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ABSTRACT

OPEN BOOK DECOMPOSITIONS AND CONTACT
SURGERIES

YASEMIN YILDIRIM
Master of Science, Department of Mathematics

Supervisor: Assoc. Prof. Dr. Sinem ONARAN
July 2018, 62 pages

By Alexander it was shown that an open book decomposition can be found for each
closed, oriented 3-manifold. In this thesis, the importance of open book decompositions
in terms of contact 3-manifolds will be studied by using surgery techniques. A closed
curve in a 3-manifold that does not intersect itself is called a knot. Especially, knots
which can be drawn on page of open book decompositions and boundary of open
book decompositions will be studied in terms of topology and contact topology. The

invariants of contact structures from open book decompositions will be studied.

Keywords: open book, contact structure, Legendrian knot, transversal knot, contact

surgery



OZET

ACIK KITAP AYRISIMLARI VE KONTAKT
AMELIYATLAR

YASEMIN YILDIRIM
Yiksek Lisans, Matematik Bolumu
Tez Danigmani: Dog¢. Dr. Sinem ONARAN
Temmuz 2018, 62 sayfa

Alexander tarafindan her kapali, yonlii 3-manifold igin bir agik kitap ayrigimi bu-
lunabilecegi gosterilmigtir. Bu tezde agik kitap ayrisgimlarinin kontakt 3-manifoldlar
agisindan énemi ameliyat tekniklerini kullanarak galigilacaktir. 3-manifoldlar icerisinde
kendi kendisini kesmeyen kapali egrilere diigiim denir. Ozel olarak, acik kitap ayr-
simlarinin sayfasi iizerine cizilebilen diigiimler ve agik kitap ayrigimlarinin siniri olan
diigiimler topolojik acidan ve kontakt topolojik acidan calisilacaktir. Kontakt yapilarin

acik kitap ayrigimlarindan elde edilen degismezleri calisilacaktir.

Anahtar Kelimeler: agik kitap, kontakt yapi, Legendre diigiimii, transvers diigim,

kontakt ameliyat
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1 INTRODUCTION

Contact topology is concerned with geometric structures on smooth manifolds.
These natural geometric structures on smooth manifolds are called contact structures.
Contact structures on smooth 3-manifolds are 2-plane fields which are maximally non-
integrable. Marinet proved that there exists a contact structure on each 3-manifold,
[1]. If a 3-manifold includes a contact structure on it, then it is named as a contact
3-manifold. To understand contact manifolds better, their subspaces can be studied.
Specifically, knots in contact 3-manifolds can be studied. In contact 3-manifolds, there
are two types of knots: Legendrian knots and transverse knots.

A knot which takes place in contact 3-manifolds and is always tangent to the contact
planes is named as a Legendrian knot. Legendrian knots have three classical invariants:
the knot type, the Thurston-Bennequin invariant and the rotation number.

There are several ways to construct 3-manifolds. Dehn surgery is a way which
constructs 3-manifolds. This technique is named after Max Dehn, [2]. A Dehn surgery
on knots or links in 3-manifolds consists of removing a tubular neighborhood of a knot
or link and gluing it back via a diffeomorphism of solid torus, a new 3-manifold is
constructed. Each 3-manifold that are closed and oriented can be achieved by Dehn
surgery with the framing (£1) applied to a link of unknots in S3. In 1960 Wallace and
in 1962 Lickorish proved the theorem above independently, [3], [1].

The surgery which can be done on Legendrian knots is called contact surgery. A
contact surgery which is applied to Legendrian knots with respect to contact framing is
done by executing Dehn surgery applied to Legendrian knots and extending the former
contact structure to the yielding 3-manifold. Like in the case of 3-manifolds, all closed
and oriented contact 3-manifolds can be obtained by contact surgery with the framing
(£1) applied to a Legendrian knot in (S, £,4). This theorem was proved by Ding and
Geiges, [5].

While executing surgery on 3-manifolds can result in a different 3-manifold, Kirby
moves give the same 3-manifold. These moves are named after Robion Kirby, [6]. There
exist two types of moves. One move is taking a connected sum with S® or cancelling it.
The other move is sliding one component of the framed link over one another. These

two moves do not change the existing framed link.



Open book decompositions are decompositions of closed and oriented 3-manifolds.
These decompositions are a combination of solid tori and surfaces with boundary. Open
book decompositions are the main focus of this thesis and will defined precisely.

Existence of open book decompositions of 3-manifolds has been known since 1920
thanks to Alexander, [7]. Another central result of open book decompositions is given
by Giroux. Giroux has shown that there is a relevance between contact structures
and open book decompositions. A one-to-one correspondence between oriented contact
structures on a closed, oriented 3-manifold up to isotopy and open book decompositions
of this 3-manifold up to positive stabilizations was shown by Giroux, [8]. This theorem
allows us to study contact structures from a completely topological viewpoint.

In this thesis, the relation of open book decompositions and contact structures is
analyzed. The proof of Alexander’s theorem is examined by surgery techniques and
planar open book decompositions. Also, in this thesis invariants of contact structures
from open book decompositions are studied. The support genus and the binding num-
ber of a contact structure are the invariants. The support genus is the minimal genus
for a page of an open book decomposition which is supporting the contact structure.
The binding number is the minimum number of boundary components of a page for an
open book decomposition which supports the contact structure with genus is equivalent
to support genus. These invariants are introduced by Etnyre and Ozbagci, [9].

In 2008, Etnyre and Ozbagci listed all contact 3-manifolds having a supporting open
book decomposition with support genus 0 and binding number 2. In 2007, Arikan listed
all contact 3-manifolds having a supporting open book decomposition with support
genus 0, binding number 3 by using first Chern classes and three dimensional invariants,
[10]. In 2007, Baldwin listed all contact 3-manifolds having support genus 1, binding
number 1 by using Heegard Floer homology theory, [11]. In 2010, Lekili listed all
contact 3-manifolds having support genus 0, binding number 4 by using integral surgery
on pure braid closure with 3 component, [12]. In this thesis, contact 3-manifolds which
have support genus 0 and binding number equal to 1, and contact 3-manifolds which
have support genus 0 and binding number equal to 2 are studied in detail.

In Section 2 Background section, fundamental definitions and examples are given.
We give the definitions and examples of topological and differentiable manifolds. Knots

which are 1-manifolds are introduced. Also, surfaces that are connected 2-manifolds



are introduced. Seifert surfaces for knots and links are constructed. Open book de-
compositions and abstract open book decompositions are introduced. Additionally,
positive stabilization of abstract open books is given. Moreover, surgery techniques
and Kirby moves are given with the most essential examples.

In Section 3 Existence of Open Book Decompositions section, two proofs of Alexan-
der’s theorem are given. One of the proofs of Alexander’s existence theorem is studied
in detail. In this proof, a planar open book decomposition is constructed with an
explicit monodromy. This technique is introduced in Onaran’s paper, [13].

In Section 4 Contact 3-Manifolds section, the definitions of contact 3-manifolds,
Legendrian knots and their classical invariants are given. Also, in this section classical
invariants of various Legendrian knots are computed. Contact surgery along Legendrian
knots are defined and surgery techniques are analyzed.

In Section 5 Open Book Decompositions and Contact 3-Manifolds section, open
book decompositions are linked with contact structures. Compatible contact structures
are given with examples. Fundamental theorems on open book decompositions and
contact structures are given. Additionally, the proof of Cancellation Lemma of Ding
and Geiges [14] is given with regard to open book decompositions. In the same section,
the support genus invariant and the binding number invariant are introduced. The
support genus 0 and the binding number equal to 1 and 2, respectively are studied.

Finally in Section 6 Conclusion section, contact surgery techniques with regard
to open book decompositions are analyzed. Some open problems about invariants of

contact structures from open book decompositions are listed.



2 BACKGROUND

In this section the basics of knot theory and geometric topology are reviewed.
Firstly, manifolds are introduced. After knots and links in 3-manifolds are presented,
some properties of them are given. The focus of this thesis, open book decompositions
are defined with examples. Also, in this section Dehn surgery technique and Kirby

moves are analyzed. For more information see [15], [16] and [17].

2.1 Manifolds

Manifolds are separated into many categories. In this thesis, differentiable manifolds
will be the focus. Before introducing to the differentiable manifolds, the definition of

topological manifolds will be given.

2.1.1 Topological Manifolds

Definition 2.1.1. [I8] Take a topological space M. If M fulfills the conditions, that

are mentioned below, then M is called a topological n-manifold.

1) The topological space M is a Hausdorff space: That is, M fulfills the Hausdorff
separation axiom. Take any two distinct points r, s € M and their open neigh-
borhoods R and S, respectively. If the intersection of these two neighborhoods
RN S =0 is empty, then M is named as a Hausdorff space.

2) The topological space M is second countable: That is, M has a basis which is
countable. There are countably many open subsets Ri, Rs,... of M such that

r € R; C R for an open set R and a point r € R.

3) The topological space M locally looks like R™: Take any point r € M and its
open neighborhood R. This open set R is homeomorphic to an open set S C R"™.
Let v : R — S be such a homeomorphism. The image of every point in R" is

shown below:

Y(p) = (51(p), -+ sn(P)).



These ordered n-points are called the local coordinates of p, and the neighborhood
R of the point r is called a coordinate neighborhood. Additionally, sq, ..., s, are

called coordinate functions on R. The pair (R, ) is called a local chart.

R ~

o7 K

N

Figure 1: Local chart.

Definition 2.1.2. [18] Take a topological manifold X and open sets R,, for some o € I.
If U{Ra}taer = X, then a family of local coordinate systems 7 = {(Ra,Va)}acr i8
called an atlas of X.

Let S, presents the image of the homeomorphism v, from R, into R". Coordinate
neighborhoods R, in the atlas @ cover the topological manifold X and on the other
side an open set S, of R" identifies every R, via the homeomorphism 1,. So, it can
be said that X can be obtained of open sets S, of R" by gluing these parts one by one,
18],

Consider two coordinate neighborhoods R,,, s in the atlas 7 intersect. Then the

coinciding two open sets S,, S in R" are to overlap to obtain X.

hga =g 01ha "t Ya(Ra N Rg) — thg(Ra N Rg), [15].

