfM = N + X, X asubmodule then X C® M.

Hence small submodules are summand-small, as are §-small submodules, and submodules of summand-small submodules
are again summand-small. A module M is summand-small in itself if and only if M is semisimple, and every submodule of a
semisimple module M is summand-small in M. However, the Priifer group Z,~ has the property that every proper subgroup
is summand-small (in fact small) but Z, is not semisimple.

If M is projective, Lemma 19 yields the following stronger condition that a submodule N € M is summand-small in M.

Lemma 27. If M is projective the following are equivalent for N C M.

(1) N is summand-small in M.
(2) IfM = N + X, X a submodule, then M = S @ X for some S € N.?2

In particular, summand-small submodules of M are partial summands.

The following examples show that partial summands of a projective module need not be summand-small, and that in
general, summand-small submodules need not be partial summands.

Example 28. Partial summands of a projective module need not be summand-small.

0 F 0 F

F F} then M = N + X but X is not a direct

Proof. LetR = [F F] where F is a field, take M = iR, and take N [O F:| . Then N is a partial summand of M (it

is a direct summand), but N is not summand-small in M. In fact, if X = |:0 0

summand of M. O
Example 29. Summand-small submodules need not be partial summands.

Proof. Let ;M = 7Z, & Zg. Then the direct summands of M are 0, M, Z(1, 1), Z(1,4), Z, ®0and 0 Zg. Let N = Z(1, 2). If
M = N + X then X mustbe M, 0 @ Zg or Z(1, 1), and so X €® M. This shows that N is a summand-small in M. But N is not
a partial summand because there does not exist a direct summand S € N such that M = S 4+ X whenever M = N +X. O

We have the following implications among submodule properties N € M that we have defined:

(1) “§-small” = “summand-small”
(2) “6-small” = “partial summand”
(3) If M is projective: “summand-small” = “partial summand” (by Lemma 27).

We can now extend the fact that the sum of a partial summand and a small submodule is again a partial summand.

Proposition 30. Let M be projective, and let K be summand-small in M. If N is a partial summand of M, then N + K is a partial
summand of M.

2 1n [1] such a submodule N is said to be SDM in M.
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Proof. Let M = (N + K) + X; we wantS C€® M suchthat M =S+ XandS € N + K. Wehave M = (N + X) + K so,
as K is summand-small in M, we have N + X C® M. But then, since M is projective, Lemma 19 provides Q C K such that
M=N+X)®Q.

On the other hand, N is a partial summand of N + X by [1, Lemma 3.2] because N is a partial summand of M. This means
that N +X = S; +X where S; €% (N +X)andS; € N.SinceM = (N +X) @ Q, it follows that S; + Q <® M. Now write
S =S; + Q. We have shown that S €® M, and clearly S = S; +Q < N + K. Finally,

SHX=5+Q+X=GE+X)+Q=N+X)+Q =M.
Hence we are done withS =S; +Q. O
Theorem 31. The following are equivalent for a left ideal L of R.

(1) Lis §-smallin R.
(2) Lis summand-small in R.
(3) Lis weakly enabling, and Re is summand-small in R whenever e = e € L.

Proof. (1)=(2). This is clear as § -small submodules are all summand-small.

(2)=(3).If Lis as in (2), then L is a partial summand by Lemma 27, so L is weakly enabling by Theorem 20.1fe? =e € L
then Re is summand-small in R by (2).

(3)=(1).Let R = L + X, where R/X is singular; we must show that X = R. Since L is a partial summand of R by (3) and
Theorem 20, we have R = Re + X where ¢ = e € L. But then X C® R as Re is summand-small, so R/X is both projective
and singular. Hence X = R. O

Let us say that an ideal I < R is left summand-small in R if it is summand-small in zR, and that I is left §-small if it is
S-small in gR.

Corollary 32. An ideal is left §-small if and only if it is left summand-small.
The next result shows that any left §-small ideal is enabling.
Theorem 33. The following are equivalent for < R :

(1) I'is left §-small in R.
(2) 1is enabling and Re is summand-small in R whenevere*> = e € I.

Proof. (2)=(1)is clear by Theorem 31.
(1)=(2).If? = e € I then Re is summand-small by (1).

