Available online at www.sciencedirect.com -
S P . Journal of
“ ScienceDirect Differential

Equations

ELSEVIER J. Differential Equations 230 (2006) 702-719

www.elsevier.com/locate/jde

Global attractors for wave equations with nonlinear
interior damping and critical exponents

A.Kh. Khanmamedov

Department of Mathematics, Faculty of Sciences, Hacettepe University, Beytepe 06532, Ankara, Turkey
Received 20 December 2005; revised 29 May 2006
Available online 30 June 2006

Abstract

In this paper we study the global attractors for wave equations with nonlinear interior damping. We prove
the existence, regularity and finite dimensionality of the global attractors without assuming a large value for
the damping parameter, when the growth of the nonlinear terms is critical.
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1. Introduction

Let £2 C R? be a bounded regular domain. We consider the following problem:

wy — Aw + g(wy) + f(w) =h(x) in (0, 400) x §2, (1.1)
w=0 on(0,+00) x 982, (1.2)
W(O, ) = wo, wt(09 ) =wj in.Q, (13)

where h € L,(£2) and the functions f and g satisfy the following conditions:

fec'®, |fe|<c(l+1s?), (1.4)
l‘illninf& > =\, (1.5)
§|—00 S
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where 1 is the first eigenvalue of —A with zero Dirichlet data,

ge Cl(R), g(0) =0, gisstrictly increasing, and llirlrii(gl()fg’(s) >0, (1.6)
g()] <c(1+1s%). 1.7)

We denote the spaces L>(£2), W2l (£2) and Vi’zl (£2),byH, H Land H(}, respectively. The scalar
product and the norm in H are denoted by (,) and || - ||. We also denote the norm in H! by || - | 1.

The well-posedness of problem (1.1)—(1.3) was discussed in [1,2]. We recall definitions of
strong and generalized (weak) solutions.

Definition 1.1. [1,2] A function w € C([0, T']; Hol) N Cl([O, T1; H) possessing the properties
w(0, -) = wo and w; (0, -) = wy is said to be

(S) strong solution to problem (1.1)—(1.3) on [0, T'] x £2, iff
e w, € Li([a, b]; Hol) and wys € L ([a,b]; H) forany 0 <a <b < T;
o —Aw+ g(w;) € H for almost all ¢ € [0, T];
e Eq. (1.1) is satisfied for almost all # € [0, T] and x € £2;

(G) generalized (weak) solution to problem (1.1)—(1.3) on [0, T'] x £2, iff there exists a sequence
of strong solutions {w" (¢, x)} to problem (1.1)—(1.3) with initial data (w;, w') instead of
(wg, wy) such that

lim (Hw—

pm w" ”C([O,T];H(}) + ” w; — wy HC([O,T];H)) =0.

As mentioned in [2] applying Faedo—Galerkin method (see [3,4]) one can show the existence
and uniqueness of a generalized solution, that is:

Theorem 1.1. [1,2] Assume conditions (1.4)—(1.7) hold. Then for every T > 0 and every
(wo, wy) € H(; X H there exists a unique generalized solution (w,w;) € C([0, T]; HO1 x H)
to problem (1.1)—(1.3), which continuously depends on the initial data and satisfies the energy
inequality

t
E(w(t))+f/g(wt(r,x))w,(r,x)dxdr+fF(w(t,x))dx—/h(x)w(t,x)dx
s 2 2

2

gE(w(s))—l—/F(w(s,x))dx—/h(x)w(s,x)dx, Vit >s >0, (1.8)
2 2

where E(w(®)) = 5 (IVw(®) 1> + e ()II*) and F(w) = [3° f(w)du.
Thus problem (1.1)—(1.3) generates a continuous semigroup {S(#)};>0 in HO1 x H by the