Figure 2: Coordinate change.
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This hg, is a homeomorphism from an open set of R" to R™ and it is defined as hg, =
(Mg - hh,) with n continuous functions hf,. The local coordinates of any point r on
Ro N Rg, (z1(r), ..., x,(r)) with respect to (Ra,¥s) and (yi(r), ..., yn(r)) with respect
to (Rg,v3), then there exists a relation y;(r) = hj,(z1(r), ..., zn(r)) between them.
Hence, the homeomorphism hg, defines the relation between two local coordinates,

and it is called the coordinate change, [18].

Example 2.1.1. [19] The n-dimensional real space R" is the most obvious example

for n-manifolds. Also, its open subsets are the examples of n-manifolds.

Example 2.1.2. [19] Another example for n-manifolds is the n-sphere S™ = {p €
R™™! . ||p|| = 1}. Stereographic projection of S™ gives a homeomorphism f_ : S™\
{(0,...,0,1)} — R™. There is a neighborhood of p that is homeomorphic to R"
where p € S and p # (0,...,0,1). To show a neighborhood of (0,...,0,1) which is
homeomorphic to R™, compound the reflection in R™ x {0} with the homeomorphism
f- to achieve f, : S™\ {(0,...,0,—1)} — R". Hence, R" is homeomorphic S™ \
{(0,...,0,—1)} that is a neighborhood of (0, ...,0, 1).

Example 2.1.3. [19] The real projective space RP" is obtained by identifying antipo-
dal points on S™. Take a point [p] € RP"™. Since the n-sphere S™ is an n-manifold, p
has a neighborhood V' and a homeomorphism ¢ from V' to R". Fix —V = f(V), for
f 8™ — S™ the antipodal map. So, —V is a neighborhood of —p and —p = p o f
is a homeomorphism between —V and R"™. After making V' smaller, if necessary, the
intersection of f(V') and V is empty. Hence, a homeomorphism [¢] : [V] — R" is

obtained. Each of all this kind of homeomorphisms is an element of an atlas for RP".

Example 2.1.4. [19] The space T™ = S! x ... x S, n-torus, is a quotient space. It is
achieved down below:

Let H be a group in R™. Its generators are translations of distance by 1 through the
coordinate axes. Two points p,r € R" are identified if and only if there exists a h € H
so that h(p) = r. Represent this quotient map by g : R — T™. Take [p] € T™ and
the sphere V' which has radius }1 centered at p € R™. For all h € H the intersection of
h(V) and V is empty. From there a homeomorphism g=!|,) : h(V) — V is obtained.
Each of all this kind of homeomorphisms is an element of atlas for 7". Hence, T" is

an n-manifold.



2.1.2 Differentiable Manifolds

Definition 2.1.3. Take a topological manifold X. An atlas &/ = {(Ra, %)} of X is
called a C™ atlas, if all its coordinate changes hg, = 15 0 9,1 are C> maps. This
means that the atlas & decides a C'™° structure on X. A C* differentiable manifold

is a manifold which has a C'* structure on it. It is also called a smooth manifold.

Example 2.1.5. The n-dimensional topological manifold R" is also an n-dimensional

differentiable manifold with the identity map from its open subset to itself.

Example 2.1.6. [19] The n-sphere S™ is an n-dimensional differentiable manifold .

2.2 Knots and Links in 3-Manifolds

Definition 2.2.1. [15] If a subset K of M? is homeomorphic to S!, then K is called

a knot.

Example 2.2.1. The obvious example for a knot is the unknot. It is sometimes called

the trivial knot and is illustrated in Figure 3.

Figure 3: The unknot.

Example 2.2.2. Left-handed trefoil is a non-trivial knot. Also, figure eight knot is a

non-trivial knot. These are illustrated in Figure 4.

HRGD

Figure 4: Left-handed trefoil and figure eight knot.
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Definition 2.2.2. [15] A link is a subset of a 3-manifold which is disjoint union of

knots.

Example 2.2.3. Hopf link and King Solomon’s link are the examples of links in M3,

and respectively given in Figure 5.

)

(L dF

N

Figure 5: Hopf Link and King Solomon’s Link.

Example 2.2.4. In Figure 6, two Hopf links are given. The link in Figure 6(a) is
called positive Hopf link and the link in Figure 6(b) is called negative Hopf link.

RN

Figure 6: (a) Positive Hopf link, (b) Negative Hopf link.

In the first example of the following subsection, the reason why they are called

positive and negative is explained.

2.3 Linking Number

Definition 2.3.1. [15] Writhe number is the total number of crossings which are

assigned as positive or negative in an oriented knot diagram.

In Figure 7, negative and positive crossings are illustrated.



AN

Figure 7: Negative and positive crossings.

Definition 2.3.2. [15] [16] Take two oriented knots K; and K, in M3. The linking
number is described as the half of the total number of signed crossings between K; and

K. It is represented as lk(Ky, K»).

(K, K,) = Z #Signs.

Example 2.3.1. In Figure 8, two Hopf links are given. In Figure 8(a) there are two
crossings in the link diagram which are both positive crossings. So, the linking number
is equal to %(—i—l%— 1) = +1, the link is called positive Hopf link. There are two crossings
in the link diagram which are both negative crossings that can be seen in Figure 8(b).

1
The linking number is equal to 5(—1 — 1) = —1, the link is called negative Hopf link.

aD a0

Figure 8: (a) Positive Hopf link, (b) Negative Hopf link.

2.4 Seifert Surfaces for Knots

Connected two manifolds are called surfaces. Closed surfaces are surfaces that are

compact with no boundary components, [15].

Example 2.4.1. In Figure 9, the 2-sphere 52, torus 72 and genus 2-surface are given

as the examples of closed surfaces.



N

Figure 9: The 2-Sphere, torus and genus-2 surface.

On the other side, there are surfaces which have boundary. They are obtained by
taking any surface without boundary and removing the interiors of disks from it. The
boundaries of the disks left behind on the surface. So, these circles are now boundaries
of the surface. These circles are called boundary components, [16]. The number of the

removed interiors of the disks is equal to the number of boundary components.

Example 2.4.2. Cylinder and Mobius band are examples of surfaces with boundaries
and given in Figure 10. Cylinder is a surface with boundary where its boundary is
an unlink with 2 disjoint pieces. Mobius band is surface with boundary where its

boundary is the unknot.

=

Figure 10: Surfaces with boundary.

Disk and annulus are another examples of surfaces with boundary components.

These are obtained by removing point or points from closed surfaces.

Example 2.4.3. Let k be a point on S%2. The 2-sphere which has one boundary

component, S — {k}, is homeomorphic to a disk D?. It is given in Figure 11.

10
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Figure 11: Surface with 1-boundary component.

Example 2.4.4. Let k; and ks be two points on S2. The 2-sphere with two boundary

components, S% — {ki, ko}, is homeomorphic to an annulus.

SN

Figure 12: Surface with 2-boundary components.

Pick a normal vector on a given surface. This normal vector’s direction is either the
inside of the page or outside of the page. If the normal vector is always inside or outside

of the page at every point on the surface, then the surface is given an orientation.

Definition 2.4.1. [16] If one can choose a consistent normal vector at each point on

a surface, then the surface is called orientable. Otherwise, it is called non-orientable.

Example 2.4.5. The cylinder is an orientable surface, since one can pick a consistent

normal vector at every point on the surface.

Figure 13: Orientable surface.

Also a 2-sphere, a torus, a disk and a torus with one boundary component are the

examples of orientable surfaces.

11



Example 2.4.6. The Mobius band is a non-orientable surface. Pick a normal vector
that pointing outside, as one moves along the surface this vector will eventually turns

inside. Since the normal vector is not consistent, the Mobius band is non-orientable.

Figure 14: Non-orientable surface.

Definition 2.4.2. [16] A surface is called a Seifert surface for a given knot or link if

surface’s boundary is the given knot or link.

Theorem 2.4.1. [20] “ Every oriented knot or link is boundary of an orientable sur-

face.”

This theorem was proved by Seifert in 1934. This proof is named as Seifert algo-
rithm. In his algorithm, Seifert surface can be found of an oriented knot or link easily.

Seifert algorithm is given step by step down below.

1) First step of the algorithm is that a given oriented knot or link has to be resolved

from all crossings depending on its orientation.

2) From the first step there are set of circles which are called Seifert circles. These

circles are boundary of disks in R?.

3) Assume that these disks are separated from each other and at different heights
as a third step.

4) In fourth step, these disks will be connected by twisted bands from the crossing
points by taking into account of the crossings. Finally, the result is an oriented
surface with boundary. The boundary of the constructed surface is the given

knot or link, [16], [21].

12



Example 2.4.7. In Figure 15, Seifert surface for a given figure eight knot is obtained
by applying the algorithm to the knot.

Figure 15: Seifert surface for a figure eight knot.

Example 2.4.8. In Figure 16, Seifert surface for a positive Hopf link is obtained by
applying the algorithm to the link.

(D@ &

Figure 16: Seifert surface for a positive Hopf link.

2.4.1 Seifert Framing

Let M? be an oriented 3-manifold. Take a knot K C M3 and a Seifert surface S
for the knot.

Definition 2.4.3. [15] The Seifert or surface framing of the knot K is the trivialization
of the normal bundle N K matching to the parallel curve obtained by pushing the knot

K along the surface S. By way of explanation, K’ is a parallel push off the knot K
with [k(K, K') = 0 which stays in the surface S. It is denoted by ;.

Example 2.4.9. Let K be the unknot. So, the Seifert surface for K is a disk. Let us

look at the Seifert framing of K in Figure 17.

13



Figure 17: Seifert framing for the unknot along a disk.

2.5 Dehn Twist

Definition 2.5.1. Consider a simple closed curve b on an orientable, closed surface S
and the neighborhood N (b) = S! x [0,1] of b. Cut S through the neighborhood of b,
twist one of the ends of the neighborhood of b through 27 to the right or to the left and
glue back to the surface S, [1]. Right twist is called a right-handed Dehn twist and it
is represented as t,. Left twist is called a left-handed Dehn twist and it is represented

as t;l. In Figure 18 and in Figure 19, these operations are shown respectively.

A

Figure 19: Left-handed Dehn twist.

2.6 Open Book Decompositions

Definition 2.6.1. [15][22] An open book decomposition of M? which is a closed, ori-
ented 3-manifold is a triple (S, K,p). In here, K is an oriented knot or link in M?3.

It is named as the binding of (S,K,p). The map p : M3\ K — S! is a fibration of
14



the M3\ K so that for each o € S, p~1(a) is the interior of compact S C M? whose

boundary is K. This compact surface is named as the page of (S, K, p).

