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Engineering the nonlinear response of a metal nanoparticle dimer
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We show that, nonlinear optical processes in a plasmonic metal nanoparticle (MNP) dimer can
be controlled by the presence of a molecule or a quantum dot. (i) Frequency conversion can be
suppressed if the dimer is coupled to a quantum object which is resonant to the generated frequency.
This occurs simply because, EIT does not allow an excitation at the converted frequency frequency.
(ii) On the contrary, a similar effect can be used to enhance the frequency conversion. Nonlinear
processes can be brought to resonance without tuning the dimer modes. Path interference effect
cancels the nonresonant frequency terms. Here, we consider the second harmonic generation (SHG)
as an example to demonstrate the control mechanism. However, the method can be easily generalized
to other nonlinear processes.

PACS numbers:

I. INTRODUCTION

Resonant interaction of metal nanoparticles (MNPs)
with optical light provides a tool for the strong localiza-
tion of electromagnetic field [1]. Intensity enhancements
as high as 105 can be achieved [1, 2] within the surface
plasmon-polariton (SPP) modes, in terms of coupled os-
cillators of surface electrons and the localized optical field
[3]. Such an orders of magnitude increase in the intensity
leads to the emergence of optical nonlinearities [4] , e.g.
enhanced Raman scattering [5], four wave mixing [6] and
second harmonic generation [7–10].

Emergence of nonlinear processes can be both desirable
or unwanted depending on the operating properties of the
manufactured device. In example, for higher resolution
the nonlinear processes called the surface-enhanced Ra-
man scattering is required [11]. The nonlinear response
of the media can also be utilized for optical switching
[12]. The second harmonic generation (SHG) process can
enhance the absorption efficiency in Photovoltaic devices
[13], may increase the coherence time (length) of the field
[14–16] as well as being able to generate entangled photon
pairs [17].

On the other hand, nonlinear conversion may be un-
desirable in other devises. Raman scattering process
in fiber-optic cables limits the number of channels that
could be used for a given bandwidth [18–21]. Similarly
nonlinear effects can decrease the quality factor of mi-
crowave cavities [22, 23]. In addition, one may require the
operation of her/his device in the linear regime even for
higher input powers. Because nonlinearities may cause
unexpected chaotic behavior for the long term operation
[24].

Besides the emergence of nonlinearities, analog of elec-
tromagnetically induced transparency [25] has also been
observed in plasmonic excitations of MNPs [2, 26–34].

The attachment of a molecule/quantum dot to a MNP
strongly modifies the optical response of the hybrid ma-
terial [2, 16, 35–38]. The presence of a quantum object
with small decay rate introduces two possible paths for
the absorption/polarization of the incident light. At fre-
quencies resonant to level spacing of the quantum object
(ω ∼= ωeg) the two paths for the absorption of the photon
interfere destructively [25, 39]. There emerges a trans-
parency window centered about ωeg, where polarization
of MNP-quantum object hybrid system is avoided [16].

In this paper, we show that it is possible to manage
the nonlinear behavior of a material using the path inter-
ference effects. We place a quantum dot/molecule at the
hot-spot of a MNP dimer (see Fig. 1, top) which has a low
decay rate (γeg) compared to the MNP [26] (γ1,2). The
dimer has surface plasmon-polariton (PP) resonances ω1

and ω2 (see Fig.1, bottom) for the polarization. The drive
frequency ω and the second harmonic (SH) frequency 2ω
fall into the excitation range of the ω1 and ω2 polarization
modes, respectively. Without the presence of the quan-
tum emitter, resonance of the SHG process occurs when
ω1 = ω and ω2 = 2ω (see the discussion in Sec. II B).
We show that, (i) even in the resonance condition for SH
conversion (that is ω1 = ω, ω2 = 2ω), the presence of
coupling to the quantum emitter can suppress the non-
linear process down to 9 orders of magnitude (see Fig. 2).
This effect is observed, because cancellation of the two
excitation paths does not allow polarization in the ω2

PP mode of the MNP dimer. Suppression is maximum
when quantum level spacing is resonant to conversion fre-
quency, ωeg = 2ω. (ii) On the other hand, a similar path
cancellation effect can be adopted to kill the nonresonant
term [(ω2 − 2ω)] that emerges when ω2 is not resonant
to the SHG frequency 2ω. Without adjusting the reso-
nances [40] of the dimer (ω1, ω2), the SHG process can
be carried closer to resonance (Fig. 4). These two effects
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together, enables the control over induction of the non-
linearities without the need for managing the properties
of the material.