To show that I is enabling, let a — e € I where e = e; we must find f2 = f € Ra such that a — f € I. We have
l=(¢—a)+a+(1—e),soR =1+ K where K = Ra + R(1 — e). Since I is a left summand-small, Lemma 27 shows
that R = S @ K where S C I. In particular K is projective so, since R(1 — e) is a summand of K, applying Lemma 19 gives
K = Q ® R(1 — e) for some Q C Ra. But then Q is a summand of R (as K is), so K = Rg @ R(1 — e) where g2 = g € Ra.
Hence Ra + R(1 — e) = K = Rg & R(1 — e), and we are done by Lemma 24. O

Since §(R) is itself §-small in gR by [8, Theorem 1.6], Theorems 20, 31 and 33 show that §(R) is enabling, giving a new
proof of Corollary 14. Also, §(R) is an example of a §-small left ideal that may not be strongly lifting (it may not be lifting;
see the discussion following Corollary 14).

Theorem 33 also implies that every left summand-small ideal is enabling, but the converse is false. Let R = [g 5]

where F is a field. Then I = [ 8 II:: } is enabling (in fact strongly lifting as R is an exchange ring). But if X = |:I(; g ] then

I +X = Rbut X is not a summand of gR. Indeed, apart from 0 and 1, the only idempotents 7 in X are 7 = [ 1t ] ,teF,

0 0
and Rr = Frr # X foreach t.
In Theorems 20 and 31, respectively, we have established the following implications for I < R.

I is left summand-small = I is enabling = I is a left partial summand.

The converse to the first implication is false (example above), but we have no counter-example to the converse of the
second implication. Note that if I is a left partial summand then it is both left and right weakly enabling by Theorem 21
but, as mentioned above, we do not know if the converse is true. However, we do have the following result (extending
Proposition 6) when the ideal is idempotent-free.

Proposition 34. The following are equivalent for an idempotent-free ideal I of R :

(M I1<JR).

(2) I'is enabling.

(3) I'is a left (right) partial summand of R.
(4) Iis left (right) summand-small in R.
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Proof. (1)=(2). This is by Proposition 6.

(2)=(3). This is by Theorem 20.

(3)=(4). Let R = I + gX; we must show that X C® R. By (3) there exists > = e € I such that Re + X = R. Sincee = 0
by hypothesis, we have X = R and (4) follows.

(4)=(1).1f1 ¢ J thenI ¢ M for some maximal left ideal M. Thus R = I + M so Lemma 27 implies that R = Re @ M for
some e’ = e € I. Since I is idempotent-free this implies that M = R, a contradiction. O

Note that the implications (1)=(2)=>(3) in Proposition 34 all hold without the idempotent-free hypothesis.
Regarding (4) of Proposition 34, we have the following example.

Example 35. Being summand-small is not left-right symmetric for ideals in general.

Proof. Let R = [g II::] where F is a field. and write S, and S; for the right and left socles of R. Thus S, = [8 E] , SO
Sy = 4, because ‘53—; = ](%) = 0. Similarly §; = S, = I(; I(; .Ifwelet]l = S; < R then [ is left summand-small in R by

Theorem 31. But I is not right summand-small because I is not §-small as a right ideal since §; € §,. O
Example 36. For an ideal I, neither strongly lifting nor left summand-small implies the other.

Proof. The ideal §(R) is left summand-small because it is §-small, but § (R) may not be lifting (see the discussion following
Corollary 14).
Conversely, let I <t R be such that R = I @ K for some left ideal K. Then I is strongly lifting by [6, Example 3]. But if

I is not semisimple then it is not §-small by [8, Lemma 1.2] . For example, if R = .2(1)4 % and | = 8 %} , then
I <R,R=1@®K for some left ideal K, but] ¢ S; = 2%4 ZOZ ] . For a commutative example, let R = F* where F is a field

and A is infinite, and choose e? = e € R — F_If | = Re then I is a direct summand ideal so, if I were §-small, it would be
semisimple. But I ¢ FY = soc(R). O

The next result continues Proposition 11 by presenting more results about factor rings.

Proposition 37. LetI < R. IfK D I is a left ideal of R such that K /I C J(R/I), then

(1) IfI1is left summand-small in R then K is summand-small in gR;
(2) IfIis a partial summand of gR then K is a partial summand of gR;
(3) Ifevery left ideal in I is summand-small in gR, then every left ideal in K is a partial summand of gR.