S — M\K
ip
Sl

The map p is named as fibration map and M3\ K fibers over S* with fiber S.

Definition 2.6.2. The genus of the open book decomposition is the genus of the
page. Specifically, open book decompositions with genus zero are called planar open

book decompositions.
Example 2.6.1. Consider S® and remove the unknot from it.

Think S® as a union of two solid tori, after all S® is a boundary of 4-ball D*.

U

Figure 20: An unknot in the 3-Sphere.

Remove tubular neighborhood of U from S®. Since the tubular neighborhood of U
is a solid torus in S3, remove this solid torus from 3-sphere and left with a solid torus.
Pages are disks, binding is the unknot and (D? U, p) is an open book decomposition

for S®. The map p, the fibration map, is given down below:

1

plz,y) = m(iﬂ)-

e

Figure 21: Solid torus.
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D? — Sg\Uz D? x St
ip
Sl

Example 2.6.2. Consider S® and remove positive Hopf link from it.

D

Figure 22: Positive Hopf link in the 3-Sphere.

U

Think S? as a union of two solid torus and think positive Hopf link in S3. Remove
the neighborhood of U; from S3, then left with a solid torus whose inside contains the

unknot.

Figure 23: The unknot in solid torus.

Remove tubular neighborhood of the unknot from solid torus. Pages are annulus,
binding is the positive Hopf link and (S, U; U Us, p) is an open book decomposition for

S3. The map p, the fibration map, is given down below:

Figure 24: Open book decomposition of S3.
16



S — 53\(U1 U U2)

lp
Sl

Example 2.6.3. Consider S® and remove negative Hopf link from it.

G

Figure 25: Negative Hopf link in the 3-Sphere.

U,

Think S® as a union of two solid torus and think negative Hopf link in S3. Remove
the neighborhood of U; from S3, then left with a solid torus whose inside contains
the unknot. Remove tubular neighborhood of the unknot from solid torus. Pages
are annulus, binding is the negative Hopf link and (S,U; U Us,p) is an open book

decomposition for S3. The map p, the fibration map, is given down below:

p(21, 22) = ! (2172).

=

S — 53\((]1 U UQ)

ip
Sl

2.6.1 Abstract Open Book Decompositions

Definition 2.6.3. Take a surface S which is oriented and has a boundary knot or
link K. Take a self-diffeomorphism ¢ of S such that this map is identity on 9S. An

abstract open book decomposition can be defined as below;
MK =S x [0,1]/(¥(2),0) ~ (z,1),[22].

The pair (S,1) is named as an abstract open book. The map ¢ : S — S is named
as the monodromy of (S,1). The surface is named as the page of (S,1)). The boundary
of the surface is named as the binding of (S, ).

17



Example 2.6.4. Take the page S as a disk D? with boundary the unknot U and the
monodromy ¢ as the identity map. In this case, (D?,id) gives an abstract open book

decomposition of S3.
M3\U = D? x [0,1]/(x,0) ~ (x,1).

Example 2.6.5. Take the page S as an annulus which is a Seifert surface for positive
Hopf link L, and monodromy 1 as a right-handed Dehn twist. In this case, (S,)

yields an abstract open book of S3. It has positive Hopf link as the binding.
M3I\L, =S x[0,1]/(¢(x),0) ~ (z,1).

Example 2.6.6. Take the page S as an annulus which is a Seifert surface for negative
Hopf link L_ and monodromy 1) as a left-handed Dehn twist. In this case, (S, ) yields

an abstract open book of S®. It has negative Hopf link as the binding.
M3I\L_ =S x[0,1]/(x(x),0) ~ (x,1).
Definition 2.6.4. One can define positive stabilization of (S,1) as follows:

1) Take union of the surface S of the abstract open book and a 1-handle; S’ = SU1-
handle,

2) By taking a right-handed Dehn twist on a curve b in S” which intersects the co-
core of the 1-handle only one time, one can get a new monodromy 1 o t;, where

t, refers to a right-handed Dehn twist, [22].

Positive stabilization is shown as (S’,1 o t;). An abstract open book (S,1) and its

positive stabilization (S’ o ;) give diffeomorphic manifolds, [22].

2.7 Dehn Surgery Along Knots

Dehn surgery is a way to build a new topological 3-manifold from a closed orientable
3-manifold and it is named after Max Dehn. For more information see [2], [15], [17]
and [23].

To perform Dehn surgery, determine a knot K in the given M3, take a tubular

neighborhood nbhd(K) = S* x D? of the knot and remove it from the 3-manifold M?3.

18



After this, by gluing the removed neighborhood with a diffeomorphism ¢ : 9(S! x
D?) — 9(M?3 \ nbhd(K)), a new 3-manifold is constructed. It is shown as M’ =
(M3 \ nbhd(K)) Uy, (S* x D?) and M is achieved by Dehn surgery along K. This new
manifold changes depending on diffeomorphism ¢.

Let M3 = S3. A curve on 9(S® \ nbhd(K)) is determined by integers (p, ) which
are relatively prime. The union of a 3-dimensional 2-handle and a 3-handle can be
thought as a solid torus. Since, a 3-handle can be glued only one way, it is up to
2-handle to determine the surgery by gluing curve ({*} x 9D?) and ¢({*} x dD?) =
a € 9(S3\ nbhd(K)), [17].

Homology class of the curve «; [a] € Hy(9(S?\nbhd(K));Z) = H\(T*7Z) X Z® L.
A curve on 9(S® \ nbhd(K)) is called a meridian on nbhd(K), u, that performs a
generator of Hy(9(S? \ nbhd(K))). Another curve on 9(S* \ nbhd(K)) is called a
longitude, \s, that corresponds to the zero framing as Seifert framing. These two

curves are a basis for H;(9(S® \ nbhd(K))). So, for coprime p and g,

o({*x} x OD?) = a = qu + pAs, [23].
This coprime integers (p, ¢) might be thought as a reduced fraction P The surgery
q

coefficient is defined by this rational number Pe QU{oo}. This coefficient contains all
q
the information about the surgery. These type of surgeries are called rational surgery.

An integral surgery is a surgery with ¢ = 1, [23].

1
Example 2.7.1. [23] co = 5 Dehn surgery along a knot K C S? gives S3.

2.7.1 Lens Spaces

Definition 2.7.1. [24] The lens space L(p, q) can be formed by a Dehn surgery applied

to the unknot with the surgery coefficient P

Figure 26: L(p, q).
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Example 2.7.2. [24] L(1,0) = S? and L(0,1) = S x 52

Definition 2.7.2. [25] Another definition of the 3-dimensional lens spaces can be given
by quotients of the 3-sphere S® by Z, actions. Here, think the 3-sphere S® in C2. The
3-sphere S? is the set of {(k,ks) € C? : |k1|* + |ko|? = 1} and take the cyclic group
Z,=1{0,1,...,p—1} with p does not have to be prime number. So, Z, acts on S* freely

and it is given down below:

2mis 2misq

s-(ki,ko) =(e» -ki,e 7 -ky)=L(p,q) for some s € Z,.

Example 2.7.3. L(2,1) = RP3: By using the second definition of the lens space,
L(2,1) = S%/7Zy. This means that S%, where (ki, ky) is identified with (k;, kj).

27is 2mis

(ki ky) = (72 ke 2 - ky) .

Since s € Zsy, s is either 0 or 1. If s = 0, then (k;,ky) = (k1, ko) or if s = 1, then
(K}, ky) = (—ky, —ko) = —(k1, ky). Thus, L(2,1) is the 3-sphere with antipodal points
identified. From Example 2.1.3 this is the definition of real projective space RP3.

The classification of lens spaces was shown by Broody in 1960 up to homeomor-

phism.

Theorem 2.7.1. [26] “ Lens spaces L(p,q) and L(p,q') are homeomorphic if and only
if g =+q¢ mod p.”

In 1960 Wallace proved Theorem 2.7.2 and after that in 1962 Lickorish proved the

same theorem in a different way.

Theorem 2.7.2. [1] [3] “ Fach closed, oriented M? can be achieved by Dehn surgery
with the framing (1) along a link of unknots in S3.”

2.8 Kirby Moves

By using Dehn surgery along knots, a given 3-manifold can be changed into a
different 3-manifold, but with Kirby moves situation will be different. By applying
Kirby moves on a framed link K one can get the same 3-manifold again. For further

explanation see [27], [24] and [23].
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2.8.1 First Kirby Move-K1

First Kirby move is related with taking a connected sum with S® or cancelling it

from the framed link K. Here, the unknot with framing +1 represents 5%, [23].

+1

K «<<—>K U

Figure 27: Kirby move-K1.

2.8.2 Second Kirby Move-K2

Second Kirby move is related with component sliding of the framed link . K; and
K5 are two components of the link K. K has n; framing and K5 has ny framing which
is defined by a longitude Kj. Define K as a union of K; and K. Ky is obtained
by connecting K; and K7 via a band connection k. It is shown as Ky = K #, K} in
Figure 28. The other parts of the link will be the same. This operation is explained as
K, was slide over K. The framing of the component K4 can be computed according
to the formula, ny + ny + 21k(Ky, Ky), [23].

By the way, framing of the K; does not change while K5 changes, [23].

Ky

K, K,
D
A

Figure 28: Kirby move-K2.
The blow-down operation is defined as putting aside an unknot with framing (£1).
The blow-up operation is the inverse of blow-down operation, that is, it is done by
adding an unknot with framing (£1). General situation for these operations are illus-

trated in Figure 29, [23].

21



- - . one full left or
- right twist

Figure 29: General situation for (£1) blow-down /up.

Example 2.8.1. In Figure 30 and Figure 31 are illustrated blow-down operation whose

final states are S°.
2 2 1 2 1 1
S # S # S

Figure 30: The framed link represents S®.
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S # $ # S

Figure 31: The framed link represents S®.
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3 EXISTENCE OF OPEN BOOK DECOMPOSI-
TIONS

Existence of open book decompositions of 3-manifolds has been known since 1920

thanks to Alexander.

Theorem 3.0.1. [7] “ Take a 3-manifold which is closed and orientable. Then M? has

an open book decomposition.”

Proof. In [3] and [4], Wallace and Lickorish showed that all closed, oriented M? is
achieved by Dehn surgery with the framing (+1) along a link Ly;s C S of unknots.
Additionally, there exists an unknot U C S® so that the link Ljs is braided about the
unknot. Also, every component L; of the link L,;s might be considered to link the

unknot absolutely once. This situation can be seen in Figure 32.