ω 2ω
ω1

ω2

SHG process

FIG. 1: Top: A quantum emitter (purple) with a small decay
rate is placed at the center of a MNP dimer [26]. The polariza-
tion of the plasmon-polariton (PP) modes strongly localizes
the incident field to the center (see the field vectors). Field
enhancement gives rise nonlinear processes, e.g. second har-
monic generation (SHG). Bottom: The incident planewave
field (εpe

−iωt) drives the â1 PP polarization mode (resonance
ω1) of the dimer. The intense localized polarization field of
â1, oscillating with ω, gives rise to SHG [43]. This process in-
duces polarization oscillations (e−i2ωt) in the second PP mode
â2 whose resonance is ω2. The quantum object (level spacing
ωeg ' 2ω) interacts with the field of the â2 polarization mode.
Quantum emitter is chosen to have no SH response [57] to ω.
The observation of the SH light occurs due to the radiative
decay of the â2 PP mode [43, 54–56].

Here, we present the method for the second harmonic
generation process in a MNP dimer. However, method
can be generalized to other nonlinear frequency genera-
tion processes as long as the two modes of the material
can be resolved (see Sec. II D). Emergence of the sup-
pression is a quite general phenomenon independent of
the details of the system (Sec. II D).

The paper is organized as follows. In Sec. II A, we
describe the SHG process in the coupled system of a
MNP dimer and a quantum emitter. We introduce the
Hamiltonian for the hybrid system. Nonlinear frequency
conversion process is included in the second quantized
Hamiltonian. We derive the equations of motion for the
system using the density matrix formalism for the quan-
tum object. We include the damping and quantum decay
rates and the source driving the MNP dimer. In Sec. II B,
we demonstrate that conversion process is suppressed for
ωeg ' 2ω. In Sec. II C, we present a contrary effect. The
cancellation of the nonresonant terms leads to enhanced
production of the SHG for the choice of ωeg ' 2.013ω.

Sec. III includes our conclusions.

II. MODIFICATION OF THE NONLINEAR
RESPONSE

In this section, we describe the response of a coupled
MNP dimer-quantum object system to a driving electro-
magnetic field. We shortly mention about the nature of
couplings in the hybrid system and the mechanism for
SHG on the MNP-dimer resonator.

We give the effective Hamiltonian for the system
and drive the equations of motion for the fields of the
plasmon-polariton modes together with the excitation of
the quantum emitter. We find the equations governing
the steady state values of the excitations to obtain the
linear behavior of the hybrid system. Using these equa-
tions, we demonstrate the principle behind gaining con-
trol over the process of nonlinear frequency generation.
We show that by choosing the appropriate level spacing
(ωeg) for the quantum emitter, one can either suppress
and enhance the non-linear frequency generation.

A. Hamiltonian and equations of motion

We consider a system where a quantum object (e.g.
quantum dot [41], molecule [42] or a nitrogen-vacancy
center [37, 38]) is placed into the middle of the MNP
dimer. The two MNPs can still be coupled for dimeriza-
tion due to the small dimensions of the quantum object
[26]. The two resonances of the MNP dimer ω1 and ω2 are
relevant to the incident (ω) and SH (2ω) frequencies, re-
spectively (see Fig. 1, bottom). The resonance frequency
of the â2 PP mode (ω2) is about the SH frequency 2ω,
but not necessarily resonant to it.

The incident light, in the planewave mode with fre-
quency ω, couples strongly to the â1 plasmon-polariton
mode of the dimer. The direct coupling of light to the
quantum object is of negligible strength compared to
the plasmon. Quantum emitter couples to the localized
plasmon-polariton field of the dimer. The hot-spots for
the both plasmon-polariton modes emerge in the middle
of the two MNPs, where the quantum oscillator is tightly
placed.