formula S(#) (wo, w1) = (w(t), w;(¢)), where w(z) is the unique generalized solution to problem
(1.1)—(1.3) with initial data (wq, wy).
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The global attractors for wave equations with linear interior damping were studied in [5-10]
and references therein. In the case of nonlinear interior damping the first pioneering papers in-
clude [11-14]. In [12] a global attractor was established assuming a large value of the damping
parameter in the case when the exponent for the growth of the damping function g is 1%. In [13],
the existence of the global attractor was claimed assuming a large value of the damping pa-
rameter in the case when growth exponents are critical. But, as mentioned in [1], the detailed
proof of this result was not published. The existence of the global attractor for the wave equation
with supercritical source term was proved in [3], imposing a condition relating the growth of the
damping function g to the growth of the source term f. In [14], in the one-dimensional case the
finite dimensionality of the attractors for wave equations with nonlinear damping was studied.
In [15] the existence, regularity and finite dimensionality of attractors for wave equations with
nonlinear interior damping is shown for the two-dimensional case. In [16] an upper bound of the
Hausdorff dimension of the global attractor for the wave equation was obtained by imposing lin-
ear growth conditions on damping and source terms. Finite dimensionality of the global attractor
for problem (1.1)—(1.3) is shown in [17] in the subcritical case. In [1] the authors established
the existence and finite dimensionality of the global attractors for the wave equations with non-
linear damping and source terms with critical growth exponents assuming a large value for the
damping parameter. Recently in [2] the existence of a global attractor for the wave equation with
subcritical damping and critical source term has been proved without assuming a large value for
the damping parameter.

In this paper using ideas developed in [1,15,18] we prove the existence of a global attractor
for the problem (1.1)—(1.3) under conditions (1.4)—(1.7) and improve the result of [2]. Moreover
under an additional condition (see (3.7)) we prove regularity and finite dimensionality of the
global attractor and improve the previous results.

2. Existence of a global attractor
We first recall definitions of a global attractor and asymptotically compact semigroup.

Definition 2.1. [19] Let {S(#)};>0 be a semigroup on a metric space (X, d). A smallest, non-
empty, bounded closed set A C X that satisfies

lim sup inf d(S(t)v, u) =0

=00, cpucA
for each bounded set B C X, is called a global attractor of {S(¢)};>0.
Definition 2.2. [19] A semigroup {S(#)},>0 defined on a metric space (X, d), is called asymp-
totically compact iff for each bounded set B C X such that U@O S(t)B is bounded in (X, d),

a sequence of the form {S(f) vk )72 ;. tx — 00, vk € B, has a convergent subsequence.

Taking into account conditions (1.4)—(1.6) in (1.8) we obtain that the problem (1.1)-(1.3)
admits a nonincreasing Lyapunov function

L(w(t)) = E(w(t)) + / F(w(t,x)) dx —fh(x)w(t,x) dx

2 2
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and for every bounded set B in Hé x H, the set U[>O S(¢t)B is bounded in H(} x H. On the

other hand, under conditions (1.4)—(1.5) the set of stationary solutions is bounded in Hol. Thus
according to Theorem 3.2 of [19], in order to prove the existence of a global attractor it is suffi-
cient to show that {S(#)};>0 is asymptotically compact. To prove the asymptotic compactness of
{S(#)};>0 we need the following lemmas:

Lemma 2.1. Assume f(-) satisfies condition (1.4) and (w,w;) € L(0, T} HO1 x H). Then
F(w) e C(0,T]; L1($2)) and

t

/F(w(t,x))dx=/(f(w(r)),w,(t))dt—i—/F(w(s,x))dx 2.1

2 s 2

foreveryt,s €[0,T].

Proof. By the second condition of the lemma it follows that w € C([0, T']; H)and accord-
ing to [20, Lemma 8.1, p. 275] we have w € Cs(0, T; H&). This means that if ¢, — fg, then
w(t,) — w(ty) weakly in Hol. So by the compact embedding theorem we obtain

F(w(ty)) — F(w(ty)) strongly in L;(£2).

Hence F(w) € C([0,T]; L1(£2)).
Let the sequence w" € Cgo((O, T) x £2) be such that

w" — w strongly in L4(O, T, Hol),
and
w; — w, strongly in L4(0, T; H).