Figure 32: L) is braided about U.

Think the trivial abstract open book (D?,id) of S3: the pages are disks, the binding
is the unknot U and the monodromy is the identity map. Since the unknot U links
every component L of the link Lj;s absolutely one time, every component L; of the
link Ly punctures each disk transversely one time. After executing (£1)-surgery
along the link L,ss, boundary of every puncture, that is a meridional curve to every
component Ly, becomes longitudinal. So, these new punctured disk pages give the page
of the open book decomposition of M?3. Therefore, the pages are planar. Moreover, its

binding is formed by U and L. O
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In the given proof of Alexander’s theorem, the monodromy map of the appearing
open book decomposition is unknown. To shed light on this monodromy issue, an
algorithm for finding the monodromy map of open book decompositions in Theorem

3.0.1 will be studied in detail and this algorithm is in Onaran’s paper [13].

3.1 The Algorithm for Planar Open Book Decompositions

Take an oriented and closed M? and an abstract open book (.S, ) of this 3-manifold.

e Consider a knot K in M?3 sitting on the page of (S,¢). By performing (£1)-
surgery along the knot K, a new 3-manifold is obtained with (S, o t}'). Here,
ty* refers to left-handed Dehn twist and ¢! refers to right-handed Dehn twist
about K.

As in Figure 33, the link L ;s that is mentioned in the proof of Alexander’s theorem
can be presented as the closure of an n-braid. In Lemma 3.3 of Onaran’s paper [28] it is
shown that every link has a pure braid presentation. This means that one can assume
the n-braid which is illustrated in Figure 33 is indeed a pure n-braid. Therefore, the
n-braid forming the link L,;s can be decomposed with regard to standard generators

of the pure n-braid which are given in Figure 34.

n-braid

U ii‘l;i

Figure 33: Surgery link.
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1
Figure 34: A;;for 1 <i <j <n.

Theorem 3.1.1. [13] “ Take an oriented, closed 3-manifold M? that is achieved by
Dehn surgery with the framing (£1) along a link Ly of n-unknots in S®. Then, a
planar open book decomposition of M3 is obtained with its page which is a disk with

n-punctures. Also, its monodromy can be achieved from a pure braid presentation of

the link Lys.”

Proof. Begin with a pure braid presentation of the link L, as giving in standard
generators. From the proof of Alexander’s theorem, remember that the unknot U is
the boundary of a disk in S® and every component of the link L ;s punctures that disk
exactly once. By using the algorithm for open book decompositions and open book
(D?,id) of S3, a planar open book for M? will be built.

Eliminate every linking among the components of L, via blowing up which is
mentioned in Subsection 2.8. Therefore, the yielding unknots with framings (£1) can be
isotoped to place on the punctured disk whose boundary is the unknot U. Specifically,
adding a (£1)-framed unknot to a diagram will add (£1) to the framing of every
corresponding component of the link L,;s. The blowing up operation eliminates full
twists. So, the pure braid presentation of the L, with regard to standard generators
enables us to eliminate all linking. After that, keep on blowing up until all framing
coefficients of every component of L is zero. This zero framed L, transversely
punctures every disk page one time. So, the yielding (£1) link of unknots can be
isotoped onto one of the punctured disk pages. A planar open book decomposition of
M?3 is obtained, after executing surgeries by the algorithm 3.1. The pages of this open
book are disk which has n-punctures. Its monodromy is a product of left /right-handed
Dehn twists about the surgery curves with the framing (+1) which is on the punctured

disk whose boundary is the unknot U. O]

The following two examples illustrate the proof of Theorem 3.1.1. In each example
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the resulting 3-manifolds after surgeries, their open book decompositions and their
monodromies are explicitly given.

Example 3.1.1. The L(2,1) can be given by a surgery on the Hopf link.

+1 -1

Figure 35: Surgery on the Hopf link.

Let us first see the 3-manifold is L(2,1).

+®1 HQ |
S3 #

Figure 36: The resulting manifold is L(2,1).

L(2,1)

Firstly, demonstrate the Hopf link as a pure 2-braid closure. One can decompose
this pure 2-braid with regard to standard generators of the pure braid group on 2-
strands. After that, eliminate every linking among the components of the Hopf link
via blowing up. Keep on this operation until the framing of every component of the

Hopf link is zero. These operations are shown in Figure 37.
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Figure 37: Pure braid presentation of the Hopf link and a way of eliminating linkings.

As can be seen in Figure 37, there is the unknot U which bounds a disk in S?.
That disk is punctured by every 0-framed unknot. Isotope (£1)-framed unknots onto
the punctured disk whose boundary is the unknot U. By the algorithm for open book
decompositions, after executing surgeries, a planar open book decomposition (S,) of
L(2,1) is obtained. Its page is a disk with two punctures. Every O-framed unknot is a
binding component. Let us call these binding components a; and a, from outer one to
inner one. The monodromy of the open book is ¢ = t/@t;f where [ is the simple closed

curve surrounding the holes a; and as.
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Figure 38: A planar open book for L(2,1).

Example 3.1.2. The L(3,1) can be obtained by a surgery on the link which is illus-

-1
N4

Figure 39: Link with unknots.

trated in Figure 39.

Let us first see the 3-manifold is L(3,1).

N\,

+1 3@ +1
L3,1) # S°

S* 4

Figure 40: The resulting manifold is L(3,1).
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Firstly, demonstrate the given link as a 3-braid presentation. After that, eliminate
every linking among the components of the given link via blowing up. Keep on this op-
eration until the framing of every component of the given link is zero. These operations

are shown in Figure 41.

(.\+1 (.\O +1;> ~ 0
s

<D
1C D

Figure 41: Braid presentation of the given link and a way of eliminating linkings.

As can be seen in Figure 41, there is the unknot U which bounds a disk in S3.
That disk is punctured by every O-framed unknot. Isotope (%1)-framed unknots onto
the punctured disk whose boundary is the unknot U. By the algorithm for open book
decompositions, after executing surgeries, a planar open book decomposition (S, ) of
L(3,1) is obtained. Its page is a disk with three punctures. Every 0-framed unknot is
a binding component. Let us call these binding components a1, as and as from outer
one to inner one. The monodromy of the open book is ¢ = tatgt;;” where o and (3
are simple closed curves. The curve a surrounds the holes a; and as. The curve (8

surrounds the holes as and as3 .
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Figure 42: A planar open book for L(3,1).
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4 CONTACT 3-MANIFOLDS

4.1 Contact 3-Manifolds

Definition 4.1.1. [29] [30] Take an oriented 3-manifold M3. Let « : TM? — R be a
1-form on M? and take the set of kera = {u € TM?|a(u) = 0}. If a 1-form « fulfills
the conditions a A (da) # 0 and locally £ = ker «, then « is named as a contact 1-form

on the 3-manifold and ¢ is named as a contact structure on M?3.

Definition 4.1.2. [29] [30] A contact 3-manifold M? is a manifold that has a contact
structure on it. It is denoted by (M3, ¢).

Example 4.1.1. [29] [30] Let agq = dz — ydr be a 1-form on R® with Cartesian

coordinates. The 1-form a4 is contact, since

Qg N dogg = (dz — ydx) A d(dz — ydr)
=dr NdyNdz # 0.
o 0 0

—_— + -
oy’ Ox Y52
a contact structure on R?. This contact structure is called standard contact structure

on R3.

The contact planes are £q = ker agy = < > In that case, agq gives

Figure 43: Standard contact structure on R3.
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Example 4.1.2. [30] [17] Take the unit 3-sphere S® C R*. Let oy = (x1dy; — y1dxy +

Todys — y2dxs)|gs be a 1-form on S? with Cartesian coordinates.

o Ndoy = (x1dyr — yriday + xadys — yodas) A d(z1dyr — yrdaey + zadys — yodas)
= (r1dyr — 1dzy + xadys — yodxe) A (2dzy A dyy + 2dzo A dys)
21’2dl’1 VAN dyl A dy2 - ngdl'l A dyl A dl’2+

21’1d’y1 VAN dl’g A dyz - Q’yldl‘l VAN dl’g VAN dy2

A basis for the tangent space of S can be given by <i—ﬂi, i—@i, i—
5 0ry Y1 0y1 Oxy Yo Oyp Omy
I

42 0y
on S3. This contact structure is called the standard contact structure on the 3-sphere.

>. Then, a; A day # 0 on this basis. In that case, oy gives a contact structure

This contact 3-manifold is denoted by (52, £.q).

Example 4.1.3. [29] [30] Let az = dz 4+ xzdy be a 1-form on R? with Cartesian coor-

dinates. The 1-form «» is contact, since

ag N\ dag = (dz + xdy) A d(dz + zdy)
=dr NdyNdz # 0.

0 0 0

Ee 8_3/ — x$> In that case, ay gives a

The contact planes are & = keray = <

contact structure on R3.

Example 4.1.4. Let a3 = dz + 7?df be a 1-form on R3 with (r, 6, z)-cylindrical coor-

dinates. The 1-form a3 is contact, since

as A daz = (dz + r?df) A d(dz + r*d6)
= (dz +r%df) A (2rdr A df)
=2rdr NdO Ndz # 0.

0 0 0
2 > In that case, a3 gives a

The contact pl — k :<—,—— 2\,
e contact planes are &3 er ag 590 " 9a

contact structure on R3.

Example 4.1.5. [30] Let agym = dz — ydz + zdy be a 1-form on R? with Cartesian
coordinates. The 1-form oy, is contact, since
Qsym N dotsym = (dz — ydz + zdy) A d(dz — ydz + xdy)
=2dx Ndy N\ dz # 0.
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o 0
The contact planes &, = ker ay, is spanned by {— —} when © = y = 0,

ox’ dy
spanned by {x% + yagy, % + y%} when y # 0 and spanned by {x% + y%, Oﬁy —

0
:L‘—} when z # 0. In that case, ag,, gives a contact structure on R?. In cylindrical

0z
coordinates oy, is equal to agym = dz + r2df = as.
Example 4.1.6. Let o,y = cosrdz+rsinrdf be a 1-form on R? with (r, 6, z)-cylindrical

coordinates. The 1-form «,; is contact, since

Aot N dags = (cosrdz + rsinrdf) A d(cosrdz + rsinrdf)

= (cosrdz + rsinrdf) A (—sinrdr A dz + (sinr + rcosr)dr A db)

:(1+m)7~dmd9wz%o
for r > 0.

g 8_ ta 8> In that case ives
5 90 r nraz . In , Qlp IV

The contact planes are &,; = ker a,y = <

a contact structure on R3.

