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1. Introduction

Let g be an integer which is a power of a prime. Let k > 2 be an integer and m = L’E‘J, the integer
part of k/2. Let €9, €1,...,€m € Fqk. The map

Q :Fy— Ty,

x> Tr(x(€ox +e1xT+ - + equm))
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is a quadratic form over Foe. It is well known (cf. [19, Proposition 6.4.1]) that the quadratic form Q
is related to an Artin-Schreier type curve given by the affine equation

x: Y-y =x(cox+ext+--+emx? ). (1.1)

We assume that at least one of €g, €1, ..., €y is nonzero if q is odd and at least one of €1, ..., €y is
nonzero if q is even. Then the genus of x is positive. The radical of Q is an Fy-linear subspace of Fo.
There is another invariant A(Q) of Q, which is an integer in the set {—1, 0, 1}. The dimension of the
radical and the value of A(Q) determine the number of IFqk—rational points of .

If the codimension of the radical is 0, then it is not difficult to determine the invariant A(Q) of Q
and the number of [ -rational points of x (see Proposition 7.1 below). We consider the problem of
determining Q explicitly when the radical is of codimension 2 and Fy is an extension field of Fy. It is
well known that when ¢ is even, the codimension is an even integer and hence it natural to consider
this problem after codimension O case. Our result is an extension of [4].

We put an extra condition. We assume that €, €1 € F4 and €3 € Fy4 for k > 4; that is, the first three
coefficients are in Fy4 instead of Fy for k > 4. Then we explicitly determine all of the coefficients of
Q when the codimension is 2, depending on €p,€; and €;. We obtain that there are very strict
restrictions on k, g and the coefficients when the codimension is 2. We give a full classification of
such quadratic forms in our main result (see Theorem 3.1). Note that in [4] the coefficients are only
in Fz.

Maximal curves (see Section 7.1 for definition) of the form (1.1) were studied and certain classifi-
cation results were obtained in the literature (see, for example, the references given in Section 7.1). In
particular it is shown that (cf. [2]) x is a Galois subcover of the Hermitian curve

k)2 k)2
H: y7" 4y=x1""

over Fu, when k is even. However as far as we know, there is no general result in the literature
giving the coefficients of x explicitly when x is maximal. It seems a difficult problem when Q is not
trivial and the codimension of Q is not small. Moreover such results are also not known when y is
minimal.

As an application of our main result we determine the coefficients of Q explicitly when x is
maximal or minimal, under the conditions that Fy is an extension of Fy4, €g,€1,€; € F4 and the
codimension of Q is 2 (see also Remark 7.3). In particular we note that there are rather complicated
conditions on the coefficients of Q, the extension degree k and g (see Proposition 7.2).

As we obtain a full classification of such quadratic forms, in the course of our proof we obtained
existence results of certain systems of equations over Fok. This full classification also implies certain
nonexistence results of the corresponding systems of equations over F. We report them in Sec-
tion 7.2, which would be useful in some applications.

We note that our results and methods are more complicated than [4]. Nevertheless our main
motivation and approaches stem from [4]. In particular we would like to indicate that the technical
lemmas [4, Lemma 2.3] and Lemma 5.4 below seem very interesting.

This paper is organized as follows. In Section 2 we give some preliminaries. We state our main
result in Section 3. We consider the proof of necessary conditions in Section 4 and the proof of suffi-
cient conditions in Section 5. The proofs of the main and related results are completed in Section 6.
In Section 7 we give applications to curves over finite fields (see Section 7.1) and systems of equations
over finite fields (see Section 7.2). We also give a motivation for our application and an exposition on
related results for curves over finite fields in Section 7.1.

2. Preliminaries
In this section we recall some basic facts that we use. Let ¢ > 2 be an integer which is a power

of 2. We recall some basic facts from quadratic forms (see, for example, [14, Chapter 6]). For an
integer k > 2, a map Q :Fge = Fyq is called a quadratic form if
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i. Qax)=a’Qx) forallae Fq and x e Fox, and
ii. Bx,y)=Q(x+y)+ QX + Q(y) is a bilinear map from Fp x F to Fg.

The radical of Q is defined as
W ={xeFu: B(x,y)=0forall y € Fy}.

It is easy to observe that W is an Fy-linear subspace of Foe It is well known that k-dimg, W is even.
Let w denote the dimension of W over Fy. Let N(Q) denote the number

N(Q)=|{xeFu: Qx) =0}|.

It is also well known (cf. [14, Theorem 6.32]) that there exists an invariant A(Q) in the set {—1,0, 1}
such that

_ ktw
NQ) =g+ AQ)@-Dg 2 .
Next we recall two important results from [4].

Theorem 2.1. (See [4, Theorem 1.2].) Let g = 2", Q : Foy — Fy be a quadratic form and let m = |k/2]. Then
there exist €g, €1, ...,€m € ]Fqk such that

Q) =Tr(x(eox+ €1xT + - + enx®")). (21)

Moreover €g, €1, ..., €y are uniquely determined, except when k is even in which case €, is only unique
modulo Fgm.

If the codimension of the radical is 2, then we have further information on Q.

Theorem 2.2. (See [4, Corollary 1.3].) Let ¢ = 2" and €, €1, . .., €m be the coefficients corresponding to Q
as in (2.1). Then we have w = k — 2 if and only if there exist a,b € F_« such that the set {a, b} is linearly

qk
independent over IFg and for 1 <i < [(k —1)/2] we have

€i=a’b+ab?, 2.2)
and if k is even, then furthermore
€m —ab?" € Fyn.
Moreover we have the following:
o if A(Q) =1, then
€o = ab;
o if A(Q) = —1, then there exists s € Fq such that Trr,/F,(s) = 1 and
€0 =a?® + ab + sb?,

where Try, /r, is the trace from [Fg to F;
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e if A(Q) =0, then there exists c € Fox such that {a, b, c} is linearly independent over Fq and

€0 =+ ab.
3. Main result
In this section we state our main result and some related results. First we introduce some no-
tation. For certain integers k > 4, first we define three types of polynomials Aj(e€g, €1), Aa(€o, €1)
and As(e€g, €1, €2) in F4[x]. For simplicity of notation we indicate neither the variable x nor their

dependence on k in denoting these polynomials. Let m = L’j‘J.

o If 4|k, then for €g, €1 € F4 let

A1(€g, €1) = €0x + €1 (x x4 +qu-1) € F4[x].

e If 3 |k, then for €g, €1 € F4 let
Ax(€o, €1) = €ox + €1(x7 x4 x® ) € Falx],

where the last term of Ay(eg, €1) is €1x7 if k=3 mod 6 and elxqm_] if k=0 mod 6.
o If 5|k, then for €g, €1, €3 € F4q let

As(eo, €1, €2) = €ox + €1 (X1 +xI" +x9° + x84 ...
re(x a0 a0 x4,

m—1

where last terms of As(€g, €1, €2) are €; (xqm4 +x% ) and ez(xqw3 +xqm72) if k=0 mod 10,
and €18 +x0™ ") and e, " +x8") if k=5 mod 10.

Now we state our main result.

Theorem 3.1. Let ¢ = 4", k > 4 be an integer and set m = L%J. Let €g,€1,€3 € Fq, and for k > 8 let
€3,...,€m_1 € Fqk and

Fgm ifkis even,
€m €

Fqk ifk is odd.

For k=6 we let €3 € IF3 and fork =7 we let €3 € F 7. Let Q be the quadratic form from Fo to Ty defined as

Q) =Tr<xzeixqi), (3.1)

i=0

where Tr is the trace map from F g to Fg. If the Fq-dimension of the radical of Q is k — 2, then exactly one of
the following holds:

(1) 4|k, q=4" wherer > 1is an odd integer, €1 # 0, €9 # 0, €9 # €1 and for 1 <i < L"%J we have

o — {E] ifi=1mod 2,
: 0 otherwise.
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In particular the polynomial Z:-":O €ixd s equal to

R(x) = A1(€0,€1) + )/qu,

where y is an arbitrary element of Fgm. Moreover the invariant A(Q) of Q is equal to 1 in this case.

(2) 4|k,q=4" wherer > 1is an odd integer, €1 # 0, g =0 or €g = €1, and for 1 <i < L"%lj we have

6-—{61 ifi=1mod 2,
! 0 otherwise.

In particular the polynomial Z?;O eixqi is equal to

R(x) = Aj(e0, €1) + yx7,

where y is an arbitrary element of Fgm. Moreover the invariant A(Q) of Q is equal to —1 in this case.
(3) 4|k, q=4" wherer > 2 is an even integer, €1 # 0 and for 1 <i < Lk;—lj we have

6._{61 ifi=1mod 2,
: 0 otherwise.

In particular the polynomial 3 I%, e,-xqi is equal to

R(x) = A1(€g, €1) + yx7,

where y is an arbitrary element of Fgm. Moreover the invariant A(Q) of Q is equal to —1 in this case.

(4) 3|k,q=4" wherer > 1is an integer, €1 #0, €g = €1 and for 1 <i < Lkg—lj we have
o {61 ifi=1o0r2mod 3,
11— N
0 otherwise.
In particular the polynomial " e,-xqi is equal to
R(x) = Az(eo. €1) +yx7,
where y =0 ifk is odd and y is an arbitrary element of Fgm if k is even. Moreover the invariant A(Q) of
Q is equal to 1 in this case.
(5) 3|k,q=4" wherer > 1is an integer, €1 #0, €9 # €1 and for 1 <i < L";—U we have

'_{61 ifi=1or2mod 3,
11— .
0 otherwise.

