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Abstract

We propose a new lifetime model called the transmuted geometric-Weibull distribution. Some of its
structural properties including ordinary and incomplete moments, quantile and generating functions,
probability weighted moments, Rényi and g-entropies and order statistics are derived. The maximum
likelihood method is discussed to estimate the model parameters by means of Monte Carlo simulation
study. A new location-scale regression model is introduced based on the proposed distribution. The new
distribution is applied to two real data sets to illustrate its flexibility. Empirical results indicate that
proposed distribution can be alternative model to other lifetime models available in the literature for
modeling real data in many areas.

Keywords: Goodness of fit, Lifetime data, Maximum likelihood, Moment, Order
statistic, Regression model.

1. Introduction

The Weibull distribution has an undeniable popularity in probability and statistics due to
its versatility of modeling real world data. Yet there are many cases where the classical
Weibull distribution is unable to capture true phenomenon under study. Therefore,
several of its generalizations have been proposed and studied. A generalized form of
Weibull distribution is obtained by inducting one or more parameter(s) to the two-
parameter Weibull distribution. It has been proven that several of these generalized
distribution are more flexible and are capable of modeling real world data better than the
classical Weibull distribution. A state-of-the-art survey on the class of such generalized
Weibull distributions can be found in Lai et al. (2001) and Nadarajah (2009). Some
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generalization of the Weibull distribution studied in the literature includes, but are not
limited to, exponentiated Weibull (Mudholkar and Srivastava, 1993; Mudholkaret al.
1995; Mudholkar, Srivastava et al. 1996), additive Weibull (Xie and Lai, 1995),
Marshall-Olkin extended Weibull (Ghitany et al. 2005), beta Weibull (Famoye et al.
2005), modified Weibull (Sarhan and Zaindin, 2009), beta modified Weibull (Silva et al.
2010), transmuted Weibull (Aryal and Tsokos, 2011), extended Weibull (Xie et al. 2002),
modifiedWeibull (Lai et al. 2003), KumaraswamyWeibull (Cordeiro et al. 2010),
Kumaraswamy modified Weibull (Cordeiro et al. 2012), Kumaraswamy inverse Weibull
(Shahbaz et al. 2012), exponentiated generalized Weibull (Cordeiro et al. 2013),
McDonald modified Weibull (Merovci and Elbatal, 2013), beta inverse Weibull (Hanook
et al. 2013), transmuted exponentiated generalized Weibull (Yousof et al., 2015),
McDonald Weibull (Cordeiro et al. 2014), gamma Weibull (Provost et al, 2011),
transmuted modified Weibull (Khan and King, 2013), beta Weibull (Lee et al. 2007),
generalized transmuted Weibull (Nofal et al, 2017), transmuted additiveWeibull (Elbatal
and Aryal, 2013), exponentiated generalized modified Weibull (Aryal and Elbatl, 2015),
transmuted exponentiated additive Weibull (Nofal et al. 2016), Marshall Olkin additive
Weibull (Afify et al. 2016), Kumaraswamy transmuted exponentiated additive Weibull
(Nofal et al, 2016) distributions and the Topp-Leone Generated Weibull distribution
(Aryal et al, 2016)

Let p(t) be the probability density function (pdf) of a random variable T € a, b] for
—oo < a < b <o and let W[G(x)] be a function of the cumulative distribution function
(cdf) of a random variable X such that W [G (x)] satisfies the following conditions:

@)  WIG)] € a,b],

(ii) WI[G(x)]isdifferentiableandmonotonicallynon — decreasing, and (1)

(iii) W[G(x)] > a as x » —coand W[G(x)] > b as x — .

Recently, Alzaatreh et al. (2013) defined the T-X family of distributions by

F) = [ p(e) at, @)

where W[G (x)] satisfies conditions (1). The pdf corresponding to (2) is given by
fe0) = {Z WIGEl} pWIGE)D), 3)

According to Afify et al. (2016) the cdf of the TG-G family is given by

0 G(x:9)
1+(0-1)G(x;0)

FTG—G(x) :f (1+/1_2/1t) dt
0
0G (x; $) AG (x; §)
= 1+ ,
1+ (0 —1G(x;P) 1+ —1G(x;P)
where G(x; ¢) and 6 > 0, |[A] < 1 are two additional shape parameters. The TG-G is a

wider class of continuous distributions. It includes the transmuted-G family of
distributions and geometric-G. Concider the cdf of the Weibull (W) distribution,

GO a,B)=1—e @’  Thenusing Frg_g(x) We get
o 1—e=(@0Ff 8
~(ax)
F(x) = ( ) {1 SR L } 4)

1+(6—1)(1—e—<“x>ﬁ ) 1+(9—1)(1—e—(‘1x)B )
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The pdf corresponding of (4) is given by
226(1-e (“X)B)
16— 1)(1 e (ax)ﬁ)

Gﬁaﬁxﬁ‘

Fo0) = B2 14 (- 1) (1- e @] [

(5)

For A = 0 we obtain geometric-W (GW) distribution. We denote by X~TG-W(4, 0, a, 8)
a random variable having density function (5).