Figure 44: Overtwisted contact structure on R3.

As a contact 3-manifold, there are two types: tight and overtwisted.

Definition 4.1.3. [29] [30] Take a contact 3-manifold (M?3,¢) and a disk D C M?3.
The disk D is called overtwisted disk if the condition T,,D = &, is fulfilled by Vp € 0D.

Definition 4.1.4. [29] [30] [17] If (M3,€) contains an overtwisted disk, then (M3, ¢)

is called overtwisted. If not it is called a tight contact 3-manifold.
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Example 4.1.7. [31] Contact 3-manifolds (R3 £,4) and (R3,&,,,,) are tight contact
3-manifolds, contact 3-manifold (R3,&,) is overtwisted. The disk D = {(r,0, 2)|z =

0,7 <m)}in (R3 &,) is an overtwisted disk.

Definition 4.1.5. [29] Take two contact 3-manifolds (M, &;) and (My, ;). Supposing

that there is a diffeomorphism w from M; to M, so that Vp € M, dw,(§,) = &, )

then diffeomorphism w is called a contactomorphism. In that case, these two contact

manifolds are contactomorphic manifolds.

Example 4.1.8. Contact 3-manifolds (R3, £,;4) and (R3, &) are contactomorphic man-

ifolds. Let diffeomorphism w defined as;

W (R37€2) — (Rgagstd)

w(z,y,z) — (y,x,—2) = (2',y, ).

The diffeomorphism w is a contactomorphism which equalize the condition dw(&) =

gstd~

dw: TR?> — TR?

&ap > dwy(§2) = Estan(p)

01 0 1 0
dwzy (Z) = |1 0 0 0l=1]1
00 —1 0 0
_ 0
oy’
01 0 0 1
d(z,y,2) (—x%+a%> = |10 0 1 [=1]o0
00 -1 —x T

R I R )
- 8m’+x82’_8m’+y62’

o 0 0
The vectors of {—, — = x—} which produces contact structure & is carried to
ox’ Jy 0z
o 0 0
the vectors of {—, —+ y—} which produces {44 by diffeomorphism w.
Oy’ Ox 0z
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Theorem 4.1.1. (Darboux’s Theorem, [32]) “ Take a contact structure on M3. For
an arbitrary point z € M3 there is a neighborhood V' of z so that this neighborhood is

contactomorphic to a neighborhood Y which is the neighborhood of the point (0,0,0) in
(R?, Esta)-”

As stated in Darboux’s theorem locally all contact 3-manifolds look like the same.

4.2 Legendrian Knots

Definition 4.2.1. [29] [33] A given knot L in (M?3,¢) is named as a Legendrian knot
if the knot L is everywhere tangent to contact planes. In other words, for an arbitrary

point z € L, if the condition T, L C &, is satisfied then L is a Legendrian knot.
Let
Y St —R?
n— (x(n),y(n), 2(n))

be a parameterization of L and also 1 be the class of C' and an immersion. Further-
more, L is tangent to £ can be symbolized by /(1) € &y or after all § = ker(dz —ydx)

one can get that
' (n) —y(m)x'(n) = 0. (1)

Legendrian knots can be illustrated in two ways in (R3, £,4) but only one will be

used which is front projection, [33].
Definition 4.2.2. [29] [33] Let L be a Legendrian knot in (R3, £,4) and
p: R — R?
p(x,y, 2) = (z,2)
be a projection map. The image p(L) is named as the front projection of L.
Considering 1) parameterizes L then
¥, ST — R?

n+— (z(n),2(n))
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parameterizes p(L). Although ¢ was an immersion(embedding), 1, is not. From
the equation 1; 2/(n) = y(n)a’(n). This equation implies that when z'(n) = 0 then
Z'(n) = 0. So if ¢, was an immersion, 2/(n) must never disappear. In other words,
p(L) does not have vertical tangencies, [33].

For an usual C! Legendrian embedding in R?, 2/(n) can solely disappear at iso-
lated points. Also, there exists a well-defined tangent line as horizontally in the front
projection at isolated points . These kind of points are called generalized cusps, [33].

These two facts that are mentioned above are characterization of front projections.

Especially, any map

g:S' — xz— plane
1 — (2g(n), 24(n))

that fulfills these facts appear as a Legendrian knot, after all under these facts y(n)
can be defined always by

Then ¢ (n) = (2] (n),y(n), 2 (n)) will be a Legendrian knot, [33].

g ’7g

For a given knot diagram that satisfies the below conditions, presents image of the

front projection of a Legendrian knot.
e Vertical tangencies do not exist,
e Generalized cusps are the only singular points,
e At each crossing the slope of the undercrossing is bigger than the overcrossing.

Example 4.2.1. Front diagrams for Legendrian knots are given in Figure 45.

37



Figure 45: Legendrian unknot, Legendrian left-handed trefoil, Legendrian right-handed

trefoil and Legendrian figure eight knot.

Theorem 4.2.1. [33] “ All topological knot type is expressed with a Legendrian knot.”

Proof. Any topological knot type is expressed with a Legendrian knot in (R?, £,4) by
applying the changes that have been shown in Figure 46 to the topological knot. [

N /\/
/ﬁ

Figure 46: Modifications for a topological knot to be a Legendrian knot.

Example 4.2.2. A trefoil knot in R? in Figure 47 is represented as a Legendrian knot

in (R?, &,4) in the same figure.
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@ @
Figure 47: Converting left-handed trefoil into Legendrian left-handed trefoil.

Definition 4.2.3. [33] An isotopy of two Legendrian knots L; and Ly in (M3, €) can
be defined by family of diffeomorphisms v, k € [0, 1], on M? such that ¢g(L;) = L,
and ¥y (L) = Lo.

Theorem 4.2.2. [31] “ The Legendrian isotopic Legendrian knots can be expressed
by two front diagrams if and only if these diagrams are associated with reqular homo-
topy and a series of moves shown in Figure 48. These moves are called Legendrian

Reidemeister moves.”

e
>\ — 2
RGN

Figure 48: Legendrian Reidemeister moves.

Example 4.2.3. Different front projections of the Legendrian unknot that are shown

in Figure 49 are Legendrian isotopic.
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Figure 49: Different front projections of the Legendrian unknot.

Let us show these two projections are Legendrian isotopic. It is illustrated in Figure

50 by using Legendrian Reidemeister moves.

LRM 2 @
1>

LRM 2

<=
@@%%

Figure 50: Legendrian isotopic front projections.

4.2.1 Contact Framing

Take a Legendrian knot L in (R3, &yy).

Definition 4.2.4. [29] The contact framing is the one matching to the parallel curve
that is achieved by pushing L in the direction of % which is transverse to £gq. It is

denoted by \;.

0
Example 4.2.4. Take Legendrian unknot in Figure 51 and vector field v = EP which
z

is transverse to yq.



Figure 51: Contact framing for Legendrian unknot in the direction z-axis.

4.2.2 Classical Invariants of Legendrian Knots

4.2.2.1 Knot Type

The topological knot type for Legendrian knots is the most explicit invariant, [33].

Example 4.2.5. Legendrian knots that are given in Figure 52 and Figure 53 are

different from each other since their knot types are different.

Figure 52: Knot type is the unknot.

\/\%\/\

Figure 53: Knot type is the left-handed trefoil.

4.2.2.2 Thurston-Bennequin Invariant
Assume that Legendrian knot L is in (R?, &yy) and it is null-homologous. The
twisting of contact framing about the Seifert framing of L is named as the Thurston-

Bennequin invariant of L, represented as tb(L). By way of explanation, choose a
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vector field which is transverse to 4 along L. Determine a parallel push off L' of L

along this vector field. Then, tb(L) equals to the linking number between L and L'.

In this case, vector field can be chosen as v = %. Take parallel push off L in the
direction of v, [29], [33]. Since tb(L) = lk(L, L"), from the definition of linking number

th(L) = %Z #Signs. Let Ay denote Seifert framing and \; denote the contact framing
of L. Then, Ay = tb(L) + ;.

At each positive (negative) crossing in the front projection of L, two positive (neg-
ative) crossings of L and L’ will occur. At each positive (negative) cusp of L, a left

crossing of L and L’ will occur. So,

1
th(L) = 3 Z #Signs
1
= 5(2writhe(p(L)) — total cusps in p(L))
1
= writhe(p(L)) — §(t0tal cusps in p(L)), [33].
Example 4.2.6. The front projection of a Legendrian unknot L and its parallel push
off L’ in the direction of % are given in Figure 54. The linking number between them

is k(L, L") = —1, that is tb(L) = —1. On the other hand, since the writhe number of

L is zero and there are two cusps on the front projection of L, from the formula

1 1
tb(L) = writhe(p(L)) — =(total cusps in p(L)) =0 — = -2 = —1.
2 2

Figure 54: Legendrian unknot and its parallel push off.

By reversing the orientation, the writhe number does not change. When the given
orientation is reversed, all of the orientations will be reversed on the strings. So, signs
of the crossings will be the same. Thus, the Thurston-Bennequin invariant does not

vary by the given orientation.
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4.2.2.3 Rotation Number

Assume that Legendrian knot L is in (R3 &) and it is null-homologous. The
rotation number of L, represented as r(L), is the winding number about the vector
field that produces a trivialization of £44. This vector field can be v = a% and take a
nonzero vector field v which is tangent to L. Thus, to find the rotation number one
should count how many times u passes v. By way of explanation, calculating a signed
sum of how many times v and v pointing in the same direction. Its sign is described
as (+1) when u passes v counterclockwise. Its sign is described as (—1) when u passes
v clockwise. The vector field u will be pointing in the direction of +v = :I:a% at the
cusps. At down cusps the intersection will be positive and at up cusps the intersection
will be negative. Furthermore, considering the rotation number counts the number of

times u intersects both v and —v, so multiply by 3 to get 7(L), [33]. Then in the front

projection,
1
H(L) = 5(D=U), [37],
Let D denote the total down cusps. Let U denote the total up cusps.

Example 4.2.7. The Legendrian unknot, that is given in Figure 55, has one up cusp
and three down cusps due to the orientation. So, the rotation number is equal to

rot(L) = %(3 —-1)=1.

Figure 55: Up cusp and down cusps of Legendrian unknot.