The dynamics of the total system is as follows. The
incident planewave mode field (εpe

−iωt) drives the first
dimer mode â1 (resonance ω1) at the oscillation frequency
ω. The polarization of the plasmon-polariton (PP) ex-
citation yields a localized strong electromagnetic field
mode (â1) between the two MNPs. Such an enhance-
ment in the field gives rise to the emergence of nonlinear
effect (e.g. SHG) in the electron gas [26, 43–45]. Ex-
plicitly; the field (oscillating at ω) trapped in the â1 PP
polarization gives rise to second harmonic polarization
oscillations (2ω) [26, 43–53] in the â2 PP polarization
mode of the dimer. The quantum object, whose level
spacing is compatible with the SH oscillation frequency
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ωeg ' 2ω, interacts with the polarization field of the
â2 PP mode. The resonance of â2 mode is ω2. The
field localization at the hot-spot provides strong interac-
tion with the quantum emitter. The SH light is observed
through the radiative decay of the â2 PP mode [43, 54–
56]. We assume that the molecule does not have a SHG
response to the drive frequency ω [57].

Here, we consider an oversimplified model for the hy-
brid system. We mainly aim to demonstrate the prin-
ciples behind the control mechanism. In more realistic
calculations [29, 30], one has to consider complicating ef-
fects, such as the influence of the dielectric environment
and exact spatial distribution of the fields. However,
the oscillators model [16, 29] predicts the basic behav-
ior of the MNPs combined with the quantum emitters
[35, 37, 38].

The total Hamiltonian (Ĥ) for the described system
can be written as the sum of the energy of the quantum
object (Ĥ0), energy of the plasmon-polariton oscillations
(â1 , â2) of the MNP dimer (Hd), the interaction of the
quantum object with the plasmon-polariton modes [16,
26] (Hint)

Ĥ0 = ~ωe|e〉〈e|+ ~ωg|g〉〈g|, (1)

Ĥd = ~ω1â
†
1â1 + ~ω2â

†
2â2, (2)

Ĥint = ~(fcâ
†
2|g〉〈e|+ f∗c â2|e〉〈g|), (3)

as well as the energy transferred by the pump source (ω),

Ĥp and the second harmonic generation process among

the plasmon-polariton fields (Ĥsh)

Ĥp = i~(â†1εpe
−iωt − â1ε∗peiωt), (4)

Ĥsh = ~χ(2)(â†2â1â1 + â†1â
†
1â2), (5)

respectively [25, 58]. In Eq. (1), ~ωe (~ωg) is the excited
(ground) state energy of the quantum emitter. States
(|e〉), |g〉 correspond to the (excited) ground levels of the
quantum emitter. â1, â2 are the plasmon-polariton ex-
citations induced on the MNP dimer and ~ω1, ~ω2 are
the corresponding energies for the oscillation modes. fc
is the coupling matrix element between the field induced
by the â2 polarization mode of the MNP dimer and the
quantum emitter. Eq. (4) describes the interaction of the
light source (oscillations as e−iω) driving the plasmon-
polariton mode with smaller resonance frequency ω1. In
Eq. (5), the fields of two excitations in the low-energy
plasmon-polariton mode (â1) combine to generate the
field of a high energy plasmon-polariton polarization.
Stronger the second generated plasmon-polariton exci-
tation is , the detection of SHG photons (2ω) increases.
Because, â2 mode radiatively decay to 2ω photon mode
due to the energy conservation in the input-output pro-
cess [43, 54]. The parameter χ(2), in units of frequency,
is proportional to the second harmonic susceptibility of
the MNP dimer.

We note that, one could also treat the SHG pro-
cess as originating directly from the incident field, e.g.

Ĥsh ∼ (â†2ε
2
pe
−i2ωt + c.c.). Even though the follow-

ing results would remain unaffected physically such a
model would be inappropriate. Because, enhanced non-
linear processes emerge due to the electromagnetic field
of the localized intense surface plasmon-polariton (polar-
ization) mode [43, 54]. However, the mode of the incident
field (ω) is planewave.