In particular the polynomial Z:-":O eixqi is equal to

R(x) = Az(€0,€1) + )/qu,

where y =0 ifk is odd and y is an arbitrary element of Fym if k is even. Moreover the invariant A(Q) of
Q is equal to 0 in this case.
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(6) 5|k, q=4" wherer > 2isaneveninteger, €1 #0, €3 #0, €2 # €1,€0 ¢ {0, €1, €2} and for 1 <i < Lk%”
we have

€1 ifi=1or4mod5,
€i=1 € ifi=2or3mod5,
0 otherwise.

In particular the polynomial 3 i" eixqi is equal to

R(x) = As(ep. €1, €2) + yx",

where y =0 ifk is odd and y is an arbitrary element of Fym if k is even. Moreover the invariant A(Q) of
Q is equal to 1 in this case.

(7) 5] I;l, q=4"wherer > 1isan odd integer, €1 #0, €2 #0, €3 # €1, €9 ¢ {0, €1, €2} and for 1 <i < L"%lj
we have

€1 ifi=1or4modS5,
€i=1 € ifi=2or3modS5,
0 otherwise.

In particular the polynomial Z'I-":O ejxqi is equal to

R(x) = As(€p, €1, €2) + yxT",

where y =0 ifk is odd and y is an arbitrary element of Fym if k is even. Moreover the invariant A(Q) of
Q is equal to —1 in this case.
(8) Z |k, q =4" wherer > 1is aninteger, €1 #0, €2 #0, €2 # €1, €9 € {0, €1, €2} and for 1 <i < L"%]J we
ave

€1 ifi=1or4modS5,
€ =1 ¢ ifi=2o0r3mod5,
0 otherwise.

In particular the polynomial Z;ﬁ:o eixqi is equal to

R(x) = A3 (o, €1,€2) + yx7",

where y =0 ifk is odd and y is an arbitrary element of Fgm if k is even. Moreover the invariant A(Q) of
Q is equal to O in this case.

Conversely, for each of the eight cases above, there exist €p,€1,€2,...,€m—1,€m € F4 CFg C Fqk sat-
isfying the corresponding conditions. Hence we have quadratic forms as in (3.1) from Fy. to Fq, even with
coefficients from IF4, such that their radicals are of codimension 2 and their invariants A(Q) are given as in
the eight cases above.

There are 8 cases in Theorem 3.1. For clarity we state Theorem 3.1 in detail above. It would be
useful to express the results of Theorem 3.1 in short together. We summarize the results of Theo-
rem 3.1 in Table 1. We recall that the polynomials Aj(€g, €1), Az(€g, €1) and Asz(€g, €1, €2) in Fy[x]
are defined in the beginning of this section.
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Table 1
Summary of Theorem 3.1. Here k > 4, €1 € F4 \ {0} in all cases and R(x) = A(x) + yx"m, where A(x) is given in the table and
y =0if k is odd and y is an arbitrary element of Fgm if k is even.

k q Ax) A(Qr)
4|k 4", r odd Aq(€0,€1), €0 ¢ {0, €1} 1
41k 4", r odd Aq(€0,€1), €0 € {0, €1} -1
4|k 4", r even A1q(€p, €1) -1
3k 4" Az (€0, €1), €0 = €1 1
3|k 4" A2(€0,€1), Eo;ﬁé] 0
5|k 4", r even Asz(€p, €1,€2), €2 ¢ {0, €1}, €0 ¢ {0, €1, €2} 1
5|k 4" r odd A3 (€, €1,€2), €2 £ {0, €1}, €0 ¢ {0, €1, €2} -1
51k 4 Asz(€o, €1, €2), €2 ¢ {0, €1}, €0 € {0, €1, €2} 0

Remark 3.2. Recall that in Theorem 3.1, if k is even, then we only consider the case that €, €
Fgn & For. The remaining case that ¢, € Fox \ Fgm holds with only the following small change in
the statement: We use the expression as in Table 1. If €y € Fx \ Fgm, then the statements are exactly
the same; only the condition that y € Fgm is changed to the condition that y — ey € Fgm.

In order to complete the study of quadratic forms of codimension 2, we give the results for the
remaining cases k € {2, 3} in the following proposition.

Proposition 3.3. Let ¢ = 4", k € {2, 3} be an integer and m = 1. Let €q, €1 € F4. Let Q be the quadratic form

from Fox to Fy. If the Fy-dimension of the radical is k — 2, then exactly one of the following holds:
(1) k=3,q=4" wherer > 1is an integer, €1 # 0 and €y = €1. The invariant A(Q) is equal to 1 in this case.
(2) k=3,q=4" wherer > 1is an integer, €1 # 0 and €g # €1. The invariant A(Q) is equal to 0 in this case.

In particular k # 2 and A(Q) # —1. Conversely, for each of the two cases above, there exist €g, €1 € Fq C
Fgq C Fgs, satisfying the corresponding conditions.

4. Necessary conditions
In this section we prove the necessary conditions of Theorem 3.1. First we prove two general
lemmas that we will use in our proofs.

The following is a restatement of [4, Lemma 2.2]. For completeness we include a proof here.

Lemma 4.1. Let IF be a finite field of characteristic 2. Let x, y € IF and t be a positive integer. We put
u=x+y and v=xy.
Then the following holds:
K21 +y2f+1 — 2+ + [vu2t+172+v2u21+1722 +v22u21+1*23 _i_”__i_vzf—‘uzfﬂfzt].
Proof. We proceed by induction on t. First we assume that t = 1. Note that
urtl = (x4 )2+
= +y)x+y)

=X +y> + 2y +xy°
=X +y> +xy(x+y).
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As the characteristic is 2, this is equivalent to

2+1 2+1

CHyP=v? pxyx+y)=u?t +vu,

which completes the proof for t =1.

Let t > 2 and assume that the lemma holds for t — 1, which is the induction hypothesis. We have
that 2f =2(=1 4+ 2/=1 and hence

P =+ (41)

By the induction hypothesis we obtain that

(x+ y)zf*1+1 =x2H+1 + y2H+1
+ (vuzf—1+1—2 4 22122 +_..+sz—2u2f—‘+1—2f—1). (4.2)
Note that
(XZHH _i_yzf*‘ﬂ)(x_'_y)zH _ (X2H+1 +yszhﬂ)(xzf*l +y2H)
= y? o xp)? Tx - y)
2+1+y2+1+v -1y (4.3)
Moreover

t—1 t—1,1_92 =2 ot—1,1_ot—1 t—1
(vu? 2222 222 2

=11 t—1,1_92 =2 ot—1,1_ot—1 t—1
(vuz +1-2 2204122 202 02 )uz
t—2 ot q1_ot—1
— oy 12 2222 2R ottt (4.4)

Combining (4.1), (4.2), (4.3) and (4.4) we get that

2041 2041
vt =+t
¢ t—1 ot q1_ot
Y IR T ISR B SO

which completes the proof. O

The following lemma gives an important tool that we will use. Its analog over [F, is given in the
proof of [4, Theorem 2.4]. By using almost the same arguments we obtain the following lemma.

Lemma 4.2. Let F4 C Fq C F with T finite and let €1, €3 € F4. Assume that there exist a, b € F such that

€1 =ab% +a%b, and
€ = ab® + ab.

We put

u=a?"1+p9"1 and v=ab.
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Let q = 2°. Then we have that
t—1 2"
Vieg =€l el Y (evith)”.
i=0

Proof. Let A=a?"', B=b9"1, X=A+ B, and Y = AB. Note that
X=a""14+p"" "=y, and Y=(ab)? ' =vil (4.5)
Using Lemma 4.1 we have that

Ad+1 + patl — A2‘+1 + Bzf+1

— (A + B)q+1 + (YXq+172 + y2Xq+1722 4t Yq/ZXqulfq). (46)
We observe that
%2 — @1 p p?* 1 = A0+ 4 gt (4.7)

Hence using (4.5), (4.6) and (4.7) we obtain that

€2 _ ot g (yI 1y a2 2@ Dyedt =2t gy ya/2@-Dya+1-q) (48)
1%

Multiplying (4.8) by v9*! and noting that €; = uv we get that
viep = 1t 4 (vIH1ITI T2 4 2@ D@D L 2@ D 0D (4.9)
As €1 € F4 CFg, we have that ef = €1. Therefore using (4.9) we obtain that

viey = €2 + €2 (vitley + v2@HDeZ ... y12aHD /)

t—1 .
i

=€l tel Z(elvq“)z ,
i=0

which completes the proof. O

For the rest of this section we fix the following notation and assumptions. Let q >4 be an integer
which is a power of 4. Let k > 4 be an integer and put m = L%‘J. Let €p, €1, €2 € F4. For k > 8 let
€3,...,€m_1 € ]Fq;< and let €, € Fqk if k is odd and €5 € Fgm if k is even. Let Q Z]Fqk — g be the
quadratic form given by

Qx)=Tr (x Z e,-xqi> ,
i=0

where Tr is the trace map from Fy to Fq. We assume that the Fg-dimension of the radical of Q is
k — 2. Using Theorem 2.2 we obtain a,b € Fox such that {a, b} is linearly independent over Fy and
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€1 =ab% +ab,

2 2
ey =ab? +a¥b,

em_1 =ab® ' +a®"'b. (4.10)
Moreover if k is odd, then
€m=ab? +a?'b, (4.11)
and if k is even, then
a?"b € Fyn. (4.12)
We also have the following:
1. If A(Q) =1, then
€o = ab.

2. If A(Q) = —1, then we obtain s € Fy such that Trr,/F,(s) =1 and
€0 = a® +ab + sh?.
3. If A(Q) =0, then we obtain c € Fox such that {a, b, ¢} is linearly independent over Fy and
€= c? +ab.