By reversing the orientation which is given in Figure 55, then the rotation number
will change sign. In other words, the up cusp will be down cusp and the down cusps
will be up cusps since the orientation is reversed. So, the rotation number of the given

Legendrian unknot is —1. Thus, the rotation number is orientation dependent.
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Example 4.2.8. Legendrian right-handed trefoil, Legendrian left-handed trefoil and
Legendrian figure eight knot are given in Figure 56, Figure 57 and Figure 58, respec-

tively. Let us calculate their classical invariants.

Figure 56: Crossings and cusps on Legendrian right-handed trefoil.

The writhe number of a Legendrian right-handed trefoil is 3 in Figure 56. There

are four cusps. Two of them are up cusps and the other two are down cusps.

tb(L) = writhe(p(L)) — %(total cusps in p(L))

1
:3—5-4:1 and
1 1

Figure 57: Crossings and cusps on Legendrian left-handed trefoil.

The writhe number of a Legendrian left-handed trefoil is —3 in Figure 57. There

are six cusps. Two of them are up cusps and the other four are down cusps.

tb(L) = writhe(p(L)) — %(total cusps in p(L))

1
:—3—5-6:—6 and

rot(L) = %(D _U) = %(4 _9) 1.
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Figure 58: Crossings and cusps on Legendrian figure eight knot.

The writhe number of Legendrian figure eight knot is 0 in Figure 58. There are six

cusps. Three of them are up cusps and the other three are down cusps.

tb(L) = writhe(p(L)) — %(total cusps in p(L))

1
20—5-6:—3 and
1 1
rot(L)zé(D—U):§(3—3):0.

Example 4.2.9. Two different front projections of Legendrian unknot in Figure 59

are not Legendrian isotopic to each other.

(@) (b)

Figure 59: Front projections of non-isotopic Legendrian unknots.

The topological knot type of two Legendrian unknots is the unknot. However, their
other classical invariants are different. In Figure 59(a), since the writhe number is zero
and there are two cusps on the front projection, tb(L,) = —1. In Figure 59(b), since
the writhe number is —1 and there are two cusps on the front projection, tb(Ly) = —2.
The rotation number of the first Legendrian unknot is rot(L;) = 0, since it has one
up cusp and one down cusp on the front projection. The second Legendrian unknot
has rot(Lg) = —1, since it has two up cusps on the front projection. Hence, these two

different front projections of the Legendrian unknot are not Legendrian isotopic.

45



Example 4.2.10. In Example 4.2.3, by using Legendrian Reidemeister moves it is
shown that two Legendrian unknots in Figure 50 are Legendrian isotopic. In fact, two

Legendrian unknots have the same invariants which are tb = —2 and rot = 1.

<z <<

Figure 60: Legendrian isotopic unknots .

4.2.3 Stabilizations

Stabilization is defined in (R3, &sta) and is used for constructing another Legendrian
knot L that represents the same topological knot type. For a given strand of the
Legendrian knot, the stabilization of the Legendrian knot can be achieved by deleting
the strand and alternating it with the zigzags. Stabilization is named positive if down
cusps are added and negative if the up cusps are added. S, (L) refers to positive
stabilization and S_(L) refers to negative stabilization, [33]. Stabilizations are shown

in Figure 61.

<
SN \§\

e

Figure 61: Positive and negative stabilization.

In the positive stabilization, two down cusps are added to the knot. In the negative
stabilization, two up cusps are added to the knot. So, after this operation classical

invariants will be changed as below:
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tb(Ss(L)) = th(L) — 1
r(Se(L)) = r(L) £ 1.

Stabilization is an operation which is done locally on a knot. A stabilization of a
Legendrian knot can be moved to another region of the diagram over a cusp or a crossing
thanks to Legendrian Reidemeister moves. Stabilization is a well-defined operation,
since the operation is independent from the point that is applied. Since stabilization
can be moved a region to another region on the knot diagram, the operation has the

commutative property, that is, Sy o S_ = S_0S5,, [35].

Example 4.2.11. Figure 62 shows stabilizations of the given Legendrian unknot.

Figure 62: Legendrian unknot L, a positive and a negative stabilization of L.

Theorem 4.2.3. [36] “ Topologically isotopic Legendrian knots L and L' in (R3, €.q)
will be Legendrian isotopic afterwards the application of the stabilization a few times

on every one of them.”

4.3 Contact Surgery Along Legendrian Knots

The idea of contact surgery along Legendrian knots is similar to Dehn surgery along
topological knots. The method of this surgery is that perform Dehn surgery along a
Legendrian knot depending on contact framing and then extend the former contact
structure to the resulting 3-manifold. The latter contact structure may differ from the
former one. For more information see [5] and [37].

Take a Legendrian knot L in (M3, €) and its tubular neighborhood v L of L. To ex-
ecute Dehn surgery, remove vL from (M3, £) and reglue solid torus along the boundary

with its tight contact structure via diffeomorphism ¢y ;
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pr (ST x D2, &) — O((M?,§) \ vL), [7], [35].

Contact a-surgery with the contact longitude )\; can be presented as o = qu+pA; =

or({x} x D?). So, a = P is called contact surgery coefficient. After contact surgery,

’

a new contact 3-manifold (M’,&) = (M?3,€) \ vL Uy, (S* x D? &) is constructed, [5].
Specifically, contact surgery with the contact framing (—1) is named as a Legendrian

surgery.

Theorem 4.3.1. [5] “ All closed, oriented contact 3-manifolds is obtained via contact

surgery with the contact framing (+1) along a Legendrian knot in (S3,&xq).”

Example 4.3.1. [37] Performing contact (+1)-surgery along the Legendrian unknot
U with tb(U) = —1 and rot(U) = 0 corresponds performing Dehn surgery with the
surface framing 0 along the topological unknot. This equivalent surgery results in the
manifold S! x S2. As stated by Eliashberg, this 3-manifold yields the unique tight

contact structure.

+1 0

Figure 63: Contact (+1)-surgery along U.

Example 4.3.2. [37] [39] [10] Perform contact (+1)-surgery along a stabilized Leg-
endrian unknot L which has tb(L) = —2, rot(L) = 1 and is given in Figure 64. It is
equivalent to performing Dehn surgery with the surface framing (—1) applied to the
topological unknot. This surgery results in the manifold S3. According to [37], [3Y]
and [10] contact surgery with the contact framing (41) applied to stabilized Legendrian

unknot yields overtwisted contact structure on S3.

+1 -1

Figure 64: Contact (+1)-surgery along L.
48



4.3.1 Algorithm for Contact s-surgery

In [5] Ding and Geiges proved that all contact s-surgery with s < 0 or s > 0 can be
achieved by a series of (—1)-surgeries or (41)-surgeries respectively. The latter one is
slightly differ from the former one. In [37] Ding, Geiges and Stipsicz gave the algorithm
for these surgeries based on [7].

Algorithm for s < 0 : Take Legendrian knot L in (M3 ) for performing con-
tact surgery with the contact framing s applied to the Legendrian knot. For integers

81,82, ..., 8, < —2, compute s as a continued fraction which is given below;

Think Legendrian knot L; as Legendrian knot L with |s; + 2| extra zigzags like
in Subsection 4.2.3. For the rest k = 2,...,n take Legendrian push off Ly of L;_;
with |sg + 2| extra zigzags. In that case, a contact surgery with the contact framing s
applied to L equals to a series of contact surgeries with contact framings (—1) along

Li, Lo, ..., L.

7
Example 4.3.3. Apply the algorithm to the Legendrian unknot for contact s
surgery. It is illustrated in Figure 65.

Since s; = —3, Ly will be a Legendrian unknot with one extra zigzag. For s; = —4,
L, will be Legendrian push off of L; with two extra zigzags. There are six possibilities

of performing contact _T—surgery. One of the possibility is given in Figure 65.

\4

7
Figure 65: Contact —Z—surgery along the Legendrian unknot.
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Algorithm for s > 0 : Take positive coprime integers p and ¢q. For s = b > 0, take
q

an integer r > 0 that fulfills the condition ¢ — rp < 0 and fix & = P Take r
q—Tp
Legendrian push off Ly, Lo, ..., L, of a Legendrian knot L. Under these circumstances,

a contact surgery with the contact framing s applied to L equals to a series of contact
surgeries with contact framings (+1) applied to L, Ly, Lo, ..., L, and a contact s'-

surgery along L.

1
Example 4.3.4. Apply the algorithm to the Legendrian unknot for contact 5 surgery.
It is illustrated in Figure 66.

1
Since s = b_ 37 for r = 3 the condition ¢ — rp < 0 is fulfilled. Contact surgeries
q
with contact framings (+1) applied to L, Ly, Ly and a contact surgery with the framing
1
(—1) applied to L3 equal to the contact surgery with the contact framing 5 along the

Legendrian unknot.

N2

1
Figure 66: Contact §—surgery along the Legendrian unknot.
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5 OPEN BOOK DECOMPOSITIONS AND CON-
TACT 3-MANIFOLDS

In this section, the relation between open book decompositions and contact struc-
tures will be analyzed. Contact structures are defined in Subsection 4.1. In here,
positive contact structures will be used. A positive contact structure fulfills the condi-
tions that are mentioned above with a slight difference, that is, a Ada > 0. A definition
will be given that relates open book decompositions to contact structures. For more
information see [22] and [17].

In 2000, Giroux made a breakthrough in the field of contact topology by proving
the following theorem. This theorem allows to study between contact structures and

open book decompositions with inner peace.

Theorem 5.0.1. [3] “ Take a closed and oriented 3-manifold M?>. There exists a one-
to-one correspondence between oriented contact structures on M?® up to isotopy and

open book decompositions of M3 up to positive stabilization.”

Definition 5.0.1. [22] Take a contact 3-manifold (M3, &) and an open book decompo-
sition (S, K,p) of M3. In other words, there exists a contact 1-form « for & wherever
¢ is isotoped through contact structures. If this 1-form « is positive on the binding K
and da is also positive on the pages of (S, K, p), then (M3, &) is supported by (S, K, p).
It is also said that (S, K, p) is compatible with & on M?3.

Example 5.0.1. The abstract open book (D?,id) supports (S, &q).

The 3-sphere S® = {(k1, k2) € C? : |k1|* + |k2|? = 1} and the standard tight contact
structure &yq = ker(r2df; + r3d6y).