We use the commutation relations (e.g. i~ ˙̂a = [â,Ĥ])
in driving the equations of motions. We keep operators
â1, â2 quantum up to a step in order to avoid any fault in
the equations of motion. After obtaining the dynamics in
the quantum approach, we carry â1, â2 to classical expec-
tation values â1 → α1, â2 → α2. We introduce the decay
rates for plasmon-polariton fields α1, α2. Quantum ob-
ject is treated within the density matrix approach. The
equations take the form

α̇1 = (−iω1 − γ1)α1 − i2χ(2)α∗1α2 + εpe
−iωt, (6a)

α̇2 = (−iω2 − γ2)α2 − iχ(2)α2
1 − ifcρge, (6b)

˙ρge = (−iωeg − γeg)ρge + ifcα2(ρee − ρgg), (6c)

˙ρee = −γeeρee + ifc(α
∗
2ρge − α2ρ

∗
ge), (6d)

where γ1, γ2 are the damping rates of the MNP dimer
modes α1, α2. γee and γeg = γee/2 are the diagonal and
offdiagonal decay rates of the quantum object, respec-
tively. To make a comparison, γ1,γ2 ∼ 1014Hz for MNPs
[2] while γee ∼ 1012 for molecules [35] and γee ∼ 109 Hz
for quantum dots [28]. The constraint on the conserva-
tion of probability ρee + ρgg = 1 accompanies Eqs. (6a-
6d).

In our simulations (Figs. 2–4), we time-evolve Eqs. (6a-
6d) numerically to obtain the long time behaviors of ρeg,
ρee, α1, and α2. We determine the values to where they
converge when the drive is on for long enough times. We
perform this evolution for different ω2 frequency values
with the initial conditions ρee(t = 0) = 0, ρeg(0) = 0,
α1(0) = 0, α2(0) = 0.

On the other hand, one may gain understanding about
the linear behavior of Eqs. (6a-6d) by seeking solutions
of the form

α1(t) = α̃1e
−iωt , α2(t) = α̃2e

−i2ωt,

ρeg(t) = ρ̃ege
−i2ωt , ρee(t) = ρ̃ee, (7)

for the steady states of the oscillations. In our numerical
simulations governing the time-evolution of Eqs. (6a-6d),
we check that the solutions indeed converge to the form
of Eq. (7) for long-time behavior. Inserting Eq. (7) into
Eqs. (6a-6d), one obtains the equations for the steady
state

[i(ω1 − ω) + γ1]α1 + i2χ(2)α∗1α2 = εp, (8a)

[i(ω2 − 2ω) + γ2]α2 + iχ(2)α2
1 = −ifcρge, (8b)

[i(ωeg − 2ω) + γeg]ρge = ifcα2(ρee − ρgg), (8c)

γeeρee = ifc(α
∗
2ρge − α2ρ

∗
ge), (8d)

where α̃1, α̃2, ρ̃ge, ρ̃ee are constants independent of the
time.
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FIG. 2: Suppression of the SH polarization conversion to the
â2 plasmon-polariton (PP) mode from the â1 mode. Even at
the presence of resonant conversion condition, ω1 = ω and
ω2 = 2ω, the presence of quantum emitter (ωeg = 2ω) pre-
vents the take place of the SHG process. EIT doesn’t allow
the polarization in the â2 PP mode. The resonant conver-
sion is represented by unity in the figure. When ωeg = 2ω,
the nonlinear intensity can be suppressed 9-orders of mag-
nitude with respect to the resonant value. Decay rates are
γ1 = γ2 = 0.1ω and γeg = 10−5ω.

Using Eqs. (8b) and (8c), one can obtain

α̃2 =
iχ(2)

|fc|2y
i(ωeg−2ω)+γeg − [i(ω2 − 2ω) + γ2]

α̃2
1 (9)

for the steady value of â2 plasmon-polariton field mode.
Here, y = ρee−ρgg is the steady state value which usually
takes on values close to y ∼= −1.