Then we have

F(w") — F(w) strongly in L1((0, T) x £2), (2.2)
and
(f(w"), w}) = (f(w), w) stronglyin L(0,T). (2.3)
On the other hand, since
a

8_/ w"(t, x))dx—(f(w (l)) wy (f))

by (2.2)-(2.3) we find that

/ (w(t, ) dx = (f W), w) € Loo 0. T)

2

which yields (2.1). O
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Lemma 2.2. Assume f(-) satisfies condition (1.4) and the sequence {(w"(t), w; (t))} is weakly
star convergent in Loo(s, T; Hé x H). Then

T
lim lim (f(w”(t, x)) - f(wm (t, x)), wi (¢, x) —w" (¢, x))dt =0. 2.4)

n—oo m—0o0
s

Proof. Let
{ w: — w  weakly star %n Loo(s, T; HY), 2.5)
w} — w; weakly starin Loo(s, T; H).
Then by the embedding theorem we have
w”" — w strongly in C([s, TI; H). (2.6)

On the other hand, according to [20, Lemma 8.1, p. 275] and (2.5) we have that the sequence
{w"} is bounded in C,(s, T; H(}) and consequently the sequence {w” (¢)} is bounded in Hg for
every t € [s, T]. So by (2.6) we obtain

w"(t) > w() weakly in Hé,
which according to the compact embedding theorem yields that
F(w” (t)) — F(w(t)) strongly in L(£2), Vt € [s, T].
Now using Lemma 2.1 we find that

T
lim lim <f(w"(t, x)) - f(wm(t, x)), wi (¢, x) —w' (¢, x))dt

n—oom—0oo
N

= lim F(w"(T,x))dx+ lim /F(wm(T,x))dx— lim /F(w"(s,x))dx
m-—00 n—>oo
2 2

n—o00

2

m—00 n—00 m—00
ko)

T
— lim /F(wm(s,x))dx— lim lim // f(w”(t,x))w;"(t,x)dxdt
5 2

T
_nlingomlimw//f(wm(t,x))w?(t,x)dxdt
s 02
=2/F(w(T,x))dx
2
T

—Z/F(w(s,x))dx—Zf/ f(w(t,x))wt(t,x)dxdt=0. O
Q

s 2
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Lemma 2.3. Assume the conditions (1.4)—(1.7) are satisfied, and B is a bounded subset of
HOl X H. Then for any & > 0 there exists T =T (¢, B) such that

limsup sup | S(T)6+p — S(T)6, | HixH <6 2.7)

n—od pE
where {6, } is a sequence in B and {S(t)6,} is weakly star convergent in L (0, 00; HO1 x H).

Proof. We will use the techniques used in [1,15,18]. Let (w" (), w} (¢)) = S(¢)6,. Taking into
account conditions (1.4)—(1.7) in (1.8), we find that

ffg(wf(t,x))wf(t,x)dxdt<c1(||B||H0|X[_I), YT >0, (2.8)

and
E" (D) <ci(IBllyiwy). YT 20, (2.9)

where || B ||H01 «H = SUPycp ||v||H01 « i - Multiplying both sides of

(w" ™), — A" — ")+ g(wf) — g(uf") + (") ~ F(") =0

by (w} — wy"), integrating over [s, T'] x £2 we have

E(w"(T) - wm(T)) + //(g(wf’(t,x)) - g(w;"(t,x)))(w,"(t,x) - w,m(t,x)) dxdt

+ f f (F (w0 )) = F (0™ ) (6 ) — w1, ) dox i
s

< E(w'(s) — w™(s)), (2.10)

and consequently

// wy (t, x) ( ;"(t,x)))(wf(t,x) —w;"(t,x)) dxdt

+//(f(w"(t,x)) — f(w™ @, ) (w)(t,x) —w}(t,x)) dx dt < c||B||Hle.