The binding U = {r; = 0} and the fibration p(ry,60;,72,65) = 6, gives an open
book decomposition of S3. For a fixed 61, p~'(6;) is the interior of the Seifert surface
for the unknot which is a disk. Its binding is the unknot and its pages are disks. Its
monodromy map is identity. The abstract open book (D?,id) supports (53, &4): The
base vector % of C? is tangent to U and the contact form is df, when restricted to

the unknot. So, the binding U is transverse to £s4. The restricted contact form to a

page is r5dfy. Hence, d(r3dfy) = 2radry A dbsy is a volume form on the page, [17].
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Example 5.0.2. Take S as an annulus. The abstract open book (S, ;) of the positive
Hopf link supports (52, £q).

The abstract open book (S,1;) is the positive stabilization of (D2, id). Its page,
annulus, is achieved by taking union of the disk and a 1-handle and its monodromy is
achieved by taking composition of id and a right-handed Dehn twist. By using Giroux’s
Theorem 5.0.1, the abstract open book (S, t,) supports (S, £q).

Example 5.0.3. Take S as an annulus. The abstract open book (S, ¢, ') of the negative
Hopf link supports (52, &,).

By Yilmagz, if the monodromy of an open book decomposition is of the form of a
product of left-handed Dehn twists, then the open book is compatible with overtwisted
contact structure, [11]. Since the monodromy of the open book is tgl, then the abstract

open book (.5, tb_l) supports overtwisted contact structure on S3.

The relation between abstract open book decompositions and contact surgeries can

be understood via Theorem 5.0.2 down below.

Theorem 5.0.2. [22] “ Take an abstract open book decomposition (S,1)) that is sup-
porting (M3,€) and a Legendrian knot L on the page of (S,v). To execute contact
surgery with the contact framing (£1) applied to the knot L is equal to adding a Dehn
twist to the monodromy of the open book decomposition. Contact surgery with the con-
tact framing (+1) applied to a Legendrian knot on the page gives (S, ot,'). Contact
surgery with the framing (—1) along a Legendrian knot on the page gives (S, o t}!).

So, this new 3-manifold can be shown as below:

2

(Mg, 5)(L,j:1) - (M?S,wotf)’ L(S,dzotjf))'

Theorem 5.0.3. [12] “ Take a 3-manifold M? which is closed and oriented. Every

open book decomposition of M? supports a contact structure on M3.”

Lemma 5.0.1. (Cancellation Lemma, [11]) “ Take a contact 3-manifold (M,§). A new
3-manifold (M',£") is formed by contact surgery with the contact framing (—1) applied
to a Legendrian knot L in (M,§). After that, execute contact surgery with the framing
(+1) applied to a Legendrian push off of L in (M',£"), then the resulting manifold is
contactomorphic to (M,§).”

Proof. Take a Legendrian knot L in (M, &) and its Legendrian push off L’. One can

always find an open book decomposition (.5,1)) supporting £ and containing L and its
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Legendrian push off L' on its page, [3], [13], [10]. To perform contact surgery with
the contact framing (—1) applied to L gives a new contact 3-manifold (M’ ') with
(S,voty). Then performing contact surgery with the contact framing (+1) applied to
L’ results in an open book decomposition (S, oty o tz,l). Hence, the former contact

3-manifold (M, §) is achieved, since t7, o t;' = id. ]

5.1 Invariants of Contact Structures from Open Book Decom-
positions

Contact structures have invariants from open book decompositions: the support

genus and the binding number, that are described in [9].

Definition 5.1.1. [J] Take a contact 3-manifold (M?3,¢). The minimal genus of a page

of an abstract open book decomposition of M? is called the support genus of &.

sg(§) =min{genus(S) : (S,1) supports £}, [9].

Definition 5.1.2. [9] The minimal number of boundary components on the page of
the open book decomposition that supports (M3, £) and has the support genus is called
the binding number of & on M?3.

bn(§) =min{|0S| : (S, ) supports £ with genus= sg(§)}, [9].

Example 5.1.1. In Example 5.0.1 the abstract open book (D?,id) where the pages
are disks supports (5%, £.4). In Example 5.0.2 the abstract open book (.5, ¢,) where the
pages are annuli supports (S%, £,4). Let us examine the invariants of contact structures

of these abstract open books which are compatible with &4 on S3.

Figure 67: Disk and annulus.
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In both examples, pages have zero genus, then genus of these open book decom-
positions is zero. This means that these open book decompositions are planar and
both of them have support genus zero. The boundary components of the pages are
one and two respectively. In this case, the minimal number of boundary components
on the page of the open book which supports (52, &,4) with support genus zero is one.

Therefore, the binding number of £,4 on S® with planar pages is one, bn(&,q) = 1.

Lemma 5.1.1. [9] “ Assume (M3,€) is a contact 3-manifold that is supported by an

open book with genus zero.
(i) If in(€) =1, then £ is the standard tight contact structure on S3.

(ii) Let bn(§) = 2. If £ is tight, then £ is the unique tight contact structure on
L(r,r — 1) for some r > 0. Otherwise, if £ is overtwisted, then & is overtwisted

contact structure on L(r,1) for some r > 0.”

Proof. (i) If the support genus is zero and the binding number is equal to 1, then the
pages S of the open book decomposition are disks. It has been shown in Example 5.0.1
that (D?,id) supports (S?, £q).

(ii) If the support genus is zero and the binding number is equal to 2, then the
pages S of the open book are annular. Since its page is an annulus, its monodromy
map is of the form of tg‘”. Here, t;, stands for a right-handed Dehn twist about the core
circle b of the page annulus and ¢, ' stands for a left-handed Dehn twist about the core
circle b of the page annulus.

Assume the monodromy map 1 of the open book decomposition is ¢ = ¢; where
r > 0. Consider the open book decomposition of (S, £4) where pages are annulus and
the monodromy is equal to t;, which is given in Example 2.6.5. Since the monodromy
is 1 =t = t,t; ', the resulting 3-manifold can be seen as total (r — 1) Legendrian
surgeries along (r — 1) Legendrian unknot with tb = —1. In Figure 68, Legendrian

surgery picture is given.
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Figure 68: (r — 1) copies of Legendrian unknot.

From the algorithm 4.3.1 for contact s-surgery, Legendrian surgery along (r — 1)

1
copies of Legendrian unknot equals to — ( 1)—Contact surgery along the Legendrian
r —
unknot with tb = —1. By using the equation A\, = tb + A,
1 r
M=l (=) 5 = -
+ r—1 r—1
Since the Seifert framing of the unknot is — T T the new 3-manifold is L(r,r — 1). In
r —

2014, Wand proved that the tightness remains the same under Legendrian surgery in
a tight contact structure. To obtain the new 3-manifold L(r,r — 1), we execute (r — 1)
Legendrian surgeries. Therefore, this new contact 3-manifold is tight by Wand, [44].
Assume the monodromy % of the open book decomposition is ¢ = t," where r > 0.
Consider the open book decomposition of (53, &) where pages are annulus and the
monodromy is equal to ¢, which is given in Example 2.6.5. Since the monodromy is
Y=t = tbtb_(rﬂ), the resulting 3-manifold can be seen as total (r + 1) contact (+1)-
surgeries along (r + 1) Legendrian unknot with tb = —1. In Figure 69, Legendrian

surgery picture is given.
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+1

+1
+1

Figure 69: (r + 1) copies of Legendrian unknot.

From the algorithm 4.3.1 for contact s-surgery, contact (+1)-surgery along (r + 1)

1
copies of Legendrian unknot equals to rr 1>—contact surgery along the Legendrian
r
unknot with Thurston-Bennequin invariant tb = —1. By using the equation A\, = tb+\;,
AS:—1+< >:>>\8:— i
r+1 r+1

Since the Seifert framing of the unknot is —#, the new 3-manifold is L(r,r + 1).
From the Theorem 2.7.1, L(r,r+1) is equivalent to L(r,1). In [11] Yilmaz show that if
the monodromy of an open book decomposition is a product of left-handed Dehn twists,
then the supporting contact structure is overtwisted. Thus, the contact structure on
this new 3-manifold L(r, 1) is overtwisted by Yilmaz, [11].

Assume the monodromy 1) of the open book decomposition is ¢ = ¢, where r = 0.
Consider the open book decomposition of (S?,£,,4) where pages are annulus and the
monodromy is equal to ¢, which is given in Example 2.6.5. Since the monodromy is
v = tbtgl = 1d, the resulting 3-manifold can be seen as a contact surgery with the
framing (+1) applied to a Legendrian unknot with tb = —1. As it is given in Example
4.3.1 the resulting contact 3-manifold is S* x S? and it is tight by [37]. O
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6 CONCLUSION

Throughout history of contact topology, the real struggle is when one can get a tight
or an overtwisted contact structure after contact surgeries. To understand these contact
structures various techniques are improved. One of the most important improvement
is made by Giroux. Giroux discovered a relation between open book decompositions
and contact structures. The relation lets us better understanding on contact struc-
tures. Giroux’s result allows to study contact 3-manifolds with regard to open book
decompositions.

In this thesis, Alexander’s theorem is examined. The proof which is given for
this theorem is benefitted from the result of Wallace [3] and Lickorish [1], but the
monodromy map of the resulting open book decomposition is unknown. For lighten
up this monodromy issue Onaran’s proof is analyzed. The proof of Onaran depends on
the algorithm for planar open book decompositions and the pure braid representation
of links, [13].

By using open book decompositions, surgery techniques are studied in detail and
their useful applications are realized. As a matter of fact, proof of Cancellation Lemma,
of Ding and Geiges [11] is studied by using open book decompositions.

Moreover, in this thesis the invariants of contact structures from open book de-
compositions have been studied. Contact 3-manifolds which have support genus 0 and
binding number 1, and contact 3-manifolds which have support genus 0 and binding
number 2 are studied.

It is still unknown that which contact structures and contact 3-manifolds are ob-
tained by fixing support genus 0 and binding number is greater than 4. Similarly,
nothing is known for the case contact 3-manifolds with support genus 1 and binding
number is greater than 1. In future work, the following listed open problems will be
studied.

Open Problem 1: Classify all contact 3-manifolds which have support genus 0

and binding number is 5.

Open Problem 2: Classify all contact 3-manifolds which have support genus 1

and binding number is 2.

57



REFERENCES

Marinet J., Formes de contact sur les variétés de dimension 3, Proceedings of
Lwverpool Singularities Symposium II Lecture Notes in Mathematics, 209, 142—
163, 1971.