Now we are ready to start to prove the necessary conditions of Theorem 3.1. First we show that
€1 # 0. Indeed, otherwise using (4.10) we have €; = ab¥ + a9b, and hence

ab(a® ' +bp771) =0.
As {a, b} is linearly independent over Fq, ab # 0 and then
a® '+ pi-T=0.
This implies that (a/b)4~! =1, or equivalently,
a
b =a eFg\ {0},

which is a contradiction to the fact that {a, b} is linearly independent over Fg.
In the rest of this section we prove the necessary conditions corresponding to the cases €; =0,
€, = €1 and €; # €7 in three subsections.
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4.1 Caseey =0

In this subsection we consider the case that €3 = 0.

Proposition 4.3. We keep the notation and assumptions as above. If €; = 0, then we have that

(1) 41k,
(2) a,beFp,
(3) €E1=€3=€5=--=€p_1,and €y = €4 =€g=---=€y_ =0.

Proof. Using (4.10), Lemma 4.2 and the fact that e; =0 we obtain that
t—1

0=¢€ +e€f Z(elvq“)z
i=0

i
)

where v =ab. As €; # 0, dividing (4.13) by €7 we get that

(-1 . 1 .
1=) (& vq“)zl =e vt 4 Z(E] vq“)zl.

i=1

Il
<}

i

Taking the square of (4.14) we have that

t—1 . t . t—1 .
1= (e vq“)zl+1 = Z(elvq”)zl = (qv‘”])zt + Z(elv‘”])zl.
i=0 i—1 i=1

Adding (4.14) and (4.15) we obtain that
eIt = (e Vq+1)2[ = (€1vI1)T = eqv@+Da,
where we use the fact that F4 C F; and hence 6(1] = €1. Note that (4.16) implies that
vItl e .
As v =ab # 0 (otherwise the set {a, b} is linearly dependent over Fy), then we have that
p@+DE-D — @* -1 _ 9

in particular v € Fpo.
Recall that € =0 and

e =v(a b7,
As v # 0, therefore a”~1 4+ b1 =0 and a/b € Fp. Hence

a a )
VE =abE=a quz,

(413)

(4.14)

(4.15)

(4.16)
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which implies that a € F2 as the characteristic is 2. Then using the fact that v =ab € F» we obtain
that b e Fpo.

Next we use (4.10) in order to prove (3) of the proposition. Using (4.10) and the fact that a, b € Iqu
we obtain that

€ —ab? +aq2b =ab+ab=0,
€3 = ab? +a%b=ab? + a%b = €1,

€4 —ab® +a%b=ab+ab=0.

Continuing in this way we complete the proof of (3) of the proposition.

Finally we prove (1) of the proposition. First we show that k is even. Indeed, otherwise k is odd
and a,b € ]Fqk and a,b € IF‘qz by (2), we have a,b € IF‘qz al IE‘qk = Fy. This contradicts to the assumption
that {a, b} is linearly independent over Fy. Hence k is even. Then by (4.12) we have

ab?" € Fyn. (417)

As k is even and m = k/2, we have that

m:{even %fk50m0d4, (418)
odd ifk=2mod4.

If k=2 mod 4, then by (4.17) and (4.18) we have that

ab”" =ab? e Fp NFgn = Fy. (4.19)

Then

(ab?)" = %7 = a%b  F,. (4.20)

Using (4.19) and (4.20) we get that

€1 =ab?+a%b =0,
which is a contradiction. Therefore using (4.18) we complete the proof of the proposition. O

4.2. Case €y = €1

In this subsection we consider the case that €; = €7.

Proposition 4.4. We keep the notation and assumptions as above. If €; = €1, then we have that

(1) 31k,
(2) a,beFy,
B)egr=€4=€7=--=€p_2, €)=€=€g=--+=€n_1 =€1,and €3 = €g =€9g =--- = €y_3 = 0.

Moreover €, = €1 if k is odd.
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Proof. Using (4.10), Lemma 4.2 and the fact that €, = €1, we obtain that
vie =€? 4 € Z elvqul (4.21)

where v = ab. Dividing (4.21) by €1 we get that

t—1
vi=¢€ +¢€ Z €1 Vq+1) (4.22)
i=0

Taking the square of (4.22) we have that

t

Z 1Vqul

i=1
-1
=e] + 7]V L ey (e vq“)
i=1

-1
=€ +v‘7(q+l)+622 e1vq+1) (4.23)
i=1

where we use the facts that F4 CFq, €] =€ and € = 1.
Note that (4.21) is equivalent to

t—1

evl=e? +vit 4 Z elvq“) (4.24)
i=1

Adding (4.23) and (4.24) we get that
v 4 eyl = yatT 4 9@+, (4.25)
Dividing (4.25) by v? and rearranging the terms we conclude that
v vl = €1. (4.26)
We consider the equation
72+ Z+evit =0. (4.27)

We will show that the set of solutions of the equation in (4.27) is {va9~1/e1, vb9~1/€;}. First note
that va?=!/e; # vb971/€1. Indeed, otherwise a?~! =b4~1 and hence a/b € Fq, which implies a con-
tradiction to the fact that {a, b} is linearly independent over Fy. Using (4.10) we have

vai—1 N vb?~!  a%b+ab?

€1 €1 B €1
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Moreover we also have

-1 -1 212,0—11Hq—1

€1 €1 €?

These imply that {va?~!/e1, vb9~1/e;1} is the set of solutions of the equation in (4.27).
Let z be an arbitrary element of {va?~!/e;, vb9~1/e;}. Using (4.27), its square, its 4-th power, ...,
and its q/2-th power we obtain that

22+ z=¢v011,

A+ = (elv“l)z,

24 292 = (0012, (4.28)

Summing the equations in (4.28) we get that

t—1 .
Atz=3 (avith)?. (4.29)
i=0
Multiplying (4.21) by €; we have
t—1 .
AvI=1+) (evit!). (4.30)
i=0
Combining (4.29) and (4.30) we obtain
A=z+1+€v. (4.31)

Taking the g-th power of (4.31) we get that
2= 41+
= (z4+1+€vT) +1+ €T
=z4+e2vi+ 612vq2. (4.32)
Using (4.31) and (4.32) we have
=2 4 7142V 4+ 2T+ vT) + v+ v v 4 ev
= (z+evT) +2(1+ V) + v+ Pv + v 4 v T
- z(elzqu) + (eFvi + elzqu +evIt 4 v 4 ¢ v"2+q). (4.33)
From (4.26) we obtain that

2 2
v + e v+ evI T = evI(v+vI 4 v0) = €V, (4.34)
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Combining (4.33) and (4.34) we conclude that

2 = z(elzqu) ey, (4.35)

Then using (4.35) we get that

2 2 2
20 = 22 (e2v) 4 ze V1
2 2
=(z+evT)e2v? +zefvi
2
= yd° e+l (4.36)

For z=va?~ /ey, from (4.36) we obtain that

31
2 al
yTHa+

2 1
6;1 +q+

—v++1 andhence o 1 =1, (4.37)

2
1
where we use that ef o+

obtain that b € Fqs.

Next we prove (3) of the proposition. This part of the proof is similar to the proof of (3) of Propo-
sition 4.3. As a, b € F3, using (4.10) and (4.11) we obtain that

= Ef = 1. Therefore a € Fg3. Similarly putting z = vbi~1/e; in (4.36) we

€3 = ab? + a’’b =ab +ab =0,
€4= ab?" +a%b =ab? + a%b = €1,
es=ab” +a’b=ab?” +a’’b=e =€,
€= ab® +a’b =ab +ab =0.
Continuing in this way we complete the proof of (3) of the proposition.
Finally we prove (1) of the proposition. As a,b € Fgs and {a, b} is linearly independent over Fg,
at least one of a,b is in Fq3 \ Fq. Recall that a,b ]Fqk. Then we obtain that 3 | k. Indeed, otherwise

if aeFg \Fq (or b eFgs \ Fg), then a € Fis NFye =Fy (or b € Fq), which is a contradiction. This
completes the proof. O

4.3. Case € # €1
In this subsection we consider the case that €; ¢ {0, €1}.

Proposition 4.5. We keep the notation and assumptions as above. If €; ¢ {0, €1}, then we have that

(1) 51k,

(2) a,beFys,

B)er1=¢=€11="=€n g, €2=€=€2=""=€y 3,63 =€=€3=-=€n 2 =€, €4 =69 =
614=~~=Em,1=E1,and€5=Ew=€15=~~~=6m,5=0.