It is easy to see [18] that for any § > O there exists ¢3(8) > 0, such that

|lu — v|2 <46 +C2(8)(g(u) — g(v))(u —v), VYu,veR.
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So by the last two inequalities we obtain
T
2
/ o 6 = ) 0) |
< 6T mes 2 + ccz(8)||B||H1 “H

+ ¢2(8) f/ '"(t x) f(w”(t,x)))(w?(t,x) —w;"(t,x)) dxdt

for every § > 0. On the other hand, multiplying both sides of
(w" — wm)n - A(w” — w’”) —i—g(w{') — g(w;”) + f(w") - f(w'") =0

by (w" — w™), integrating over [0, 7] x §2 and taking into account (2.9) we have

T
/ |V (w" @) — w" ) | at
0
T
c3(||B||H(;xH)+/Hw?<r>—wi"(ﬂllzdr

// w™ (¢, x) f(w"(t,x)))(w”(t,x) — wm(t,x)) dxdt
02

@2.11)

T
+// 71, x)) — g(w)(t, ) (w"(r,x) —w™(t,x))dxdt, VT >0. (2.12)
02

Thus by (2.11) and (2.12) we obtain
T
/E(w”(t) —w"(1))dt
0
< 8T mes 2 +E(||B||Hole,8)

+c2(8) //(f(wm(t,x)) —f(w"(t,x)))(w{’(t,x) —w{”(t,x)) dxdt
T

+ / m(t x) f(w"(t, x)))(w" (t,x) —w"(, x)) dxdt

l\.)lv—‘
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—

T
+ = / wl'(t,x)) — g(wf (¢, x))) (w" (¢, x) —w"(t,x))dxdt, VT >0.

Integrating (2.10) with respect to s from 0 to 7 and taking into account the last inequality we
find that

E(w"(T) —w™(T))
<Smes 2+ ~&(I1B 8
< 8 mes +?c(|| ||Hole,)

T

1
+ ?cz(8) //(f(wm(t,x)) - f(w"(t,x)))(wf(t,x) - wf"(t,x)) dxdt

'ﬂ

TT
—/ /(f(wm(s,x)) - f(w"(s,x)))(w{'(s,x) - w;”(s,x)) dxdsdt
0t R

T
*om / (W™ (1.2)) — £ (" (1. 0)) (W0 x) — w" (1, ) dx i

0 £

T
%/[ 7t x) = g (Wi (6,.0))) (w" (t, x) —w™ (¢, x)) dx dt

0 £

1.
ESmes.Q+?C(IIB||H01XH,6)+K1+K2+K3+K4. (2.13)
From Lemma 2.2 it follows that

lim lim K;=0 and Ilim lim K;=0. (2.14)

n—-oom—00 n—o0 m—oo

On the other hand, since

w” converges weakly star in Lo (0, T'; Hol),

w;’ converges weakly star in L (0, T; H),
by the compact embedding theorem (see [4, Theorem 5.1, p. 58]) we have
w” converges strongly in L, (0, T; HO1 _s), Ve € (0, 1],
which yields

lim lim K3=0. (2.15)

n—>oom—0oo
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Now let us estimate K4. Applying Holder inequality we have
1 n
|Kal < _TTGC4(”B”H‘ ) g (wi") — g (wf) “Lﬁ((o,r)xm' (2.16)
5

Using the same techniques as in [15], by (1.7) and (2.8) we find that

T
_%/‘/’g(w:’(t,x))ﬁdxdt
0 2

T
< [ [letwra ol + o o) dxar

08
(1Bl 01 [/|g 11, 3)| dx dt
T
:c1(||B||Hole)+/ / lg(w) (t,x))|dxdt
0 {x: xef2, |wi(t,x)|=8}

T
+/ / |lg(w}(t,x))|dxdt
0

{x: xef2, |w}(t,x)| <8}

<Cl(||B”H(}><H)

T

1

+g/ / g(w) @, 0))wl (¢, x)dx dt
0 {x: xe@, [wf(t.x)|>5)

1
+ Tmes 2(|g(—8)| + [g(®)]) < (1 + g)c1(||B||HO.X,,)

+ T mes 2(|g(—

), VT >0. (2.17)

From (2.16) and (2.17) it follows that

1 5
% 6

co 1
Kal < —sea(lBllggcn) | (145 Jer (1Bl cn)

Te

CNu.