Proof. Let I, K and R be as above, and write R = R/l and 7 =r + I forr € R.

(1) LetR = K + gX; we must show that X C® R. Write 1 = k+x, k € K, x € X. Since 1-x=k e](l_%),)?is aunitinR. It
follows that R = I + Rx, whence R = I + X. By hypothesis, X C® R, as required.

(2) LetR = K 4 X; wewantR = Re + X forsomee* = e € K. If 1 = k+x, k € K, x € X, then (asabove))'cisaunitinl_z,
SOR=Rx+I. Write1=rx+a,r €R,a eI, sothatrx — 1 € I. AsI is weakly enabling there exists f> = f € Rrx such
thatrx —f € [.Since1 —f = (1 —rx) + (rx—f) € I, wehave R = + Rf. ButI C K so we have R = K + Rf. Finally,
since R is projective and Rf is a summand, Lemma 19 shows that there exists e? = e € K such that R = Re @ Rf. Since
f € X we have R = Re + X, asrequired.

(3) Let R = M + gX where M C K is a left ideal; we must show that R = Rh + X for some h> = h € M. Write
1=m+x,meM,xe X.Thenl—x € M C Kso,asin(1),xisaunitinR. HenceR = Rx+I,say1 =rx+a,r e R,a € I.
Thenrx — 1 € I. So, as I is weakly enabling (it is left summand-small by hypothesis), there exists e = e € Rrx C X
such thatrx — e € I. It follows that e — 1 € I, whence Re 4+ I = R. Since I is left summand-small, let Re + Rf = R where
f? =f el.Ase e X, the modular law asserts that X = Re 4+ (X N Rf) where X N Rf C I.

Hence R = M + Re + (X N Rf). But X N Rf is summand-small in gzR by hypothesis, so R = (M + Re) & Rg where
g% = g € X NRf. In particular, M + Re is projective so, as Re is a direct summand of M 4 Re, Lemma 19 shows that
M + Re = L @ Re where L C M. HenceR = (L@® Re) ® Rg = L + X becausee € X and g € X.IfL = Rh, h®> = h, we are
done because L C M. O

We summarize the implications for an ideal among the properties we have been discussing:

Strong Lifting

U
S-small & Summand-small = Enabling = Weakly Enabling <> Partial Summand
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4. I-semiregular modules

If I <t R the [-semiregular modules are an important generalization of the semiregular modules. Several theorems about
I-semiregular modules in general are strengthened if the ideal I is assumed to be enabling. Two such theorems (which
motivated the study of enabling ideals) are discussed in this section.

Following Zelmanowitz [7], an element ¢ € M is called regular in the left module M if ¢ = (q)\)q for some
A € M* = hom(M, R). If M = gR this recovers the definition of a regular element: ¢ = gbq for some b € R. Zelmanowitz
proves the following lemma.

Lemma 38. Let q € M be aregular element, say q = (q))q for some > € M*.Ife = qi thene? = e, Rqg = Re, and M = Rq®K
where K = {k € M | (kA)q = 0}.

A version of the next lemma appears in [2, Proposition 2.2].

Lemma 39. Let R be a ring, letI < R, and let xRM be a left R-module. The following are equivalent form € M.

(1) There exists a decomposition M = P @& Q where P is projective, P C Rmand Rm N Q C IM.
(2) There exists . € M* such that m\ = e = e* and (1 — e)m € IM.
(3) There exists y? = y € end(zxM) such that My C Rm, My is projective, and m — my € IM.

An element m of amodule M is called I-semiregular if it satisfies the conditions in Lemma 39, and M is called an I-semiregular
module if every element is I -semiregular.

IfI <« R and m is an I-semiregular element of a left module M, it is known that m — q € IM for some regular element
q € M. If I is enabling, the converse is true. More precisely, we have the following theorem.

Theorem 40. Let I < R be an enabling ideal, and let M be a module. The following are equivalent for m € M.

(1) mis I-semiregular.
(2) There exists a regular element q € Rm such that m — q € IM.
(3) There exists a regular element q € M such that m — q € IM.

Proof. (1)=>(2). Choose e = mA as in part (2) of Lemma 39, and write ¢ = em. Then gA = e(mA) = e = e, so
(qA)q = eq = q. Hence q is regular,and m — ¢ = (1 — e)m € IM by (2) of Lemma 39.