Moreover €, = € ifk is odd.
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Proof. Using (4.10) and Lemma 4.2 we obtain that

t—1 . t—1 .
vie, = €] +€? Z(elv‘”l)z =€l +efevi™ +ef Z(ewq“)z . (4.38)
i=0 i=1
Taking the square of (4.38) we get that
1 9i+1 1 9i
v¥e2 =€) + € Z(El vITH™ T =€ + 61€]vI0TD 4 ¢ Z(el Vit~ (4.39)
i=0 i=1
Multiplying (4.39) by €1 and then adding the result to (4.38) we obtain that
Vv2¢1e2 + viey = (€2 + €2eTvIHD) 4 (€2 4 e2eqvat) = v H 4yt (4.40)
Dividing (4.40) by v? we get that
vieje? 4= v v, (4.41)
Taking the g-th power of (4.41) and then multiplying the result with 61262 we obtain that
V0t e2e2 = 26,97 + 2eyv0. (4.42)
Taking the g*-th power of (4.41) we have that
vq3e1e§ +e= vty (4.43)
Adding (4.41), (4.42) and (4.43) we get that
4 3
v+ (eles + €1€3)vT + (el +€165)vI + v = €fes. (4.44)

Note that €1 + €2 # 0 as €, # €1. Moreover, as €1€; # 0, we have

€1+€#€ and €1+ € #e€.
Therefore the set {€1, €2, €1 + €2} consists of the three distinct nonzero elements of F4 and hence
c162(61 +€) =€ler + €162 = 1. (4.45)
Using (4.44) and (4.45) we get that
VI v T vy = €2, (4.46)

Recall from the proof of Proposition 4.4 that the set {va?~!/e;, vb9~1/e;} is the set of the solutions
of the equation

724+ Z =€ vit1, (4.47)
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In the rest of this proof, we follow a similar but more involved method than the one in the proof of
Proposition 4.4. Let z be an arbitrary element of {va9~1/e;, vb9~1/€;}. As in (4.29) using (4.47) we
obtain that

t—1 ,
A+z= Z(ewq“)2 . (4.48)
i=0
Multiplying (4.38) with €1 we get that
t—1 i
Z(ewq“) =1+ e16v0. (4.49)
i=0
Combining (4.48) and (4.49) we have
1=z4+1+€16v0. (4.50)

Using (4.50) and (4.47) we obtain that

2 =22 4 2(1 + €1629)
=(z+eavit) +z(1 + e162v9)

=z(e162v7) + vt (4.51)
Taking the g-th power of (4.51) and then using (4.50) we have
2P0 — A (€1€2Vq2) T+ vt
=(z+1+ 61ezvq)(elezvq2) Tt
= Z(€1€2Vq2) + €1€2Vq2 + 612€§Vq2+q + €1 vq2+q.
Then multiplying by z and using (4.47) we get that
2 = 2 (61697 ) + 2(€162V7 + €22V 4 €00 )
=(z+e vq“)(qezqu) + z(elezqu + e%e%quﬂ’ + € vq2+q)
= 2(€3e3vT I 4 e vT ) 4 2y HITT (4.52)
Taking the g-th power of (4.52) and then using (4.50) we have
LT+ _ A (612651,113%12 +€ Vq3+q2) + €26y T
= (z+ 1+ €eV9)(ESVTHT v H0) 4 2yt T07Ha
= z(e%equ3+q2 + € vq3+q2) Fe22yTHT gy O

Then multiplying by z and then using (4.47) we get that
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3 2 3 2 3 2 3 2 3 2 3 2
AP+ (z—i—ewq*])(e%e%vq 4 e yT Tt )_,_2(6126%‘/1 Ly gyt +q)
3 2 3 2
=z(vITUH) 4 (€2 4 €3)vd T (4.53)
Taking the g-th power of (4.53) and then using (4.50) we obtain that
4 3 2 4 3 2 4 3 2
2T+ (z+ 1 _|_€1€2Vq)(vq +a°+q )+ (612 +6§)Vq +a°+q°+q
4 3 2 4 3 2 4 3 2

=z(VITTHT) 4 (€2 + €3 + €162) v T FIHG 4 yaHa (4.54)

As €1 # €; we have that €16, # €2, €1€; # €5 and €? # €5. Therefore the set {€7, €2, €1€;} consists of
the three distinct nonzero elements of [F4 and hence

612 + e% + €162 =0. (4.55)
Combining (4.54) and (4.55) we get that
AP+ Z(Vq4+q3+q2) 4 yatre+d
Then multiplying by z and using (4.47) we obtain that
AP+ (z+ € vq+1)(vq4+q3+q2) 4+ T HCHE P g (4.56)

For z=va?"!/e; in (4.56) we obtain that

5
-1
4443142 aq 441 03142
p4 HC+ +g+1 —— = ¢qvT T+ g+ (4.57)
a*+a+q2+q+1
€
and hence
5_
A’ T=€jeg=€d =1. (4.58)

Therefore a € Fgs. Similarly putting z = vb9~1/¢; in (4.56) we conclude that b € Fgs.
Next we prove (3) of the proposition, whose proof is slightly different from the ones in Proposi-
tions 4.3 and 4.4. As a,b € Fys, using (4.10) and (4.11) we obtain that
5 5
es=ab? +a¥b=ab+ab=0,
€= ab?’ +a?’b = ab? + a% = €1,
€7 = ab?’ + a’ b =ab? + a’b= €,
€= ab? +ab=ab? +a’b= €3,

co=ab® +a’b=ab? +a%b=e,. (4.59)

Here we also use the fact that €3 e g C Fp and €4 € F;. We have

2 2
€e3=€1 = (abq3 + aq3b)q —a’bh+ab? =€,

ea=el=(ab" +aT'b)I =a' +abT =¢;. (4.60)
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Combining (4.59) and (4.60) we obtain that

€3 =€3, €4 =€1, €5=0, €6 = €1, €7 = €.

Continuing in this way we complete the proof of (3) of the proposition.

Finally we prove (1) of the proposition. As a,b € Fy and {a,b} is linearly independent over Fg,
either a or b is in Fs \ Fq. Then there exists an element in Fy which is also in Fgs \ Fq. This implies
that Fgs Fo and hence 5 | k, which completes the proof. O
5. Sufficient conditions

In this section we prove the sufficient conditions of Theorem 3.1. We present our results in three
subsections, which correspond to the subsections of Section 4. We note that combining the necessary
and sufficient conditions in Theorem 3.1, we obtain various nonexistence results that we present in
Section 7 below. We find it interesting to note that the result in this section are quite rigid. Namely
small changes to the statements in Sections 5.1, 5.2 and 5.3 below transform these existence results
to the corresponding nonexistence results of Section 7.2.

5.1 Caseey =0

In this subsection we obtain the sufficiency conditions corresponding to Section 4.1. Namely we
prove the following proposition.

Proposition 5.1. Let ¢ = 4", €g € F4 and €1 € F4 \ {0}. We have the following:

(1) If €0 # 0, €0 # €1 and 1 is odd, then there exist a, b € F > such that {a, b} is linearly independent over Fg
and
€g=ab,
€1 =ab? +ab.
(2) Assume that one of the following holds:
i. €0 #0, €9 # €1 andr is even,
ii. €9 =0 or €9 = €1 (and r is an arbitrary positive integer).
Then there exista, b € Fy, and s € Fg such that {a, b} is linearly independent over Fq, Try, /r, (s) = 1, and
€0 = a* + ab + sb?,

€1 =ab? +a’b.

Proof. First we prove (1) and we assume that €g # 0, €9 # €1 and r is odd. As r is odd, it is easy to
observe that ¢ =4" = —1 mod 5 and hence 5| (q + 1). Let w be a primitive element in Fg2 and for
i€ {1,2} we set that

jatl €0
ai:wl 5, a; = o and bi:—.

Note that it is enough to prove that

{al "+ e (1.2} =Fa\ Fa. (5.1)
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Indeed, for €9 € IF4 \ {0}, we have that
{€1/€0: €1 €F4, € #0and €1 # €9} =F4 \ Fa.

2
Let A=w™5" . Note that a7 = A and o' = A2. Hence (5.1) is equivalent to

1 1
{A+;,A2+ﬁ}={A+A4’A2+A3}=F4\Fz- (5-2)

As A5 =1 and w is primitive we have A # 1,
min{i >1: A'=1}=5 and A*+A’+A’+A+1=0. (5.3)
Hence using (5.3) we obtain that
A+AY£A2+ A3, A+A*¢{0,1} and A?+A3¢{0,1}. (5.4)
Combining (5.2) and (5.4) we note that it is enough to prove that
4\3 2 3)3
(A+AY) =(A*+A°)" =1 (5.5)
We have
(A+ A" =A3 L AA* + AAB + AP = A3+ A+ A*+ A%, and
(A2 + A% = A5+ A%A% + A2A0 + A% = A+ A2 4 A% 4 A%, (5.6)

Combining (5.3) and (5.6) we obtain (5.5), which completes the proof of (1).
Next we prove (2) and assume that one of the conditions in (2) holds. Let s € Fq with Trg, /r,(s) =1
and let y be an arbitrary element of F4 \ F,. We put

0 ifeg=0,
=131 ifé():é],
y ifeg#0, €9 # €1 andr is even.

Note that
Trr, /r, (1)=2r=0,

and if r is even

Trr, /¥, (V) = Trr,r, o Trr, /v, () = Trp, yr, (ry) = 0.

Therefore Trg, /F, (s + 6) = Trr, /7, () + Trp,/m, (0) =1+ 0= 1.
We consider the polynomial

X+ x+s+0 € Fylx]. (5.7)
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As Trp,/r, (s +0) =1, using Hilbert’s Theorem 90 (cf. [14, Theorem 2.25]) we obtain that the polyno-
mial in (5.7) is irreducible. Therefore there exists o € Fp2 \ Fg such that

o> +a+s+6=0. (5.8)
Using (5.8), its square, its 4-th power, ..., and its q/2-th power we obtain that
2 _
a‘“+a=s+06,

at+a?=(s+6)%,

o+t = (s+0)4,

al + 9% = (s 4 6)9/2. (5.9)

Summing the equations in (5.9) we get that

ol + o =Trp, k(s +6) =1. (5.10)

We put
a=€?a and b=¢7.
As a € Fp2 \ Fg, the set {a, b} is linearly independent over Fq. Moreover we have

a? +ab + sb? = (o® + o + 5)b?

=0€q
0 iféo =0,
=14 €1 iféo = €1,
yer ifeg#0, €9 # €1 andr is even.