The rest of the paper is organized as follows: In Section 2, some mathematical properties
of the TGW are obtained such as mixture representation, quantile function, moments,
order statistics and reliability estimation. Section 4 is devoted to characterizations of the
proposed distribution and in Section 5 estimation of model parameters by the maximum
likelihood method is presented. In Section 5, brief Monte-Carlo simulation study is
performed to estimate model parameters with maximum likelihood estimators (MLE).
The log-transmuted geometric-Weibull regression model is defined in Section 6. Section
7 is devoted to applications to illustrate the flexibility of the proposed distribution in
many fields such as univariate data fitting and survival analysis. Finally, some concluding
remarks are given in Section 8.

2. Mathematical Properties
In this section some mathematical properties of the TWG distribution is discussed.

2.1. Survival and Hazard Functions

Central role is played in the reliability theory by the quotient of the pdf and survival
function. We obtain the survival function corresponding to (4) as

6(1-e @) { Je—(@0F }

Sx)=1- 1+(6 - 1)(1 _ e—(ax)ﬁ) + 14 (6 — 1)(1 — e—(ax)B)

In reliability studies, the hazard rate function (hrf) is an important characteristic and
fundamental to the design of safe systems in a wide variety of applications. Therefore, we
discuss these properties of the TGW distribution. The hrf of X takes the form

210 (1 — e~(@0)f )

0Bal xB1 B\1-2
— _ _ a—(ax) _
h(x) T [1+@ -1 (1-e @) 142 T3 60— D — @
-1
0 (1 — e_(ax)ﬁ) Ne—(@0f
— 1
1+ -1D(1—e @) |7 146 -1)(1-e@F)

In Figure 1, we display some plots of the pdf and hrf of the TGW distribution for selected
parameter values. Figure 1 reveals that the TGW density generate various shapes such as
right-skewed, reversed-J, and unimodal. Figure 1 also shows that the TGW distribution
can produce hazard rate shapes such as increasing, decreasing, and reversed-J. This fact
implies that the TGW distribution can be very useful for fitting data sets with various
shapes.
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Figure 1. Plots of pdf and hrf of the TGW distribution for the selected parameter values.

2.2. Asymptotics

Proposition 2.1 The asymptotics of TGW distribution from cdf, pdf and hrf as x — 0 are
given by

F(x):0(1+ ) (ax)P,

F(x):0 B(1+ V)aPf xB-1,

h(x):6 B(1 + DaPf xF1.
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Proposition 2.2 The asymptotics of TGW distribution from cdf, pdf and hrf as x — o are
given by

1—-F(x): e~ (@ x)B,

F(x): B af xP-1e-(@0f

h(x): B af xB~1,

These equations show the effect of parameters on tails of TGW distribution.

2.3. Mixture Representation

In this section, we provide a very useful representation for the TG-W density. The pdf in
(5) can be rewritten as

6(1+1) BaPxh-1 e—(@0f 2202 paPxP1 e~(@0f (1—e_(“x)ﬁ)

x) = > 3 6
) [1+(6-1)(1-e-@0F)] [1+(0-1)(1-e-@0F))] ©)
Then, the pdf in (6) can be rewritten as
— k
[0 = (+20pabxbte @ 50— 1)k () ) (1 - @)
()
_ k+1
~226 pafx~t e @ 3o (0 - 1)F () N(1-e@)
the pdf (7) can be expressed as a mixture of exp-W density
f(x) = Xx=o [y Ter1(x) = by T2 (X)]. @)
But
) -3 DFk+1D)(k+2)
(()EED R+ and ()= > :
where

5-1
ms(x) = 8falxP-1 e @0)Ff (1 - e‘(“")ﬁ)

is the exp-G pdf with power parameter § > 0,
a,=6(1+2) (1-6)k and b, =216%(k+1)(1—6)k

Thus, several mathematical properties of the TG-W density can be obtained simply from
those properties of the exp-W density. Equation (8) is the main result of this section.

The cdf of the TG-W distribution can also be expressed as a mixture of exp-W densities.
By integrating (8), we obtain the same mixture representation

o0

F(x) = Z [ay Tgi1(x) — by iy (x)],

k=0

s
where Iz (x) = (1 — e~ (@f ) is the cdf of the exp-W density with power parameter §.
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2.4. Quantile Function

The quantile function (gf ) of X, where X:TG-W(4, 6, a, 8), is obtained by inverting (3)
to obtain Q(u) = F~1(u) as

=~

,for A # 0,u € (0,1).

a

1[
Q) =—|ln

2u(l —0)2 4+ 20(1 + 1) — 262 ]
2uf(1—0) +6(1 + 1) — 262 + 6,/ (1 + )2 — 4uld

For 2 = 0, we have

1
u(l1—6)%+6—062]|°
u6(1—0) + 60— 02

1
Q(U) = a[ln[

Simulating the TG-W random variable is straightforward. If U is a uniform variate on the
unit interval (0,1), then the random variable X = Q(U) follows 6.