+ cﬁc4(||B||H1xH)[mesQ(|g( O+ |g@®@])]°. (2.18)

Thus by (2.13)—(2.15) and (2.18) we get
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limsuplimsup E(w"(T) — w™(T))

n—-oo0 m—>0oo

1.
gémes.{2+?c(||B||H01><H,8)
' :

6 1
+ Zecs(1Bg )| (145 )1 0By
Te

5
+ (1Bl gy ) [mes 2(|g(=8)| + [g@))]°.
Consequently
limsup sup E(w"t7(T) — w™(T))
n—o0 peN

< 2limsup sup limsup E (w7 (T) — w™(T))

n—00 pEN m—00

+ 2limsuplimsup E (w"™ (T) — w"(T))

n—-oo0 m—oo

1.
<4<8mes$’2 + ?C(”B”H(;XH’ 8))

4ct 1 6
+ —ca(IBllyy) | ( 1+ 5 )er (1Bl )
Ts 0 8 0
1 5
+acses(IBll gy ) [mes 2(|g(=8)] + [g®)])]°
Since g € C(R) and g(0) = 0, the last inequality yields (2.7). O
Now we can prove asymptotic compactness of {S(#)};>0.

Theorem 2.1. Assume the conditions (1.4)—(1.7) hold. Then the semigroup {S(t)};>0 generated
by (1.1)—(1.3) is asymptotically compact in H(; x H.

Proof. Using Lemma 2.2 and repeating the argument used in the proof of Theorem 2 from [18]
we obtain the asymptotic compactness of {S(#)};>0 in H(; x H. O

Thus using Theorem 3.2 of [19] we have the following result.

Theorem 2.2. Assume that (1.4)—(1.7) hold. Then problem (1.1)—(1.3) has a global attractor A
in HO1 x H, which is invariant and compact.

3. Regularity and finite dimensionality of attractors

By the invariance of A it follows (see [7, p. 159]) that, for every ¢ € A there exists an invariant
trajectory y = {W(¢), t € R} C A such that

W(0) = g. 3.1
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Here, by an invariant trajectory we mean a continuous curve y = {W(t), t € R} such that
SW()=W(¢ + 1) forVt > 0and Vr € R (see [7, p. 157]).

To prove the regularity and finite dimensionality of the global attractor A we need the follow-
ing lemmas:

Lemma 3.1. Assume K is a relatively compact subset of H' and f(-) satisfies condition (1.4).
Then for any € > 0 there exists § > 0 such that ||luy — u1||1 < § implies

| frw) = @), <e (3.2)
foreveryuy,us € K.

Proof. Assume that lemma is not true. Then there exists &g > 0 and the sequences {u}l}, {u%}
in K, such that

— v strongly in H',
— v strongly in H', (3.3)
” f/(“%) - f/(“flz) H Ly(2) = €0 for every n.

u

S NS —

u

From (3.3) and (3.3), it follows that there exist subsequences {u,ll .} and {uﬁk} such that

1 2 :
U, —v and u, —v ae.inf2.

So applying Egorov’s theorem we obtain that for any é§ > O there exists a set Ag C £2 such that
mes As < § and

u,llk — v and u,zlk — v uniformly in £2 \ As,
which implies
kﬂﬂ;”f"(%i) = f'(in,) HL3(.Q\A5) =0. G4
On the other hand, from (3.3)1, (3.3); and (1.4) it follows that
(}ig(gﬁgsc?” f’(uﬁk) - f/(ulllk) ”L3(A,g) =0,

which together with (3.4) yields

likni)SO‘;PH f/(”%k) - f/(u}?k)”LﬂQ) < gfg)kgngoﬂ f/(uik) - f/(”}u) “L3(.Q\A,;)

o Jim lim sup] /(e ) = f (4, )| 0, = ©-

The last relation contradicts (3.3)3. O
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Lemma 3.2. Assume K is a relatively compact subset of H' and f(-) satisfies condition (1.4).

Then for any & > O there exists c(¢) > 0 such that
| ]| < elluelly + ()l

for every v € K and every u € H'.