Using (5.10) we also have

ab? +a% = (o + a9)b9! = pTH1 = (2)1e? = €2 = ¢4
This completes the proof of (1). O

5.2. Case € = €1

In this subsection we obtain the sufficiency conditions corresponding to Section 4.2. It is given in
the following proposition.
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Proposition 5.2. Let q be a power of 4. Let g € F4 and €1 € F4 \ {0}. We have the following:

(1) If o = €7 (in particular €y # 0), then there exist a, b € Fys such that {a, b} is linearly independent over
Fq and
€o =ab,
€1 =ab?+ab, and
ab? +a®b = ab? + a%b.
(2) If €0 # €1 (for example if €g = 0), then there exists {a, b, c} < Fg3 such that {a, b, c} is linearly indepen-
dent over Fg and
€ = 2+ ab,
€1 =ab? +ab, and
ab? +a?'b = ab? + a%b.

Proof. We first prove (1). Assume that €9 = €1. Let @ be a primitive element in Fg3. As =1 mod 3,

we have 3 | g2 +q+ 1. We set & = 0@ +9+1/3 Then the order of « is 3(q— 1), &3@D —1 = (@4~1 —
1) (2@ 4+ @9-1 + 1) and hence

2@ D 4 o871 4 1=0. (5.11)

We put a = €202 and b = e?a. Then 2 =a* and o*@~D 51, that is, 2 ¢ Fy, which implies that
{a, b} is linearly independent over FFy. Note that 2(q4+1)=2-2=1 mod 3 and hence 2@ -1 =
2(q—1)(q+1)=q—1 mod 3(q — 1). Hence we have that

2@ — g1 2@ 20D =@ — 26D (512)
Using (5.11) and (5.12) we obtain that

ab=e¢q,

ab? +a%b = 612(q+1)a2(q—1) + 612(‘”1)0(’2(‘7’1) =€,

ab? +a?’h = 612(q2+1)a2(q2—1) T 612(q2+1)a—2(q2—1) —e.

This completes the proof of (1).

Next we prove (2). Assume that €y # €;. We keep w and o as in the proof of (1) and let g = o/,
Note that gcd(2,3(q — 1)) =1 and hence the order of B is the same as the order of «, which is
3(q — 1). We still have a = €781 and b = €?B. Then by the proof of (1) we have ab = €1, ab? +
alb = €7 and ab® 4+ a¥’h = €1.

Let n € F4 \ {0}, c =n? and € = 1 + €;. It is enough to prove that the set {n% eZp~1, €} is
linearly independent over FFg. As n?, ef € Fy, it is equivalent to show that the set {1, 871, g} is linearly
independent over Fg. First we note that 8 ¢ Fp». Indeed, otherwise the order of g should divide

q*> —1=(q+1)(q—1), and hence

3=DI@+D@-1) = 3[@+1),
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which is a contradiction as ¢ =1 mod 3. Now we show that {1,871, 8} is linearly indepen-
dent over Fy. Otherwise there exist c1, ¢, c3 € Fy such that ¢q + 2871 + 38 =0, or equivalently
€2 4 c18 + c38%2 = 0. We consider the polynomial

¢+ c1x + c3x? € [Fg[x]. (513)

If c3 =0, then any root of the polynomial in (5.13) is in Fg. If c3 # 0, then the polynomial in (5.13) is
reducible or irreducible over Fy. If it is reducible, then its roots are only in Fg € Iqu. If it is irreducible,
then its roots are in F. As B is a root of the polynomial in (5.13), these imply that 8 € IFg2, which is
a contradiction. This completes the proof of (2). O

5.3. Case €3 # €

In this subsection we obtain the sufficiency conditions corresponding to Section 4.3. This is the
most difficult part. Nevertheless there is a special subcase, which is much easier. We start with this
subcase in the following lemma.

Lemma5.3.Letq=4", €9 € F4,€1,€3 € F4\ {0} and €3 # €1.If €g ¢ {0, €1, €2} and r is even, then there exist
a,b € Fgs such that {a, b} is linearly independent over Fq and

€o =ab,
€1 =ab? +a%b, and

€= ab?” +a®b.

Proof. As g =4" and r is even, we have g=1 mod 5 and hence 5 |q*+q>+ g2 +q+ 1. Let  be a

4., .3, .2
primitive element in Fqs and define 8 = a)q gt . Then the order of g is 5(q — 1). Let
A=B9"D  u;=A3+A% and u;=A+ A% (5.14)

As A°=1 and w is primitive, we have A #1,
min{i >1: A'=1}=5 and A*+A’+A’+A+1=0. (5.15)
Moreover u = (A + A2)2 = A5 + A*= A+ A% = uz, WB=A+AH? =A%+ A8 =A%+ A3 =u; and

hence u; and u; are the roots of the polynomial x? + x + 1 € Fo[x]. In particular uq, uy € F4. Using
also (5.14) and (5.15) we obtain that

u1 # Uz, {u, uz} =Fy\ Fa.

We first set a = €2 and b =3B~ 1. They are independent over Fq as (a/b)4~! = B2@=1 £ 1. Now,
we compute

ab = ¢g,
ab? +a'b = eg(Hq)(,Bl_q + 1) =€o(A™" + A) = €oua,

2
ab® +a%p = 6é(1+q )(ﬂl—qz + ﬁqz—l) =60(A‘“+‘” + Aq+1) = €olly,

where we use that g=1 mod 5 and hence A9t1 = A2, A—(+D = 43,
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Similarly if we set a = eoﬁz and b = eoﬁ —2, then we obtain that {a, b} is linearly independent over

Fq and

ab =€,
ab? +alb = 63(1+q) (52(1*12) + '82(4*1)) — EO(AZ + A3) = €U,

2
ab® +a’h 26[2)(1+q )(ﬂ2<17q2> _i_ﬁz(qz,n) —co(A+ A4) p—

This completes the proof. O

Next we give a very technical lemma. It is related to [4, Lemma 2.3]. We find both [4, Lemma 2.3]
and the following lemma very interesting. Using the following lemma we complete the sufficiency
conditions in the most difficult case in Proposition 5.5 below. We have obtained the statement of
the following lemma using various ad hoc techniques. Its statement complies exactly with the tools
we need in order to complete the sufficiency conditions of the remaining cases of Theorem 3.1 in

Proposition 5.5 below.

Lemma 5.4. Let n be a non-negative integer and qo = 45", Let e, d € F4\{0} with e # d. Let f (x) € F4[x] be

the polynomial depending on qo, e and d defined as

f=x0TT(1+ex?+ex*+ex P +ex 04 ... +e2x 1) +d.
Let y be a oot of f(x) in an extension field of Fg,. Then the following hold:

(1) yeF 5\IFq(J

(2) y¥0 +detyot! 1 y2 = e,
(3) yq0+l +y2q0 _d2 2

(4) yIo+! 4 B+ —e.

Proof. As y is a root of f(x) we have
T+ey 2+e’y ey B+ .. +ely 90 =dy @t
Taking the square of (5.17) we get
1+e?ytreyB4e?y 16 4. fey 20 = g2y=2@+D,
Adding (5.17) and (5.18), we obtain

ey—2 + ey—ZCIO — dy—(%-H) + d2y—2(CI0+1).

Multiplying (5.19) by e?y290+2 we get the identity in (2) of the lemma.
Next we prove the identity in (3) of the lemma. Multiplying (2) by de2y—2 we have

de?y?00=2 4 q2eydo—1 — de? 4 ey 2

Using (5.20), its square, its 4-th power, ..., and its qo/2-th power we obtain that

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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de? y2@0-1) 4 G2 y80-1 = ge? 4 ey~2,
d?ey?@0—D 4 de2y2@=1 — g2e 4 e?y—4,

de? 8@ | 20y4@0—1 _ g2 4 o8,

d2ey®@=1 | do2yF@-1 — g2 4 o2~ (5.21)

As e, d € F4\{0} with e #d we have that de? € F4 \ F,. Then de® + (de?)? = de? + d?e = 1. Moreover
go = 4©" =2@5" and hence the number of equations in (5.21) is 2 - 5". Therefore summing the
equations in (5.21), for the right-hand side we get

5"(de? +d%) + (ey > + e’y +ey B+ 42y N0)
=1+ (ey > +e?y +ey B +... e’y )
=dy~ @+, (5.22)

where we use (5.17) in the third equation in (5.22). Summing the equations in (5.21), for the left-hand
side we have

d?ey0@—1 4 g2pyd0—1, (5.23)
Combining (5.22) and (5.23) we obtain that
d2e(y40(00*1) + y%*l) — dy*(QO+])_ (5.24)

Multiplying (5.24) by de2y%*1 we prove the identity in (3) of the lemma.
Now we prove the identity in (4) of the lemma. Multiplying (5.24) by de? we obtain

Y00 4 ydo=1 — g2e2y~(a0+ 1), (5.25)
Taking the go-th power of (5.25) we get
Y9095 4 y95—90 — ¢2e2y~(@5+40), (5.26)
Adding (5.25) and (5.26) we have
Y9 4 ya0=1 = 22y~ @D 4 202y~ (@3+q0) (5.27)
Multiplying (5.27) by y%+! we arrive
YT 4 yi+00 — 22 Y50 4 22y —00+1, (5.28)
Note that adding identities in (2) and (3) of the lemma we have

yao+1 = de2ydo+l 4 2, (5.29)
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Multiplying (5.29) by d?e?y—9~1 we get
2
d?e?ydo—d0 4 g2e?y—do+1 —p (5.30)