The effects of the shape parameters on the skewness and kurtosis can be based on
quantile measures. We obtain skewness and kurtosis measures using the gf. The Bowley's
skewness measure is given by
Q(1/4) +Q(3/4) —2Q(1/2)
Q(3/4) —Q(1/4)

and the Moors's kurtosis measure is
Q(7/8) —Q(5/8) + Q(3/8) — Q(1/8)

Q(6/8) — Q(2/8) '

These measures enjoy the advantage of having less sensitivity to outliers. Moreover, they
do exist for distribution without moments. Both measures equal zero for the normal
distribution. Plots of skewness and kurtosis of the TGW distribution are presented in
Figure 2. These plots indicate that both measures depend very much on the shape
parameters. Therefore TGW distribution can model various data types in terms of
skewness and kurtosis.

Skewness =

Kurtosis =

Skewness Kurtosis

Figure 2. Plots of skewness and kurtosis of TGW distribution for « = 2 and g = 2.
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2.5. Moments and Generating Function
The rth moment of X, say u,., follows from (9) as

0

' r
= B = Y {ag 0 = b EOL} = ) o T (145),
k=0 k,j=0 3
Where

_am(=1) aI'(k + 2) b, I'(k + 3)
©h) =G+ D)T+BIE { Ttk+1—-)) T(k+2 —j)}

Henceforth, Y, denotes the exp-G distribution with power parameter k. The nth central
moment of X, say M,,, is given by
n

My = EX-m)" =) (7)(-m)"" EGN

r=0
ZZ 1)’” u(” w -r(1+%).

The cumulants (x,,) of X follow recursively from
n-1
' n—1 '
= HUn— Z (T‘ _ 1) Ky Hn—r»
r=0

where Ky = py, Kk = iy — 2, k3 = iy — 3upls + ui, etc. The skewness y; = iz /i)’

and kurtosis y, = k4 /K3 are obtained from the third and fourth standardized cumulants.

The nth descending factorial moment of X (forn = 1,2, ...) is
n

iy = EX®] = EXX = D x ox (X =n+ D] = ) s,
k=0
where s(n, k) = (k!)‘1[d"k(")/dx"]x=O is the Stirling number of the first kind. The mgf

My (t) = E(et*) of X can be derived from equation (8) as

My (t) = Z [ax My41(t) — b My2(0)],
k=0
where M, (t) is the mgf of Y,. Hence, My(t) can be determined from the exp-G
generating function. Then

My = ) miyT(147)

k,jr=0
tT
where mklr = "okj
2.6. Incomplete Moments and Mean Deviations

The main applications of the first incomplete moment refer to the mean deviations and
the Bonferroni and Lorenz curves. These curves are very useful in economics, reliability,
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demography, insurance and medicine. The sth incomplete moment, say ¢, (t), of X can
be expressed from (8) as

or(t) = ffwxff(x)dx=k§0[ak [ X M () = by [1 X7 mep (x)dlx].

- —_—_y ©)
= kljzzowk'jy (1 +E,(?) )

The mean deviations about the mean [8; = E(|X — uy])] and about the median [8, =
E(]X —M])] of X are given by 6y = 2u1F(uy) — 201 (1) and 6, = py — 2<P1'(M),
respectively, where u, = E(X), M = Median(X) = Q(0.5) is the median, F(u,) is
easily calculated from (4) and ¢, (t) is the first incomplete moment given by (9) with s =
1.

The general equation for ¢, (t) can be derived from (9) as

010 = [aJen® = b (] = ) w;’i,,—y(l +1,(f)ﬁ>,

t
k=0 k,j=0 B
where

. a1/ a'(k +2) b T'(k + 3)
@i = jr(G +1)a+p/B {F(k +1—-)) T(k+2 —j)}

These equations for ¢, (t) can be applied to construct Bonferroni and Lorenz curves

defined for a given probability = by B(m) = ¢,(q)/(muy) and L(m) = ¢,(q)/uy,
respectively, where u; = E(X) and g = Q(n) is the gf of X at 7.