B. Suppression of the nonlinear conversion process

Taking a closer look at the denominator of Eq. (9),
one can immediately realize that |fc|2y/γeg attains huge
values on resonance ωeg = 2ω. Because, linewidth of the
quantum emitter (γeg) is very small compared to all other
frequencies. If fc 6= 0, the largeness of the |fc|2y/γeg
term dominates the denominator. This results in the
suppression of the generation of the α̃2 plasmon-polariton
polarization field in the MNP dimer.

In Fig. 2, we illustrate the avoiding effect of the cou-
pling to a quantum-dot on the SHG process. We time
evolve Eqs. (6a-6d) to obtain steady state values for the
excitations.

Without the presence of a quantum object, the SHG
would be maximum (α̃2 = −iχ(2)α̃2

1/γ2) that is when the
second plasmon-polariton mode is on resonance ω2 = 2ω
[see Eq. (9)]. In Fig. 2, we observe that even at the pres-
ence of this resonance (ω2 = 2ω), EIT suppresses the
SHG by 9 orders of magnitude. This effect arises simply
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FIG. 3: The available suppression for different values of the
quantum decay rate γee. The log-log plot has a steepness of
value '2, thus pointing out the relation |α2|2 ∼ γ2

ee. This
relation can be easily inferred from Eq. (9) for small values
of γee with ωeg = 2ω. Smaller quantum decay rate results in
higher quality suppression.

because EIT doesn’t allow the polarization of the sec-
ond plasmon-polariton mode â2 at 2ω. The two paths
–introduced in the MNP dimer due to the hybridization
with the quantum dot– for polarization transfer from the
â1 mode interfere destructively. This cancels the transfer
of â1 polarization (oscillating at ω) to â2 polarization in
the dimer (oscillating at 2ω). Fig. 3 shows the depen-
dence of the SHG intensity |α2|2 on the decay rate γee of
the quantum emitter that is coupled to the dimer. The
slope of the graph implies a |α2|2 ∼ γ2ee dependence. In
fact, this can be easily inferred from Eq. (9) for the small
values of γeg when ωeg ∼= 2ω.

C. Enhancement of the nonlinear conversion
process

On the other hand, the interference effects can be ar-
ranged to carry the SHG process closer to the resonance.
In the denominator of Eq. (9) the imaginary part of the
first term |fc|2y/[i(ωeg − 2ω) + γeg] can be arranged to
cancel the i(ω2 − 2ω) expression in the second term of
the denominator. This gives the condition

|fc|2y(ωeg−2ω)+(ω2−2ω)[(ωeg−2ω)2 +γ2eg] = 0 (10)

Eq. (10) has two roots

ω(1,2)
eg − 2ω =

|fc|2|y|
ω2 − 2ω

∓

√
|fc|4|y|2

(ω2 − 2ω)2
− 4γ2eg. (11)

The first (smaller) root ω
(1)
eg
∼= 2ω+ 2γeg is not useful for

SHG enhancement. Because it enlarges the real part of
the |fc|2y/[i(ωeg − 2ω) + γeg] term. This is already the
suppression condition for SHG.
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FIG. 4: The enhancement of the nonlinear process. The sec-
ond PP mode (â2) is far-off resonant to the SHG (ω2 = 2.4ω).
The nonlinear process can be carried closer to resonance by
arranging the quantum level spacing [65] to ωeg

∼= 2.013ω.
The conversion is enhanced upto 30 times compared to the
off-resonant process. The conversion for off-resonant process
(with fc = 0) is represented by unity in the figure. For
ωeg = 2ω, nonlinear process is suppressed similar to Fig. 2.
Note that, the bandwidth for the enhancement of the nonlin-
ear conversion is much wider than the suppression bandwidth.
Decay rate of the nanoscale resonator [59, 60] is chosen as
γ2 = 0.01ω.

Since ωeg is not very close to 2ω for the second root

ω
(2)
eg , it doesn’t blow up the real part of the |fc|2y/[i(ωeg−

2ω) + γeg] term. Nevertheless, ω
(2)
eg is also the minimiza-

tion condition for the absolute value of the denominator
of Eq. (9), which gives rise to the maximum SHG.