Combining (5.28) and (5.30) we prove the identity in (4) of the lemma.
It remains to prove the identity in (1) of the lemma. Taking the go-th power of (5.29) we have

yq3+qo _ d62yq§+qo 1 y2o. (5.31)
Multiplying (5.31) by y~%+1 we get
yho+1 = de2ydat1 4 o+, (5.32)
Taking the go-th power of (5.32) we obtain
yI5+90 — de? y95+do 4 ya3+d0, (5.33)
Multiplying (5.31) by de? and adding to (5.33) we have
yq3+qo _ (dze + ])yq§+qo + dEZyZQO. (5.34)
Multiplying (5.34) by y~9t1 we get
yao+ = (d%e + 1)3/"5+1 + de? ydot1, (5.35)
Taking the go-th power of (5.35) we obtain
YI6t90 = (d%e 4 1) y%ot90 4 de? yTo o, (5.36)
Multiplying (5.36) by y~90 we get
5 2 3 2 2
y% = (d®e + 1)y + de®y%. (5.37)
Dividing (5.29) by y and then taking the go-th power of the result we obtain the identities
Y9 = de?y® 4y,
Y9 =de?y% + y%. (5.38)
Using (5.37) and the identities in (5.38) we obtain
Y90 = (d%e + 1)(de2yqf2> + y90) + dezng(l +de? + dez)yq% + (d%e + 1) yTode?y® + y
+ (d%e +1)y% (de* + d%e + 1) y™ + y. (5.39)

Note that de? e F4 \F, as d #e and e, d € F4 \ {0}. Hence de® + d’e +1=a? +a + 1 =0, where « is
a primitive element in F4. Hence using (5.39) we get

5

ylo=y,
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which proves that y € Fqg. Assume that y € Fg,. Then using say (5.38), we obtain

y=(de* +1)y,
which implies that de? =0 as y 0. This completes the proof. O
The following proposition gives the sufficiency conditions corresponding to Section 4.3.
Proposition 5.5. Let =47, €y € F4, €1, € € F4 \ {0} and €, # €1. We have the following:

(1) If €0 ¢ {0, €1, €2} and r is even, then there exist a, b € Fys such that {a, b} is linearly independent over Fg
and
€g=ab,
€1 =ab?+ab, and
€= ab® +a?b.
(2) If €0 ¢ {0, €1, €2} and 1 is odd, then there exist a, b € Fys and s € Fq such that {a, b} is linearly indepen-
dent over Fyq, Trp,/m, (5) =1, and
€= a® +ab + sb?,
€1 =ab¥ +a%b, and
€ = ab® + a’b.

(3) Ifeg € {0, €1, €2}, then there exist a, b, c € IE‘qs such that {a, b, c} is linearly independent over IFq, and

€0 =c?+ab,
€1 =ab?+ab, and

€= ab® +a®’b.

Proof. Let n be the non-negative integer and to be the positive integer such that r = 5"ty and
gcd(5,tp) = 1. We set the positive integer qg, as qo = 45" and hence we have q= qg’. Note that
Fqy € TFq and IFqg - IFqs.

Let e,d € F4 \ {0} be arbitrary elements with e # d, which will be determined later. Let f(x) be
the polynomial given in (5.16) depending on qg, e and d. Let y be a root of f(x) in some extension
field of Fg,. By (1) of Lemma 5.4, we have y € Fqg CFg and y ¢ Fgy. As ged(5,tp) =1 we have
IF‘qg NFy = Iﬁ‘qg N Fqgo = Fg,. Therefore we have even y ¢ IFy. Indeed, otherwise y € ]Fqg NTFy =Ty
which is a contradiction to (1) of Lemma 5.4.

First we prove (3) of the proposition. Let ¢; € F4\{0} and c; € F4\{0, 1} be arbitrary elements to
be determined later. We put

a=y%® b=y, and c=c;+ca(a+bh).

We first prove that {a,b,c} is linearly independent over Fy. Indeed, otherwise there exist
V1, V2, v3 € Fg, not all zero, such that

viy® +vay +vicr +v3y® 4+ v3y =0. (5.40)



E Ozbudak et al. / Finite Fields and Their Applications 18 (2012) 396-433 423

If vi +v3 =0, then from (5.40) we have

(v 4+ v3)y +v3cy =0. (5.41)

If also v, +v3 =0, then v3 =0 by (5.41). This implies that vi = v, = v3 =0, which is a contradiction.
If instead vy + v3 # 0, then by (5.41) we get y € Fq, which is a contradiction as well (see (1) of
Lemma 5.4). Hence we have vq + v3 # 0. Then dividing (5.40) by v1 + v3 we obtain that there exist
ug, uq € Fg such that

y? =u1y + uo. (5.42)

By (2) of Lemma 5.4, we have

yZCIO +d92y%+1 + yz +d%? =0. (5.43)

Combining (5.42) and (5.43) we conclude that

0= (u1y + uo)® +de?(u1y? + ugy) + y* + d’e?
2 2 2 2 2 2,2
=y*(1 +uj +urde®) + y(uode”) + (ug + d°e”). (5.44)
If1+ u% +upde® # 0 or ugde? # 0, then by (5.44) y is a root of a polynomial of degree 2 or degree 1

in Fg[x]. This implies that y € Fp> and hence y € Fj» NFys = Fg, which is a contradiction. Hence for
the coefficients in (5.44) we have

1+ u? 4 urde? = ugde? = u2 + d%e* =0. (5.45)
1 0

As d, e € F4\ {0}, using (5.45) we obtain that ug = 0, which also leads the contradiction d?e? = 0. This
proves that {a, b, c} is linearly independent over Fg.

Next we compute the values c2 + ab, ab? + a%b and ab?® + a®’b. Throughout these computations
we use the properties of the arithmetic of F4 given in Table 2. We have
2
2 +ab=(c1 +c2(y® +y)) +yt!
= 4 Gy 4 By 4y
=c? +c3(de’y®t! 4 y? +d%e?) + 3y, + yP Tl
= (c3de® + 1)y ™! + (c} + c3d%e?)
=c? +c3d%e?, (5.46)
where we use (2) of Lemma 5.4 and Table 2 (see the column corresponding to dezcg + 1) for the third

and fifth equations in (5.46), respectively.
Recall that tq is a positive integer with gcd(5,tg) =1 and g = qg’. If to=1mod 5, thenas y € Fqg

we have y9 = y%0 and

ab® +afh = yByd 4 yiody = y20 4 Yol = 22, (5.47)

where we use (3) of Lemma 5.4. Moreover we have
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Table 2
Some equalities in F4 = {0, 1, o, ®?} where « is a root of the primitive polynomial X% +x + 1 € F[x].
d e 1) a 2 + c2d%e? d’e? de?c +1 Line number
1 o a? 1 0 a? 0 line 1
o a o? 0 line 2
o? o? a? 0 line 3
a? o 1 0 o 0 line 4
o o o 0 line 5
a? a? o 0 line 6
a 1 a 1 o? o? 0 line 7
a 1 a? 0 line 8
o? 0 o? 0 line 9
a? a? 1 a? 1 0 line 10
o 1 1 0 line 11
a? 0 1 0 line 12
o? 1 a? 1 o o 0 line 13
o 1 o 0 line 14
o? 0 o 0 line 15
o o 1 o 1 0 line 16
o 1 1 0 line 17
a? 0 1 0 line 18
2 2 2 2 2 3
ab?” + a9 b = ydoyT" 4 yd09”y — ydo+do 4 yq0+1 —e, (5.48)

where we use (4) of Lemma 5.4.
Similarly using Lemma 5.4 we obtain the following results:

If to =2 mod 5, then we have y1= ng and
ab? +alb =e,
ab® +a?’b = d2e?. (5.49)
If to =3 mod 5, then we have y9 = ng and
ab?+alb =e,
ab® +a?’b = d2e?. (5.50)
If to =4 mod 5, then we have y1= ng and
ab? + a%b = d%e?,
ab® +a’b=e. (5.51)
If to =1 mod 5, then combining (5.46), (5.47), (5.48) and Table 2 we complete the proof of (3) of
the proposition. If to = 2,3 or 4 mod 5, similarly using (5.49), (5.50) or (5.51), respectively, instead
of (5.47) and (5.48), we complete the proof of (3) of the proposition. For example, if €; =1, then

€2 €F4\ {0, €1} = {or, @} and €q € {0, €1, €2}. Hence there are 6 values that we need to prove that all
of these values are assumed, which are

(€0.€1,€2) = {(0,1,), (0, 1,0%), (1,1, ), (1, 1,&?), (@, 1, @), (&, 1, &?) }.

If to =1 mod 5, then we show that all of these values are assumed using lines 18, 12, 17, 11, 16 and
10 of Table 2.
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Note that for €; = o there are 6 such values and for €; = a? there are 6 such values. Totally there
are 18 distinct values which correspond one-to-one to 18 lines of Table 2. This completes the proof
of (3) of the proposition.

Next we prove (2) of the proposition. Assume that r is odd. We put

a=de*ydo, b=d%y and s:deze]F4§IFq.

As d,e € F4\ {0} with d #e, de? € F4\ {0, 1}. Then Try,r, (de?) = o + «? = 1, where « is a primitive
element in Fy4. As r is odd we conclude that

Tr]Fq/IFz (S) = TI']F4/]F2 oTer/E‘ (S) = TI'[F4/]F2 (rdez) = Tr]lr4/[ﬁ‘2 (dez) =1. (5.52)

First we show that {a, b} is linearly independent over Fy. Note that in the beginning of the proof
of (3) above we have proved that the set {y%°, y, c}, where c is a certain element of Fgs, is linearly
independent over Fy. This implies in particular that {y%, y} is linearly independent over Fy. Hence
as de?, d%e e F4 C Ty, the set {a, b} = {de?y%, d?ey} is also linearly independent over Fy.

It remains to compute the values of a® 4 ab + sb?, ab? +a9b and ab?” +a?’b. Using similar methods
as in the proof of (3) of the proposition above we obtain that

a® +ab+sb? =d,

ab? + a%p = {dzez’ ifto=1o0r4mod>5,
e, ifto=2or 3 mod 5,
e, ifto=1or4 mod 5,

5.53
d%e?, iftg=2 or3 modH>5. (5:53)

ab? +a%h = {
For example we have

a® +ab + sb? = d%ey®10 + y1o 1 + de?(de®y?)
= d?ey?90 4 ylot1 | (22
— d2e(y? + de?y T+ 1 y?)
=d’e(d*e?) =d

where we use (2) of Lemma 5.4 in the third equation above.