2.7. Order Statistics

Order statistics make their appearance in many areas of statistical theory and practice. Let
X1, ..., X, be arandom sample from the TG-W distributions. The pdf of ith order statistic,
say X;.n,, can be written as

@) o
fin(®) =522z (<17 () Foo (10)
Then
o © AWgiti-1g=w(@n)B (1 _o—(ax)B JH-1
Fe*i= 3 (+i-1), e (1)
w=0 wi[1+(0-1)(1-e-@0F)]
Using (5) and (11) we get
. B j+i—-1
N “ (1 + DAYOIH BB +i— 1), xF 1 (1—e-(w€) )
fOOF ()1 = Z jHi+w+1

o= wleWrD@DF[1 4 (9 — 1)(1 — e~(@F)]

WHlgj+i+1p Bi 1 i g1 _ a—(ax)P Ji
2AW*16 BaP(G+i—1),x 1—e

jHi+w+2

o= wleW D@1 + (9 — 1)(1 — e~ (@0F)]
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Then
fQF(x)/ 71 = k2=0 [Yk”k+j+i+m(x) - lPk7'[k+j+i+m+1(x)]- (12)

Substituting (12) in Equation (10), the pdf of X;.,, can be expressed as

RV g

fin(x) = BG,n—i+1) kz; [Yk"k+j+i+m(x) - lI1k7fk+j+i+m+1(9‘f)],
where
v Z”: GieD (—D*(1 + DAVI (1 — O)"T(w + DIG +i+w+m+1)
KT L W T I I T(w —k+ DTG + i+ w+ D[k +j+i+m+1]
mw=

(—Dk2AwWHg/H (1 — )" T(w+ DI+ i+w+m+2)
wimlklTw—k+DIG+i+w+ D[k +j+i+m]

W= > G+i-Dy
mw=0
and 1, (x) is the exp-W density with power parameter k. Then, the density function of
the TG-G order statistics is a mixture of exp-G densities. Based on the last equation, we
note that the properties of X;.,, follow from those properties of Y,,,. For example, the
moments of X;.,, can be expressed as
gy (i) @
E(Xgn) = B(in—i+1) kz—o [YRE(YIg+j+i+m) o lPkE(Ylg+j+i+m+1)]
o mei B (13)
mme o (77)

_ - a
- B(i,n—i+1) k%‘;o Skl (1 + B)'

where

_ati=Dt TK+j+i+m+1)Y, TEA+j+i+m+2)¥
SR = it D@BE | T(K+j+i+m—h) T(K+j+it+m+1—h)|

The L-moments are analogous to the ordinary moments but can be estimated by linear
combinations of order statistics. They exist whenever the mean of the distribution exists,
even though some higher moments may not exist, and are relatively robust to the effects
of outliers. Based upon the moments in equation (13), we can derive explicit expressions
for the L-moments of X as infinite weighted linear combinations of the means of suitable
TG-W order statistics. They are linear functions of expected order statistics defined by

r—1
1 -1
dr==> D (T EXar 21
d=0

2.8. Probability Weighted Moments

Generally, the PWM method can be used for estimating parameters of a distribution
whose inverse form cannot be expressed explicitly. The PWMs are expectations of
certain functions of a random variable and they can be defined for any random variable
whose ordinary moments exist. They have low variance and no severe bias and can
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compare favorably with estimators obtained by the maximum likelihood method. The
(s,r)th PWM of X following the TG-W distribution, say p; ., is formally defined by

por = EUCFQT) = | * FQO fGod

r

FX)© = er 1-e (ax)ﬁ [ /1[1 1 e—(ax)B)]
[1+6-1)(1-e" (ax)ﬁ ] 1+(6-1)(1-e~(@0F) ”
_ w AvoT[1-(1-e (ax>ﬁ> | (1-e (ax)ﬁ)
= Wzio (Mw W![1+(9—1)(1_e (ax)ﬁ>]

From Equation (5) and the last equation , we can write

FEOF@Y = FEOFGYT = 3 iltsriman () = Wity imsa ()],

k=0
where
Yr = § ) (—D¥A+DA¥ T+ (1-0) T (W+1)T (r+w+m+2)
e =0 W kI W=kt DY w+2) [k r+m+ 1]
and

e i (1, ED 2RO = )M + DIG+ w+m +3)
k™ Y wlmlklTw—k+DIr+w+3)[k+7r+m+ 2]

m,w=0

Finally, the (s,7)th PWM of X can be obtained from an infinite linear combination of
exp-W moments given by

S
Psr = Z pk,jr<1 +E>

k,j=0
where

_ (-DJa [Tk+r+m+2)Y; Tk+r+m+3)¥;
pk,J_j!(j+1)(s+B)/B Fk+r+m+1—j) Tk+r+m+2-jf

2.9. Reliability estimation

The stress-strength model is the most widely approach used for reliability estimation.
This model is used in many applications of physics and engineering such as strength
failure and system collapse. In stress-strength modeling, R = Pr(X, < X;) is a measure
of reliability of the system when it is subjected to random stress X, and has strength X;.
The system fails if and only if the applied stress is greater than its strength and the
component will function satisfactorily whenever X; > X,. R can be considered as a
measure of system performance and naturally arise in electrical and electronic systems.
Other interpretation can be that, the reliability, say R, of the system is the probability that
the system is strong enough to overcome the stress imposed on it. Let X; and X, be two
independent random variables with TG-W(A,,0,,a,8) and TG-W(A,,0,,a,p)
distributions. Then, the reliability is defined by

R = j fl(X; Al: eliai,B)FZ(X; AZ,HZ,C{,,B)CZX = Z {ak,j - bk,j — Ck,j + dk,j};

0 k,j=0
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where
A+2)A+2) 1-60) (1 -6) (k+1)
el = k+J +2)(6,6,) " !
A+ A-6)F 1-6)Y(k+ DG+ 1)
o (k+j+3)(1,60,65)7! ’
N )60 (- 6,) (k +2)(k + 1)
o k=0 (k+j+3)(4 6’12 6,)1
and
dp ; = o (1— 6% (1—6,)/(k +2)2, G+ )(k + 1)
,J] .