(3.5)

Proof. Let § > 0 be as in Lemma 3.1 for § > 0. Since K is relatively compact in H I there exist

ngs € Nandv; € K, i =1, ng, such that

min |[v—v;fl; <§
1<i<ns

for every v € K. Then by Lemma 3.1 we obtain

&

lgglna ”f/(v) - f,(vi)||L3(-Q) < E

for every v € K. On the other hand, since C*(£2) is dense in H', there exist w; € C®(£2),

i =1, ng, such that

| f'@) = f |l <5 fori=1Lns
So we have
: / .
15121"5 | f'w) —f (wl)“L3(Q) Se
for every v € K. Since

/ .
s ] (o ) < 0

by (3.6) we find (3.5). O
Now we can prove regularity of the global attractor.
Theorem 3.1. Let the conditions (1.4)—(1.7) hold. In addition assume that
0<m<g'(s)<M(1 +g(s)s)%, Vs > 0.
Then there exists R > 0 such that

ot + llg2ll + || Agr + g(@2)|| <R

for every ¢ = (g1, ¢2) € A.

(3.6)

3.7)
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Proof. Let ¢ = (91, ¢2) € Aand y = {W(t) € A, t € R} be an invariant trajectory which sat-
isfies (3.1). From definition of the invariant trajectory it follows that W () = (w(-), w;(-)) and
(w(t+s), w(t+5))=St)(w(s), wy(s)) for Vt >0 and Vs € R. Then v(t) = w(t + s) is the
solution of the problem:

v=0 on (0,400) x 352, (3.8)

{ Vi —Av+g)+ fw)=h in (0,+00) x £2,
v(0,)=w(s,-), v:(0,))=ws(s,-) in 2.

Lets <0,and 0 </ < —s. Denoting z(¢,-) = v(t + 1/, ) — v(¢, -) from (3.8) we have
— Az +§(v (), 1)z + f(v(®),)z=0 in (0, +00) x £2,

z=0 on (0,+00) x 352, (3.9)
z2(0)=z9, z;/(0)=z; 1in &2,

where

1
g(vi(0),1) :/g/(tv[(t + D)+ (1 =) dr
0

1
f(v(t), )= / f v+ + A —1)v@))dr
0

zo=w(s+1)—w(s) and z;=w:(s+1)— w(s).

Multiplying Eq. (3.9); by z; and by z, and integrating over (o, ) X §£2 we obtain

t

t
E(z(t))+//§(vt(t),l)zt2(r)dxdr < E(z(0)) —/(f(u(z),z)z,zt(r))dr (3.10)
o2

o

and

(z:(0).2(0)) + /Hvz(r)ﬂ dt—l—// (v (2), 1)z (T)z(x) dx dt

/”Z;(‘C)” dt +(z(0), 2(0)) — / fv@), 1)z, z(0))dr (3.11)

On the other hand, by (3.7) we have

1
2
0<m</g/(fu1 + (I =Duz)dt < M(1+ guuy + gua)uz)®, Vui,uz €R,
0
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which together with (3.10) yields

13 t
1 ~
/ |z (@) dr < —~ (E(Z(G)) - / (f(v®), 1)z, zt<r>>dr>

and

t

// g’(Ut(T), l)Zz(T)Z(‘L') dxdt

o2

t

gkffg(v,(t),l)zz(r)dxdr
o2

t
+%/‘/§(v[(t),l)z,2(r)dxdr

t 2
s 3
+A<//|§(v,(r),1)|2dxdr> sup ||z(r)||iﬁ(m
! o<T<!

T

t

< % <E(z(o)) — /(f(v(t), l)z, z,(r))dr)

o

+2ci(A) sup E(z(r)), VA>0.

oTt
By (3.10)—(3.13) we find that

t

E(z(1)) —i—/E(z(r)) dt <p sup E(z(1)) + c2(AE(z(0))

p o<t
t
+62(A)( /(f(v(t),l)z,z,(t))dt
1
+ /(f(v(t),l)z,z(r))dr ) 0<o <1,

o

for some u € (0, 1).
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(3.12)

(3.13)

(3.14)
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We note that the argument above is of a formal character. We can justify it by considering
strong solutions. Since (3.14) is true for strong solutions of (3.8), it remains true also for gener-
alized solutions, because they can be approximated by a sequence of strong solutions.