Combining (5.52), (5.53) and Table 2 we complete the proof of (2) of the proposition. For example,
let tp =2 mod 5 and €; = @ under the notation of Table 2. Then €; € F4 \ {0,€1} = {ozz, 1} and
€o ¢ {0, €1, €2}. Hence there are 2 values that we need to consider, which are

(€0, €1,€2) = {(e?, &, 1), (1,0, 0?) ).

These values are attained in lines {16, 17,18} and {1, 2, 3} of Table 2, respectively. In particular for
each value of (€g, €1, €2), there are 3 distinct possible lines. There are altogether 3 -2 =6 distinct
values of (eg, €1, €2), which correspond to the 18 lines of Table 2. This is a 1 to 3 correspondence. In
this correspondence, the different 3 lines corresponding to a given value of (€g, €1, €2) have the same
values of d and e. Finally we note that the proof of (1) of the proposition follows from Lemma 5.3.
This completes the proof. O
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6. Proofs of Theorem 3.1 and Proposition 3.3
In this section we complete the proofs of Theorem 3.1 and Proposition 3.3.

Proof of Theorem 3.1. It follows using the results of Section 4 and Section 5. For the necessary con-
ditions we have the results in Section 4. For the sufficiency conditions we have various restrictions
on €y, €1, €2. Note that there are certain cases that we do not consider. In fact using the well-known
facts from quadratic forms, we immediately get that such cases are not needed to consider. For ex-
ample in Proposition 5.2 we observe that under the assumption of €, = €1, the case €9 = €7 holds in
(1) of Proposition 5.2, which implies that the invariant A(Q) is 1 (see also Table 1). The remaining
case €g # €1 holds in (2) of Proposition 5.2, which implies that the invariant A(Q) is 0. Clearly a
quadratic form cannot have two different A(Q) values simultaneously. Hence there is no situation
giving A(Q) = —1 in Proposition 5.2, or equivalently under the assumption that €; = €;. We note
that we have presented such nonexistence results in Section 7.2 below. O

Proof of Proposition 3.3. First we assume that k =2 and consider the necessity part. Then using
Theorem 2.2 there exist a,b € IF 2 such that {a, b} is linearly independent over Fy and the invariant
A(Q) is 1 or —1. Moreover ab? +aq b =0. Then the arguments in the proof of Proposition 4.3 hold.
These imply in particular that 4 | k, which is a contradiction. This proves that the case k =2 is void.

Next we assume that k =3 and consider the necessity part. Here again by Theorem 2.2 we get
that there exist a, b e Fys such that {a, b} 1s llnearly independent over ;. Moreover €; = ab? + a%b
and €1 # 0. Then ab? +aq b = (ab? +aqb)q = ef = €1, where we use the fact that €; € F4 C Fy. It
remains to show the sufficiency of the cases (1) and (2) of the proposition. This part follows immedi-
ately from Proposition 5.2. O

7. Applications to curves and system of equations

In this section we give some applications of our results in Section 3 to algebraic curves over finite
fields and to certain systems of equations over finite fields. We present them in two subsections.

7.1. Algebraic curves over finite fields

In this subsection we give some classification results for certain curves over finite fields.

Throughout this subsection by a curve we mean a smooth, geometrically irreducible projective
curve defined over a finite field. Curves over finite fields have interesting applications in coding theory,
cryptography, finite geometry and related areas (see, for example, [11,19,16,20,12,15,17]). It is an
important problem to classify curves over finite fields depending on their number of rational points.
These kind of results are important for certain applications cited in the references above.

Let Fq be a finite field with q elements. For an integer k > 1, let x be a curve defined over F.
Let N(x) and g(x) denote the number of Fqk—rational points and the genus of ¥, respectively. The
Hasse-Weil inequality states that

k k
1+q" —2g(0q2 <N() <1+q"+2g(x)q2. (7.1)

For certain families of curves, it is difficult to determine the distribution of N()) in the interval given
by the lower and upper bounds in (7.1). Moreover not all the values in this interval are attained in
general. A curve is called maximal if the upper bound in (7.1) is attained and minimal if the lower
bound is attained. There are interesting results on existence and classification of maximal and minimal
curves using various approaches (see, for example, [18,5,1,3,13,21,6,2,7-9]).

Let g be an integer which is a power of a prime, in particular ¢ may be odd or even. Let k > 2
be an integer and m = L%J. In this subsection we consider the curve x over F given by the affine
equation

q k

x: Y —y=x(cox+ex+-emxt). (7.2)
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Here €gp,€1,...,€m € IE‘qk and at least one of them is nonzero. If q is even we further assume that at
least one of €1, ..., €y is nonzero. Let | = max{i: 0 <i<m, ¢ #0}, that is the largest index i such
that €; # 0. Using [19, Proposition 111.7.10] we determine the genus g(x) of x as

—1d
g(x)= w. (7.3)

The curve y is directly related to the quadratic form Q : F  — 4 (see also Section 2) given by

qk
m .
1
Q) = Tr(xZeixq )
i=0
where Tr is the trace map from Fy to Fg. Recall that the corresponding bilinear form on F gk is

defined as B(x,y¥) = Q(x+ y) — Q(x) — Q(y), which holds in both cases that q is odd or q is even.
Let w be the Fy-dimension of the radical

W ={xeFyu: B(x,y)=0forall y e Fy}.

Another invariant of Q is A(Q), which is an integer in the set {—1,0, 1}. Recall that N(Q) denotes
the number

’

N(Q)=|{xeFu: Qx) =0}

and A(Q) can be defined as the integer such that

N(Q) =1+ A(Q)(q— 1)g“ 1. (7.4)

Using Hilbert’s Theorem 90 and (7.4), for the number N(x) of Fqk—rational points of x we obtain that

ktw
NGO=1+¢"+AQ)q-1q 2 . (7.5)
Therefore we get information for the curve x using the quadratic form Q. In particular when w =k,

Le., the codimension of Q is 0, we completely classify such curves depending their F-rational points
in the next proposition. Note that the following proposition holds both in even and odd characteristics.

Proposition 7.1. Let q be an integer which is a power of a prime. Let k > 2 be an integer. Let m = L%J. Let

€0,€1,...,€m € quk. If q is even, then we assume that at least one of €1, €, . . ., €y is nonzero. If q is odd, then
we assume that at least one of €g, €1, ..., €y is nonzero. Let Q : IE‘qk — Ty be the quadratic form given by

Q(x) = Tr(x Z e,-xqi) ,

i=0

where Tr is the trace map from IF« to Fq. Let x be the curve over F . given by the affine equation

x: Y —y=x(eox+exI + ---+equm).

Assume also that the codimension of the radical of Q is 0. Then the following hold:
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(1) Ifkiseven,eg=€1=---=€p—1 =0and ey, € Fqk \ {0} with €, + e,%m =0, then for the invariant A(Q)
of Q and the number N(x) of Fy-rational points of x we have

AQ)=1 and N(x)=q"+1.

In particular x is a maximal curve.
(2) Otherwise, that is, if k is odd, or if k is even and ((€q, €1,...,€m—1) # (0,0,...,0)0or €y € ]Fqk \ {0}

with ey + eﬂ.,m #0), then for the invariant A(Q) of Q and the number N(x) of F
we have

o« -rational points of x

AQ)=0 and N(x)=¢"+1.
In particular (when g¥ is a square), x is neither maximal nor minimal.

Proof. We first show that A(Q) # —1. Indeed, otherwise using (7.4) for the cardinality N(Q) we
obtain that N(Q) =gq*~ ! — (g — 1)g*"1. It is clear that the cardinality is non-negative and

NQ)=¢""-(@-1g" >0,

which gives a contradiction if g # 2. Next assume that A(Q) =—1 and g = 2. Then N(Q) = 0. How-
ever if x=0, then

Q) = Tr(x Z e,-xqi> =0,

i=0

and hence N(Q) > 1, which implies a contradiction. This proves that A(Q) # —1.
Next we assume that A(Q) = 1. First we show that this assumption implies that k is even. Indeed,
otherwise for the integer | = max{i: 0 <i<m, ¢; # 0}, we have

k—1 k
I<m=—<—. (7.6)
2 2
By the Hasse-Weil inequality we have
2(q—1q' « K
N(x)<1+q"+¥q7=1+q"+(q—1)q’+7- (7.7)
As A(Q) =1 and the codimension is 0, using (7.5) we have
NGO =1+¢"+(@q - D" (7.8)

Comparing (7.7) and (7.8) we obtain that ¢* < q’+§, and hence

Lt
2

which is a contradiction to (7.6).
Next we show that € # 0. Indeed, otherwise [ <m = ’5‘ and by the same reasoning above we get
a contradiction.
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Under the assumption that A(Q) =1, it remains to show that € =€; =---=¢€p_1 =0 and €, +
eﬂn = 0. First note that as €, 0 and A(Q) =1, we have

k
NGO=1+¢"+@-1Dg"=1+¢""=1+¢"+2g(x)q2,

where g(x) = M is the genus of x. Hence x is maximal. Next we recall the notion of g-
cyclotomic coset modulo g¥ — 1. For 1 <i < g —2, let t(i) be the smallest non-negative integer
such that ¢gt®*t1i =i mod (g¥ — 1). The g-cyclotomic coset containing i modulo g¥ — 1 is the set
{i,qi, g%, ...,q"Di}. If 1 < i1 <iz <q¥2 + 1, then the g-cyclotomic coset containing i; modulo g% — 1
is distinct from the g-cyclotomic coset containing i, modulo g¥ — 1. Therefore using [10, Corollary 2.6]
we conclude that eg=€1=---=€n-1 =0 and ¢, + e,%m =0.