(2)=(3). This is obvious.

(3)=(1). Assume that I is enabling and that m—q € IM where q is regular, say (gA)q = qwhere A : M — R. Writee = g\
so that, by Lemma 38,e?> = e € R, Rg = Re, and M = Rq@® K where K = {k € M | (kA\)q = 0}. Thenmi —e = (m—q)A €I
because m — q € IM. Since I is enabling, there exists f2 = f e R(m\) such that f — mA € I. Write f = a(m)), a € R, where
we may assume that fa = a. Define p = am. Then pA = a(mA) = f, so (pA)p = fp = p; that is p is regular.

For convenience, if X, y € M we write x = y to mean that x — y € IM. Thus m = q by hypothesis, whence mA — gA € I.
Moreover,amA — mA = f —mA €1, so

aq = a(qh)q = a(mr)q = (mi)q = (qA)q = q.
It follows that p = am = aq = q so, since ¢ = m, we have
p=m and Rm+ IM = Rp + IM.

Since p is regular, let M = Rp & W where W = {w | (wA)p = 0}. Now let y?> = y € end(M) be such that My = Rp and
M(1— y) = W. Since Rp C Rm, the modular law gives

Rm=Rp® (RmNW).
Since Rp is projective, it remains to show that Rm N W C IM. But:
RmMNW C Rm+IM)NW = Rp+ IM)NW

so it suffices to show that (Rp +IM) "W C IM.Butifx =rp+ne€ W, r € R, n € IM, then 0 = xy = rp 4+ ny, whence
rp = —ny € IM. This means that x = rp + n € IM, proving (1). O

Corollary 41. Let] < R be enabling, and let m, my € gM. If m is I-semiregular and m — my € IM then my is also I -semiregular.

With Theorem 40 we can give a structure theorem for countably generated I-semiregular modules M where IM is §-small
in M. The result is analogous to [4, Theorem 1.12].

Theorem 42. Let M be a countably generated, I -semiregular module, and let I < R be an enabling ideal. If IM is §-small in M,
then M = @° Re; where e? = e; € R. In particular M is projective.
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Proof. Let x1, Xx,, . .. be a generating set for M. It suffices to construct regular elements q; of M, submodules W; C M, and
submodules Z; C IM such that, for eachn > 1,

(1) M=Rq1®---®Rq, W,

2n) RX1+---+Rx, CRq1 ®--- ®Rqy + Z,.
Indeed, in that case XjRx; is a direct sum, and M C XiRx; C ®;Rq; + XiZ; C ®;Rq; + IM. Hence M = ®;Rq; + IM. As IM

is §-small, [8, Lemma 1.2] shows that M = ®;Rq; & S where S C IM is a projective, semisimple module. With this we are
done by Lemma 38.

Since I is enabling, Theorem 40 gives x; = q; + z; where q; is regular in M and z; € IM. Hence, by Lemma 38,
M = Rq; & W; where W; = {w € M | (wA)q; = 0}. Hence (11) and (21) hold with Z; = Rz;.
Now assume inductively that g;, W; and Z; have been constructed for each k = 1,2, ..., n so that (1,) and (2,) hold.

Write P, =Rq1 ® - - - @ Rq, sothat M = P, & W,,. Let  : M — M be the projection with Mz = P, and ker (7)) = W,. Itis
routine to verify that

Pn+RXn+1 :PnGBRXIH»l(‘1 _77)~

Define t,1 = xp,+1(1 — 7). Then t;,.; € W, and W, is [-semiregular by [1, Theorem 2.6], 50 t,+1 = qn+1 + Znt1 Where
Gn+1 € Rtyy1, quyq istegularin Wy, (and soin M), and z,+1 € IW, C IM. By Lemma 38 we have M = Rq,, 1K for some K, so
Wy, = Rqn+1D (Rqn+1NK), and (1,41 ) follows if we take Wy 11 = RGn1NK. Nextx,11 = X417 +tnp1 = Xnt1T +qnt1+2n+1,
S0 Rxp+1 € Py + Rqn+1 + Rzy41. Using (2,) it follows that

Rxi+ -+ + Rxpy1 SRG1 @ - - - @ Rqn1 + Zn + Rzngr,

and we obtain (2,,41) with Z,, 1 = Z, 4+ Rz,41. This completes the proof of the theorem. O
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