N (k+j + 9 1,07 63)7

3. Characterizations

Here, we provide characterizations of the GT-W distribution in terms of two truncated
moments. This characterization result is based on a theorem (see Theorem 1 below) due
to Glanzel (1987). The proof of Theorem 1 is given in Glanzel (1990). This result holds
also when the interval H is not closed. Moreover, as mentioned above, it could be also
applied when the cdf F does not have a closed form. Glanzel (1990) proved that this
characterization is stable in the sense of weak convergence.

Theorem 1. Let (,,p) be a given probability space and let H = [a, b] be an interval for
some a < b(a = —oo ,b = oo mightaswellbeallowed). Let H:Q — H be acontinuous
random variable with cdf F and let g and h be two real functions defined on H such that

E(g(0)|X 2 x) = E(h(x)|X =2 x)n(x),x € H,

is defined with a real function h. Assume that g, h € C1*(H), n € C2(H) and F is twice
continuously differentiable and strictly monotone function on the set H. Finally, assume
that the equation hn = g has no real solution in the interior of H. Then F is uniquely
determined by the functions g, h and n, particularly

(" n'(w)
F(x) ‘L ¢ lrna =gt

where the function s is a solution of the differential equation s = n'h/(nh — g) and C is
the normalization constant, such that ,dF = 1.

exp(—s(u))du,

Proposition 1.

Let X: Q — (0, ) be a continuous random variable and let
220 (1—e-@*) "

1+ (6 — 1D(1— e~ @F)

h(x) =|1+1-

and
9@ =h) |1+ @ -1 (1- e-<“X>B)]_1.
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The random variable X belongs to GT-W distribution (5) if and only if the function n
defined in Theorem 1 has the formand
1] 20-(0-1e@F

USR] e 1)(1 — e~@F)|

Proof.

Let X be a random variable with density (5), then
o~ (@x)f

F()E[h(x)IX 2 x] = [1 +(O-D[1- e—(ax)f‘]]

and
_ e=@’ |26 - (9 — 1)e~ ("]
F(x)E[g(x)|X = x] = 2
20 [1+ (6 — D[1 — e~@]|
and finally
1 a
n(OE) =~ g(x) = 5h() |1~ e @],
' By B-1p—(ax)f
S'(x) = n'(Xh(x)  aPalxP e

T n(h(x) —g(x) [1—e-@F]

Then, we have
S(x) = aln [1 - e_(“x)ﬁ].

Then, X has the pdf (5).

Corollary: Let X:Q — (6,0) be a continuous random variable and let h(x) be as in
Proposition (1). Then the random variable X has the pdf (5) if and only if the functions g
and h defined in Theorem 1 satisfy the following differential equation

n'(Oh(x) _ aBaPxB-le—(@of
nx)h(x)-g(x) [1_6—(ax)ﬂ]

(15)

The general solution of the above differential equation is

a aBalxP-le=@F  gx)
=|1—e-(@F —J X ——dx + K|,
n(x) [ e ] { [1_8—(ax)ﬁ] 0o x +
where K is a constant. There is a set of functions satisfying the differential equation (15)
is given in Proposition 1 with K = 0. Moreover, there are other triplets (h, g,n)
satisfying the conditions of Theorem 1.

4. Maximum Likelihood Estimation

Several approaches for parameter estimation were proposed in the literature but the
maximum likelihood method is the most commonly employed. The maximum likelihood
estimators (MLES) enjoy desirable properties and can be used when constructing
confidence intervals and also in test statistics. The normal approximation for these
estimators in large sample theory is easily handled either analytically or numerically. So,
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we consider the estimation of the unknown parameters for this family from complete
samples only by maximum likelihood. Here, we determine the MLEs of the parameters of
the new family of distributions from complete samples only. Let x4, ..., x,, be a random
sample from the TG-W distribution with parameters 1,6, a and 5. Let ©® =(4,0, a, )T be
the (4 x 1) parameter vector. Then, the log-likelihood function for ©, say ¢ = £(0), is
given by

¢ = nlogf + nlogB + nPloga + (B — 1) X1v, log(x;) + X7, logs; — 221, logz; +

i=o logp;, (16)
where
si=e @5l = o=@’ 7 = [14 (0 - 1)(1 - 5]
and
2460(1 — s;
by = [1 - <—>]
Zj