Hence in the other cases A(Q) = 0. That implies that if k is odd, then A(Q) = 0. Moreover if k
is even and (€g, €1,...,€m—1) #(0,0,...,0), then A(Q) = 0. Also if k is even, (€9, €1,...,€m—1) =
0,0,...,0) and €, € IFqk with €, + eﬂnm #0, then A(Q)=0. It is easy to observe these do not give
maximal or minimal curves. This completes the proof. O

In the rest of this subsection we assume that q >4 is an integer, which is a power of 4. It is well
known that the codimension of the radical of a quadratic form is even when the characteristic of the
finite field is 2. Hence after Proposition 7.1 it is natural to consider the case that the codimension is 2.
Using Hilbert’s Theorem 90, Theorem 3.1 and Proposition 3.3, we immediately obtain a classification
of curves of the form

x: Yy =x(cox+ex+-emx?).

Here the main assumptions are that q is a power of 4, the codimension of the corresponding quadratic
form is 2 and g, €1, €2 € F4. We prefer not to state this result explicitly, which can be derived easily
from Theorem 3.1, Remark 3.2 and Proposition 3.3. Instead we give its consequences on maximal and
minimal curves in the next proposition.

Proposition 7.2. Let ¢ = 4", k > 2 be an integer and m = L%J. Let €g, €1 € Fq. Fork >4 let € € F4. Fork > 6
letes, ..., €m € For. Let Q be the quadratic form from g« to Fq defined as

m .
Q) = Tr(x Z eiqu) ,

i=0

where Tr is the trace map from ]Fqk to Fq. Assume that at least one of €1, ..., €y, is nonzero. Let x be the curve
over IF . given by the affine equation

X Yy =x(cox+ext+ -+ emx?).
Assume also that the codimension of the radical of Q is 2. Then we have the following:
(1) If x is maximal, then one of the following holds:

(a) 4|k, q=4" wherer > 1is an odd integer, €1 #0, €9 ¢ {0, €1}, €n =0and for 1 <i<m—1 we
have

o {61 ifi=1mod 2,
' 0 otherwise.
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(b) 6|k, q=4" wherer > 1is an integer, €1 # 0, €9 = €1 and for 1 <i <m — 1 we have

__{61 ifi=1o0r2mod3,
1— .
0 otherwise.

(c) 10 | k, g = 4" where r > 2 is an even integer, €1 # 0, €2 ¢ {0, €1}, €0 ¢ {0,€1,€2} and for 1 <i <
m — 1 we have

€1 ifi=1or4modS5,
€i=1 € ifi=2or3mod5,
0 otherwise.

(2) If x is minimal, then one of the following holds:
(a) 4|k, q=4" wherer > 1is an odd integer, €1 # 0, €9 = 0 or €9 = €1, and for 1 <i < m — 1 we have

‘_{61 ifi=1mod 2,
' 0 otherwise.

(b) 4|k, q=4" wherer > 2 is an even integer, € # 0 and for 1 <i <m — 1 we have

‘_{61 ifi=1mod 2,
' 0 otherwise.

(c) 10|k, q =4" wherer > 1isanodd integer, €1 # 0, €3 ¢ {0, €1}, €0 ¢ {0, €1, €2} andfor 1 <i <m—1
we have

€1 ifi=1or4modS5,
€i=4 € ifi=2o0r3modS5,
0 otherwise.

Conversely if either of the conditions in (1a), (1b) or (1c) hold, then x is a maximal curve with the number
N(x) of Fg-rational points and genus g(x ) of x as
NOO=1+¢"+(@q-1Dgd" " =1+2¢"—¢"",

(@—1)g:!

g(x)= >

Also if either of the conditions in (2a), (2b) or (2c) hold, then x is a minimal curve with the number N(x) of
[Fq-rational points and genus g(x) of x as
NOO=1+¢"—@-1Dgd" " =1+¢"",

(q—1)q:!

gx) = >

Proof. Assume that x is maximal. We first show that €, = 0. Indeed, otherwise the genus of x is
g(x) = M and hence by the maximality of x

NGO =1+q"+ (@ — 1)g™+?. (7.9)
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As the dimension w of the radical is k — 2, using (7.5) we obtain

N <14+¢ + (@ —Dg* !, (7.10)

and the equality holds only if A(Q) = 1. Comparing (7.9) and (7.10) we obtain that m + % <k-—1.
Then

a contradiction. As at least one of €1, ..., €y is nonzero by the assumption, this shows in particular
that there is no maximal curve under assumption of the proposition when m = 1, or equivalently
k € {2, 3}. Hence we assume that m > 2, or equivalently k > 4.

Next we show that €51 # 0 and k is even. Indeed note that for the integer | = max{i: 0 <i<m,
€; # 0} we have

1<i<m—1 (711)

and the genus of x is g(x) = (qul)q’_ Then by the maximality of x we get

NGO =1+¢"+(g— g (7.12)

As the dimension w of the radical is k — 2, using (7.5) we have
NGO =1+¢"+ AQ)¢" ", (7.13)

where A(Q) € {—1,0,1}. If A(Q) € {—1,0}, then (g — 1)ql+§ > 0> A(Q)g* ! and hence the right-
hand sides of (7.12) and (7.13) are distinct, which gives a contradiction. Therefore A(Q) =1 and
comparing (7.12) and (7.13) we obtain that

k
l+-=k—-1,
+2 k

which implies that [ = ’j‘ —1, €m—1 #0 and k is even. Moreover it is easy to observe that under the

conditions of the proposition, x is a maximal curve if and only if k > 4, k is even and A(Q) = 1.
Using Theorem 3.1 we obtain the cases for such quadratic forms Q. For example among the cases
(1), (2) and (3) of Theorem 3.1, only the case (1) of Theorem 3.1 gives maximal curves. This is case
(1a) of the current proposition. Secondly among the cases (4) and (5) of Theorem 3.1, under the extra
condition that k is even (and hence 6 | k), only the case (4) of Theorem 3.1 gives maximal curves. This
is the case (1b) of the current proposition. Similarly using the cases (6), (7) and (8) of Theorem 3.1,
we obtain the case (1c) of the current proposition.

Next we assume that x is minimal. The proof is very similar the case x is maximal above. We
again obtain that k > 4, €;; =0, €1 # 0 and k is even. But now it is necessary that A(Q) = —1.
Then using Theorem 3.1 similarly we obtain the cases (2a), (2b) and (2c) of the current proposition.

The converse statement implying explicit construction of maximal and minimal curves with the
stated genera is clear from arguments above. This completes the proof. O

Remark 7.3. Note that a main assumption in Proposition 7.2 is that the codimension of Q is 2. It is
easy to observe from the proof of Proposition 7.2 that this assumption would be replaced with the
following assumption, which may be useful in some applications. We keep the notation and assump-
tions of Proposition 7.2 except the condition that the codimension of Q is 2. Instead of this condition
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we assume that €; =0 and €51 # 0. Then the same conditions of Proposition 7.2 hold. In its proof

—1
it is important to note that the new condition implies that the genus of yx is %. Then by
definition and (7.5) we obtain that the codimension is 2 if x is maximal or minimal.

7.2. Some nonexistence results on systems of equations over finite fields containing F4

In this subsection we give certain nonexistence results in Proposition 7.4 below. It is a consequence
of Theorem 3.1 and the simple but useful observation that the invariant A(Q) of a quadratic form Q
can only attain a unique value in the set {—1,0,1}. Let ¢ > 4 be a power of 4, k > 4 be an integer.
Under certain conditions on €q, €1, €2, we obtain a full classification of quadratic forms of the form
(3.1) in Theorem 3.1. We refer to Table 1 for the summary of the results of Theorem 3.1. For example
when €; =0, the invariant A(Q) cannot be 0 (see the first three lines of Table 1). By Theorem 2.2,
the case A(Q) =0 implies an existence result for a system of equations over [F;. Hence we obtain
a nonexistence result for that system in case (1) of the next proposition. We note here that this
existence and nonexistence depends on the parity of r. If r is even as in case (2) of Proposition 7.4
below, then we have a nonexistence result. However if r is odd, then the same system gives the
corresponding existence result, which is proved in (1) of Proposition 5.1 in Section 5 above.

The other nonexistence results of the following proposition are obtained similarly.

Proposition 7.4. Let ¢ = 4", k > 4 be an integer, €g, €2 € F4 and €1 € F4 \ {0}. We have the following:

(1) There is no Fy-linearly independent set {a, b, c} € F« such that

qk
€ = 2+ ab,

€1 =ab? +ab, and
€= ab? +a%b=0.

(2) Ifr is an even integer then there is no Fq-linearly independent set {a, b} € F« such that

€0 = ab,
€1 =ab? +ab, and
€ = ab? + a”b=0.

(3) Thereis no Fy-linearly independent set {a, b} C Fx such that there exists s € Fq with Trg, /r, (s) = 1,

€= a® +ab + sb?,
€1 =ab? +ab, and
€)= abq2 + aqzb =€1.
(4) Ifris an even integer then there is no Fq-linearly independent set {a, b} € IF x such that there exists s € Fq
with Tr]Fq/]Fz (s)=1,

€0 =a® + ab + sb?,

€1 =ab? +ab,

€= ab® +a?’b #0 and

€ £ €1.
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(5) Ifr is an odd integer then there is no IFg-linearly independent set {a, b} C Fox such that

€g=ab,

€1 =ab?+ab,

€= ab® +ab #0 and

€ #€1.
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