For the case of the suppression of SHG, one safely use
the approximation y ∼= −1. Because, excitations are sup-
pressed in the hybrid system, ρee ∼= 0, and this leads to
y = ρee − ρgg ∼= −1. However, in the case of SHG, en-
hancement, one can not use the value ∼= −1 for y. We
observe that at resonances y can attain the inversion val-
ues close to zero. However, Eq. (11) still serves at least as

a guess value for the order of ω
(2)
eg , where SHG enhance-

ment arises.

In Fig 4, we depict the enhancement of the nonlin-
ear frequency conversion for a nanoscale dimer whose
plasmon-polariton excitation mode (ω2 = 2.4ω) is far
off-resonant to the SH frequency. Off-resonant SHG con-
version [fc = 0 in Eq. (9)] is represented by unity in
Fig. 4. We observe a 30 times enhancement in the conver-
sion intensity for the choise of ωeg = 2.013ω. Parameters
are given in Fig. 4. As it can be inferred from Eq. (9);
enhancement efficiency can be grown much more with re-
spect to the off-resonant value (ω2 = 2.4ω with fc = 0)
if higher quality (small γ2) resonators are used. Qual-
ity factors of ∼1300 can be achieved for micro-cavities
operating at optical wavelength [59, 60].

D. Model for other nonlinearities

If one is interested in the control of the third harmonic
generation (THG) process, instead of the SH one, she/he
would simply change Eq. (5) to

Ĥth = ~χ(3)
(
â†2â1â1â1 + â†1â

†
1â
†
1â2

)
. (12)

In this case, Eq. (9) should simply be modified to

α̃2 =
iχ(3)

|fc|2y
i(ωeg−3ω)+γeg − [i(ω2 − 3ω) + γ2]

α̃3
1. (13)

All of our considerations, states above, works for Eq. 13
as well. In order to be able to use the introduced model,
one has to be careful if the nonlinear conversion takes
place to another PP mode which is resolvable.

In some nonlinear conversion processes (e.g. enhanced
Raman scattering [5]), both the drive (ω) and the gen-
erated (ωNL) frequencies may excite in the same PP
mode (â1). This may occur because, frequency spacing
|ωNL = ω| can be small compared to the decay rate (γ1)
of the PP polarization mode. In this case too, suppres-
sion of the nonlinear conversion will necessarily arise for
ωeg = ωNL. This is because; coupling to a high quality
quantum oscillator prevents the polarization/absorption
for frequency values around ' ωeg independent of the
details of the conversion mechanism [16, 39, 61]. The
generated frequency mode will be suppressed if it coin-
cides with ωeg. Fig. 5 in ref. [16] demonstrates that
polarization cancellation emerges at ω = ωeg for the cou-
pled MNP-quantum emitter system. However, enhance-
ment of the nonlinearities depends on the physics of the
conversion mechanism.

III. DISCUSSIONS AND CONCLUSIONS

It is well demonstrated that the presence of a quantum
object, with a smaller decay rate, changes the optical
response of MNPs dramatically. Due to the destructive
interference of the (hybridized) absorption paths, MNP
can not be polarized at the resonance frequency of the
quantum emitter.

We demonstrate that a similar path interference effect
can be adopted to both suppress and enhance the non-
linear conversion processes in MNP dimers: A quantum
object is placed into the middle of two hybridized MNPs
where hot-spot of both plasmon-polariton mode emerges.
If the quantum emitter is resonant to the second or third
harmonic frequency, (e.g. ωeg = 2ω), this frequency con-
version process is suppressed several orders of magnitude.
Because, EIT does not allow the excitation of the 2ω os-
cillation in the second dimer mode (ω2). On the other
hand, the similar interference effects can be used also to
enhance the nonlinear frequency conversion. The level
spacing of the quantum emitter can be arranged [65] so
that the nonresonant [e.g. (ω2 − 2ω)] terms cancel.
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We present our method for the engineering of SHG
process. However, the method can be used also for other
nonlinear frequency generation processes, as long as the
converted frequency occurs to a plasmon-polariton mode
other than the driven plasmon mode. On the other hand,
suppression phenomenon is independent from the conver-
sion mechanism. If a quantum emitter –resonant to the
generated frequency– is coupled to the MNP system, the
conversion process is prohibited.
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