Equation (15) can be maximized either directly by using the R (optim function), SAS
(PROC NLMIXED) or Ox program (sub-routine MaxBFGS) or by solving the nonlinear

likelihood equations obtained by differentiating (15).The score vector components, say
_ 0t _ (¢ 0t 0t dyp_ T are qi

U(G) - 00 - 0/1169 'aa'aﬁ) - (U/’L, Ug,Ua, UB) ,al’e glven by
n

n n
t; n 1-—y5; qi
T R
g pi’ ° 6 ez p' ¢

i=0 i=0
np = m, Sm e
=24y Ti2e-n)y Ty
a e S e Zj & i
i=0 i=0 =0
and
n n n n
n w; (6 — Dw; b;
Ug = = + nloga + log(x;) + —+2 ) ——+ —,
B ﬂ S: Z: p
i=0 i=0 " i=0 ' i=0 "t
where
3 —,Baf”‘lxiﬁ 3 —(ax;)Plog(ax;) _ =220[-wiz; + (6 — D(1 — 5)w;]
L A caxphp LT 27 ’
21(1 - Si)[Zi - 0(1 - Si)] —2/19[—mizi + (0 - 1)(1 - Si)mi]
9=~ P , A = > and t;
Z Z
Zj

Setting the nonlinear system of equations U, = Ug = U, = Ug = 0 and solving them
simultaneously yields the MLE © = (1,8,&, )T of ® = (4,0, a,8)T. These equations
cannot be solved analytically and statistical software can be used to solve them
numerically using iterative methods such as the Newton-Raphson type algorithms. For
interval estimation of the model parameters, we require the observed information matrix
Upp Upg Upa U,w\
Ugr Ugs Uga Ugp
](@)=—| Ua/l UaG Uaa Uaﬁ l’
\Um Uso Upa Upp /
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Under standard regularity conditions when n — oo, the distribution of ® can be
approximated by a multivariate normal N,(0,/(®)~1) distribution to construct
approximate confidence intervals for the parameters. Here, J(®) is the total observed
information matrix evaluated at ®. The method of the re-sampling bootstrap can be used
for correcting the biases of the MLEs of the model parameters. Interval estimates may
also be obtained using the bootstrap percentile method. Likelihood ratio tests can be
performed for the proposed family of distributions in the usual way.

5. Simulation Study

In this section, a brief simulation study is conducted to examine the performance of the
MLEs of TGW parameters. Inverse transform method is used to generate random
observations from TGW distribution. We generate 1000 samples of size, n =50, 100, 500
and n=1000 of TGW distribution. The evaluation of estimates was based on the bias of
the MLEs of the model parameters, the mean squared error (MSE) of the MLEs. The
empirical study was conducted with software R and the results are given in Table 1. The
values in Table 1 indicate that the estimates are quite stable and, more importantly, are
close to nominal values when n goes to infinity. It is observed from Table 1 that the
biases and MSEs decreases as n increases. The simulation study shows that the maximum
likelihood method is appropriate for estimating the parameters of TGW distribution. In
fact, the MSEs of the parameters tend to be closer to the zero when n increases. This fact
supports that the asymptotic normal distribution provides an adequate approximation to
the finite sample distribution of the MLEs. The normal approximation can be improved
by using bias adjustments to these estimators.

Table 1: Biases and MSEs for the MLEs of the parameters of the TGW distribution

a=0.5 B = Bias MSE
0.5

(7] A n (7] y) a B (7] A a B

05 05 50 1.049 0877 0.701 0.622 0.549 0.945 0.154 0.322
100 0549 0.349 0443 0559 0.217 0.444 0.049 0.173
500 0.134 0.144 0.105 0513 0.019 0.103 0.011 0.059
1000 0.071 0.011 0.015 05 0.030 0.054 0.001 0.013

2 05 50 0933 0.649 0.504 0.632 0.249 0.547 0.094 0.103
100 0519 0.394 0301 049 0.103 0.343 0.043 0.048
500 0.104 0.104 0.148 0.338 0.018 0.109 0.011 0.014
1000 0.034 0.047 0.039 0.079 0.002 0.049 0.005 0.002

3 0.7 50 1273 1011 0335 0445 0949 1031 0.334 0.509
100 0.553 0.589 0.147 0.049 0549 0.566 0.109 0.202
500 0.104 0.147 0.049 0.017 0.107 0.193 0.039 0.018
1000 0.049 0.056 0.001 0.003 0.043 0.044 0.003 0.001
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6. The log-transmuted geometric-Weibull (LTW-W) regression model

The TGW distribution with four parameters « > 0, 8 > 0, a > 0 and b > 0, introduced
in Section 1. Let X is a random variable following the TGW density function and Y is
defined by Y = log(X). The density function of Y obtained by replacing f = 1/0 and
u = —log(a) reduces to

Flyy = el o) 22f1-exl-en(5))
[1+<e Df1-exp|-exp(ZA)]| 1+(O-Dft-exp-exp(ZF)]}
where y e R, u€R,0>0,0 >0 and A > 0. We refer to Equation (17) as the LTGW

distribution, say Y: LTGW (0, A, g, 1), where u € R is the location parameter, ¢ > 0 is the
scale parameter and 8 and A are shape parameters.