Dehn M., Die gruppe der abbildungen, Acta Mathematica, 69, 135-206, 1938.

Wallace A. H, Modifications and cobounding manifolds, Canadian Journal of

Mathematics, 12, 503-528, 1960.

Lickorish R., A representation of orientable combinatorial 3-manifolds, Annals of

Mathematics, 76, 531-540, 1962.

Ding F., Geiges H., A Legendrian surgery presentation of contact 3-manifolds,
Mathematical Proceedings of the Cambridge Philosophical Society, 136, 583-598,
2001.

Kirby R. C., A calculus for framed links in S3, Inventiones Mathematicae, 45,

35-56, 1978.

Alexander J. W., Note on Riemann spaces, Bulletin of the American Mathematical

Society, 26, 370-372, 1920.

Giroux E., Géométrie de contact: de la dimension trois vers les dimensions
supérieures, Proceedings of the International Congress of Mathematicians (Bei-

jing), 405-414, 2002.

Etnyre J. B., Ozbagci B., Invariants of contact structures from open books, Trans-

actions of the American Mathematical Society, 360, 3133-3151, 2008.

Arikan F., On the support genus of a contact structure, Journal of Gokova Ge-

ometry Topology , 1, 92-115, 2007.

Baldwin J. A., Tight contact structures and genus one fibered knots, Algebraic

and Geometric Topology, 7(2), 701-735, 2007.

Lekili Y., Planar open books with four binding components, Algebraic and Geo-

metric Topology, 11(2), 909-928, 2011.
58



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

Onaran S., Planar open book decompositions of 3-manifolds, The Rocky Mountain

Journal of Mathematics, 44(5), 1621-1630, 2014.

Ding F., Geiges H., Symplectic fillability of tight contact structures on torus bun-
dles, Algebraic and Geometric Topology, 1, 153-172, 2001.

Rolfsen D., Knots and Links, Mathematics Lecture Series 7, Publish or Perish Inc,
1976.

Adams C. C, The Knot Book: an elementary introduction to the mathematical

theory of knots, W.H. Freeman and Company, New York, 2004.

Ozbagci B., Stipsicz A. 1., Surgery on contact 3-manifolds and Stein surfaces,
Bolyai Society Mathematical Studies, 2004.

Morita S., Geometry of Differential Manifolds, American Mathematical Society,
Providence, Rhode Island, 2001.

Schultens J., Introduction to 3-Manifolds, American Mathematical Society, Prov-

idence, Rhode Island, 2014.

Frankl F., Pontrjagin L. Ein Knotensatz mit Anwendung auf die Dimensionsthe-

orie, Mathematische Annalen, 102(1), 785-789, 1930.

Seifert H., Uber das Geschlecht von Knoten, Mathematische Annalen, 110(1),
571-592, 1934.

Etnyre J., Lectures on open book decompositions and contact structures, Floer
Homology, Gauge Theory, and Low-dimensional Topology, Clay Mathematics Pro-
ceedings, b, American Mathematical Society, 2006.

Saveliev N., Lectures on the topology of 3-manifolds: an introduction to the Casson

Invariant, Berlin; Newyork: De Gruyter, 1999.

Gompf R. E., Stipsicz A. 1., 4-manifolds and Kirby calculus, Graduate Studies in

Mathematics, vol. 20, American Mathematical Society, Providence 1999.

Rotman J., An introduction to algebraic topology, Springer-Verlag, New York,
1988.

59



28]

[29]

[30]

[31]

[32]

33]

[34]

[35]

[36]

[37]

[38]

Brody E. J., The topological classification of the lens spaces, Annals of Mathe-
matics, 71, 163-184, 1960.

Kirby R. C., The topology of 4-manifolds, Springer Lecture Notes 1374, Springer-
Verlag 1989.

Onaran S., Invariants of Legendrian knots from open book decompositions, Inter-

national Mathematics Research Notices, Vol. 2010(10), 1831-1859, 2010.

Geiges H., An introduction to contact topology, Cambridge studies in advanced

mathematics Vol.109, Cambridge University Press, Cambridge, 2008.

Etnyre, J. B., Introductory Lectures on Contact Geometry, Topology and Geome-
try of Manifolds, Athens, 81-107, 2001, Proceedings of Symposia in Pure Mathe-
matics, 71, Providence, RI: American Mathematical Society, 2003.

Onaran S., Legendrian Knots and Open Book Decompositions, Doctoral Thesis,

METU Graduate School of Science, Ankara, 2009.

McDuff D., Salamon D., Introduction to Symplectic Topology, Oxford University
Press, 1995.

Etnyre J. B., Legendrian and transversal knots, Handbook of knot theory, Elsevier,
105-185, 2005.

Swiatkowski J., On the isotopy of Legendrian knots, Annals of Global Analysis
and Geometry, 10, 195-207, 1992.

Etnyre J. B., Honda K., Knots and contact geometry. I. Torus knots and the figure
eight knot, Journal of Symplectic Geometry, 1(1), 63-120, 2001.

Fuchs D., Tabachnikov S., Invariants of Legendrian and transverse knots in the

standard contact space, Topology, 36(5), 1025-1053, 1997.

Ding F., Geiges H., Stipsicz A., Surgery diagrams for contact 3-manifolds, Turkish
Journal of Mathematics, 28, 41-74, 2004.

Kegel M., Legendrian knots in surgery diagrams and the knot complement problem,

Doctoral Thesis, Universitat zu Koln, Koln, 2017.

60



[39]

[40]

[41]

[42]

[43]

[44]

Ozbagci B., A note on contact surgery diagrams, International Journal of Math-

ematics, 162, 87-99, 2005.

Lisca P., Stipsicz A. 1., Notes on the contact Ozsvath-Szabo invariants, Pacific

Journal of Mathematics, 228(2), 277-295, 2006.

Yilmaz E.,; A note on overtwisted contact structures, Studia Scientiarum Mathe-

maticarum Hungarica, 48(1), 130-134, 2009.

Thurston W. P.; Winkelnkemper H. E.,; On the existence of contact forms, Pro-
ceedings of the American Mathematical Society, 52, 345-347, 1975.

Akbulut S., Ozbagci B., Lefschetz fibrations on compact Stein surfaces, Geometry
and Topology, 5, 319-334, 2001.

Wand A., Tightness is preserved by legendrian surgery, Annals of Mathematics,
182(2), 723-738, 2015.

61



CURRICULUM VITAE

Credentials

Name, Surname : Yasemin YILDIRIM

Place of Birth . ANKARA

Martial Status : Single

E-mail : ysmny92@gmail.com

Education

High School : 2006-2010 Ankara High School(Anatolian)

BSc . 2010-2015 Hacettepe University,
2010-2011 Hacettepe University, School of Foreign
Languages, English Preparation Class
2011-2015 Hacettepe University, Faculty of Science,
Department of Mathematics

MSc . 2016-2018 Hacettepe University, Institute of Graduate

Studies in Science, Department of Mathematics
Foreign Languages
English, Fluent

German, Basic

Work Experience

Areas of Experience

Projects and Budgets

2016-2018 TUBITAK 1001-Scientific and Technological Research Projects Funding
Program (Project No: 115F519)

Publications

Oral or Poster Presentations

May 5-7, 2018 Dicle University, 5th Workshop of Association for Turkish Women in

Maths, “Open Book Decompositions and Contact Structures” presentation speaker

62



GRADUATE SCHOOL OF SCIENCE AND ENGINEERING

(7 HACETTEPE UNIVERSITY
THESIS/DISSERTATION ORIGINALITY REPORT

HACETTEPE UNIVERSITY
GRADUATE SCHOOL OF SCIENCE AND ENGINEERING
TO THE DEPARTMENT OF MATHEMATICS

Date: 19/07/2018

Thesis Title / Topic: Open Book Decompositions and Contact Surgeries \ Open book decompositions of 3-
manifolds and supporting open book decompositions of contact 3-manifolds

According to the originality report obtained by myself/my thesis advisor by using the Turnitin plagiarism detection
software and by applying the filtering options stated below on 19/07/2018 for the total of 58 pages including the a)
Title Page, b) Introduction, ¢) Main Chapters, d) Conclusion sections of my thesis entitled as above, the similarity
index of my thesis is 9 %.

Filtering options applied:
1. Bibliography/Works Cited excluded
2. Quotes excluded / inehaded”
3. Match size up to 5 words exclud:

I declare that I have carefully read Hacettepe University Graduate School of Sciene and Engineering Guidelines for
Obtaining and Using Thesis Originality Reports; that according to the maximum similarity index values specified in
the Guidelines, my thesis does not include any form of plagiarism; that in any future detection of possible
infringement of the regulations I accept all legal responsibility; and that all the information I have provided is correct
to the best of my knowledge.

I respectfully submit this for approval.

Name Surname: Yasemin Yildirim

Student No: N16120483

Department: Mathematics

Program: Mathematics- Master Program With Thesis

Status: [X] Masters ] Ph.D. [] Integrated Ph.D.

ADVISOR APPROVAL

APPROVED.
/

Assoc. Prof. Dr. Sinem ONARAN




	ABSTRACT 
	ÖZET 
	ACKNOWLEDGEMENTS
	TABLE OF CONTENTS
	LIST OF FIGURES
	INTRODUCTION
	BACKGROUND
	Manifolds
	Topological Manifolds
	Differentiable Manifolds

	Knots and Links in  3 -Manifolds
	Linking Number
	Seifert Surfaces for Knots
	Seifert Framing

	Dehn Twist
	Open Book Decompositions
	Abstract Open Book Decompositions

	Dehn Surgery Along Knots
	Lens Spaces 

	Kirby Moves
	First Kirby Move-K1
	Second Kirby Move-K2


	EXISTENCE OF OPEN BOOK DECOMPOSITIONS
	The Algorithm for Planar Open Book Decompositions

	CONTACT  3 -MANIFOLDS 
	Contact  3 -Manifolds
	Legendrian Knots
	Contact Framing
	Classical Invariants of Legendrian Knots
	Knot Type
	Thurston-Bennequin Invariant
	Rotation Number

	Stabilizations

	Contact Surgery Along Legendrian Knots
	Algorithm for Contact  s -surgery


	OPEN BOOK DECOMPOSITIONS AND CONTACT  3 -MANIFOLDS
	Invariants of Contact Structures from Open Book Decompositions

	CONCLUSION
	 REFERENCES 
	 CURRICULUM VITAE