l (17

The corresponding survival function is

ofi-exo[-exp(222)) ) "
1+(9—1){1—exp[—exp(¥)]} + 1+(9—1){1 exp[ exp(y ”)]} ( )
and the hrf is simply h(y) = f(y)/S(y). The standardized random variable Z = (Y —
w)/o has density function

_ Oexp[z—exp(z)] _ 22{1-exp[—exp(2)]}
f( ) [1+(6-1){1—exp[-exp(2)]}] [1 +4 1+(9—1){1—exp[—exp(z)]}] (19)

s(p)=1-

Parametric regression models to estimate univariate survival functions for censored data
are widely used. A parametric model that provides a good fit to lifetime data tends to
yield more precise estimates of the quantities of interest. Based on the LTGW density, we
propose a linear location-scale regression model linking the response variable y; and the
explanatory variable vector v = (v;y,...,v;,) given by
y,=viB+oz,i=1,...,n (20)

where the random error z; has density function (19), B = (B4, ..., 8y)", 0 > 0,6 > 0 and
A >0 are unknown parameters. The parameter u; = v/ is the location of y;. The

location parameter vector u = (uy, ..., u,)7 is represented by a linear model u = Vg,
where V = (vy, ..., 1,)T is a known model matrix.

Consider a sample (yi,v1), ..., O, ) Of n independent observations, where each
random response is defined by y; = min{log(x;),log(c;)}. We assume non-informative
censoring such that the observed lifetimes and censoring times are independent. Let F
and C be the sets of individuals for which y; is the log-lifetime or log-censoring,
respectively. The log-likelihood function for the vector of parameters t = (a, 4,0, B7)7

from model (20) has the form (1) = Yier Li(T) + Dicc ll.(c)(r), where [;(7) =
log[f (v, ll.(c)(r) =log[S(y;)], f(y;) is the density (17) and S(y;) is the survival
function (18) of Y;. Then, the total log-likelihood function for = reduces to

#(z) = rlog (2) + Tier (71— u;) — Xer logl1 + (6 — {1 — exp[—u;]}]

_ 22{1—exp[-u;]}
+ZeFlog [1 +1 1+(6-1){1- exp[ u;] ] (21)
_ 0{1—exp[-u;] Aexp|-
+Xiec log{l 1+(0-1){1- exp[ u; } 1+(9 Df1—exp[- }]}
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where u; = exp(z;), z; = (y; — v] B)/o and r is the number of uncensored observations
(failures) and c is the number of the censored observations. The MLE 7 of the vector of
unknown parameters can be evaluated by maximizing the log-likelihood (21). We use the
statistical software R to determine the estimate .

Under standard regularity conditions, the asymptotic distribution of (T —7t) is
multivariate normal Np+3(O,K(r)‘1), where K(7) is the expected information matrix.
The asymptotic covariance matrix K (7)~! of £ can be approximated by the inverse of the
(p +3) X (p+3) observed information matrix —(z). The elements of the observed
information matrix —£(1), namely —tg0, —Lga,
—‘Lgo-, _Leﬁj’ —L/‘u, _L/lov _Llﬁj' _Lam _Laﬁj and _L.Bjﬁs for j, S = 1, ., p, are
evaluated numerically. The approximate multivariate normal distribution

Np.3(0, —E(r)™") for ¢ can be used in the classical way to construct approximate
confidence regions for some parameters in .

7. Applications

In this section, we provide an application to real data set to illustrate the flexibility of the
TGW distribution. The parameters are estimated by maximum likelihood method and R
statistical software is used for computations. First, we describe the data sets and then
determine the MLEs (and the corresponding standard errors) of the parameters. In order
to compare models with the proposed distribution, we apply goodness-of-fit tests to
verify which distribution fits better the real data set. The statistics Cramer von Mises
(W*) and Anderson Darling (A*) are described in details in Chen and Balakrishnan
(1995). The log-likelihood values and Akaike Information Criterion (AIC) are also
obtained for all models and used to decide best model. In general, the smaller the values
of these statistics, the better the fit to the data.

We compare the performance of the TGW distribution with other well-known families
given in Table 2.

Table 2: Fitted families and their abbreviations

Families References

Weibull

Odd Log-Logistic-Weibull (OLL-W) da Cruz etal. (2014)
Kumaraswamy-Weibull (Kum-W) Cordeiro and de Castro (2011)
Exponentiated Generalized-Weibull (EG-W) Cordeiro et al. (2013)
Weibull-Weibull (W-W) Bourguignon et al. (2014)
Beta-Weibull (B-W) Eugene et al. (2002)
Transmuted Geometric-Weibull (TGW) Proposed
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7.1.  Strength of glass fibres

The data set represents the strength of 1.5 cm glass fibres, measured at National physical
laboratory, England (see, Smith and Naylor [46]). The data are: 0.55, 0.93, 1.25, 1.36,
1.49,1.52,1.58,1.61, 1.64, 1.68, 1.73, 1.81, 2.00, 0.74, 1.04, 1.27, 1.39, 1.49, 1.53, 1.59,
1.61, 1.66, 1.68, 1.76, 1.82, 2.01, 0.77, 1.11, 1.28, 1.42, 1.50, 1.54, 1.60, 1.62, 1.66, 1.69,
1.76, 1.84, 2.24, 0.81, 1.13, 1.29, 1.48, 1.50, 1.55, 1.61, 1.62, 1.66, 1.70, 1.77, 1.84, 0.84,
1.24,1.30,1.48,1.51, 1.55, 1.61, 1.63, 1.67, 1.70, 1.78, 1.89.

Table 3 gives W* and A* statistics, AIC and log-likelihood values. Based on Tables 2, it

is clear that TGW distribution provides the overall best fit and therefore could be chosen
as the more adequate model from other models for explaining the used data set.

Table3: Parameter estimations of fitted distributions

Models Parameters —f AIC A* W*
(7] A a B
w 5.781 1.628 15.206 34.413 1.303 0.237
0.576 0.037
OoLL-W 0.943 6.025 1.623 15.186  36.373 1.282 0.233

0.267 1.340 0.043

KUM-W  0.497 0.199 7.009 1.346 13.408 34.817 0.829 0.144
0.138 0.027 0.002 0.002

EG-W 0.188 0.762 6.705 1.319 14.685 37.370 1.111 0.199
0.034 0.121 0.006 0.006

W-W 0.052 3.041 1.089 1.299 14.429 36.858 1.109 0.199
0.111 2.061 0.559 0.623

B-W 0.637 0.199 7.073 1.350 13.994 35.988 0.966 0.172
0.128 0.028 0.003 0.002

TG-W 0.035 0.773 3.051 1.125 11.538 31.076 0.495 0.088
0.046 0.284 1.015 0.280

More information can be provided in Figure 3 by a histogram of the data with fitted lines
of the pdfs for all distributions. We present the plots of the fitted density, cumulative and
survival functions with the probability-probability (P-P) plot for the TGW distribution in
Figure 4. They reveal a good adjustment for the data of the estimated density, cumulative
and survival functions of the TGW distribution.
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Figure 4: Fitted plots for TGW distribution
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7.2. Multiply censored relay data

The used data set represents the production relay and on a proposed design change (n =
35). Engineering experience suggested that lifetime has a Weibull distribution.
Engineering sought to compare the production and proposed designs over the range of
test currents. These data are also reported and analyzed in Cordeiro et al. (2017). LTGW
regression model is adopted to analyze these data set. The variables involved in the study
are: y; - observed thounsands of cycles; cens; - censoring indicator (O=censoring,
1=lifetime observed) and x;; - production (16 amps, 26 amps, 28 amps). We consider the
following regression model
Vi =P+ Bvi oz,

where y; has the LTGW density (17), for i =1, ...,35. Table 4 lists the MLEs of the
model parameters of the LTGW regression model fitted to the current data and the log-
likelihood, AIC and BIC statistics. Based on the Table 4, it is clear that $, is statistically
significant at the 5% level and then there is a significant difference among the levels of
the production for the thousands of cycles.

Table 4:  MLEs of the parameters (standard errors in parentheses and p-values in
[ - ]) and the log-likelihood, AIC and BIC measures.

Model @ 2 o Bo B1 —¢ AIC BIC
LTGW 4834 0001 03257 7.504 -0.065 22146 54293 62.071
(0.625)  (0.522) (3.104)  (0.757) (0.014)
[< 0.001] [< 0.001]

The plots in Figure 5(a) provide the Kaplan-Meier (KM) estimate and the estimated
survival functions of the LTGW regression model. In view of Figure 5(a), there is no
significant differences between the 26 and 28 amps levels survival functions. The plots of
the hrf in Figure 5(b) corresponding to the thousands of cycles variable under the LTGW
regression model indicate that the hrf is larger for 16 amps level than for 26 and 28 amps
levels. Based on these plots, we conclude that the LTGW regression model provides a
good fit to this data.
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Figure 5: (a) Estimated survival functions and the empirical survival: LTGW regression
model versus KM. (b) Fitted hrf using the LTGW regression model for the level
production (16, 26 and 28 amps.).

8. Conclusions

We introduce the new lifetime distribution named the Transmuted Geometric-Weibull
(TGW) distribution. Some of its mathematical properties are obtained. The maximum
likelihood method is used to estimate the model parameters and the performance of the
maximum likelihood estimators are discussed in terms of biases and mean squared errors.
Two applications of the proposed family prove empirically its flexibility to model the real
data sets. The log location-scale regression model based on a new generated distribution
is introduced and discussed by means of real data application. Finally, it is clear that the
proposed distribution provides better fits than other competitive models for used data
sets.
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