Now let us estimate the right side of (3.14). From compactness of A it follows that the set
Uogrgl (tA+ (1 —1).A) is also compact in H(; x H.So by Lemma 3.2 we find that

|f(v@).0)z] <elizlli + c3@)lzll, Ve =0. (3.15)

Thus by choosing ¢ small enough, from (3.14) and (3.15) we obtain

t

t
E(z(t))+/E(z(r))dr <C4(A)(E(z(o))+/||z(r)||2dr>, 0<o <t (3.16)

o

Integrating (3.16) with respect to o from O to ¢ we have

t tt
tE(z(1)) <C4(A)/E(z(a))da+c4(A)//||z(r)||2drda
0 0o
13 t
<A (E(Z(O)) -I—/||z(r)||2dr> —I—l‘C4(.A)/”Z(‘L’)”2dT
0 0

t
< es(AE(2(0)) + es(A)(1 +t)/||z(r)||2dr, Vi > 0. (3.17)
0
On the other hand, since (w(s), w;(s)) € A, for Vs € R, using by (1.8) and (3.7) we obtain
1
f||vt(r)||2dr <c(A), V=0,
0
and consequently
t t 1
f||z(r)|;2dr <l2f/||v,(r+sl)||2dsdr <PPe(A), V=0
0 00

Taking into account the last inequality in (3.17) we find
tE(z(t)) < cE(2(0)) + cl* (1 +1), V>0, (3.18)
where ¢ depends on .4, but is independent of z(z). Taking r =t — s — [ in (3.18), we have

_ cE@O) +cl?(14+1—5—1)
= T—s5—1

E(w(r)—w(r—l)) , Yr2>0,
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passing to limit as s - —o0,
E(w() —w(r —D) <cl?  Vr,01>0. (3.19)
Inequality (3.19) together with w; € C([0, 0o0); H) yields
wy € C5(0,00; Hy) and  |wi(0)|, <1, VT >0, (3.20)
and consequently

g(wy) € Cy(0, oo;L%(.Q)) and ]|g(w,(r))”L6(m<r2, vt >0, (3.21)
5

where r; (i = 1,2) are independent of w(z). Since w(r) = v(tr — s), taking into account (3.21)
in (3.8); we obtain w;; € C,(0, co; H™1), which together with (3.19) implies

wyy € C5(0,00; H) and  ||wy (v)| <r3, VT >0, (3.22)
where r3 is independent of w(¢). Taking into account (3.20)—(3.22) in Eq. (3.8); we find that
lwe @, + [ Aw(@) + g(wi (D) | <ra. VT 20, (3.23)
where r4 is independent of w(¢). Thus for every ¢ = (¢1, ¢2) € A we obtain
gl + llg2lli + | Ag1 + g(@2) | < R,

where R is independent of . O
Now let us prove finite dimensionality of A.

Theorem 3.2. Assume the conditions of Theorem 3.1 are satisfied. Then the fractal dimension of
the global attractor A is finite.

Proof. Let g1 = (wo, w1) € A, g2 = (vo, v1) € A, (w, w) = St)p1, (v, v) = S(t)gp2 and u =
w — v. Then u(z, x) is the solution of the problem

up — Au~+ g +v) —gw) + flu+v)— f(v) =0 in(0,+00) x £2,
u=0 on(0,+00) x 352, (3.24)
u)=wy—vy, u;(0)=w;—v; inS2.

Formally multiplying Eq. (3.24); by u; and by u, and integrating over (o, t) x §2 we obtain

t
E(M(t))+//(g(ut+vz)—g(vt))ut(f)dxdf
o Q2

t

< E(z(0)) — /(f(u +v) — f(V), u (1)) dT (3.25)

[
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and

t t
(u,(t),u(t))+/||Vu(1:)||2dr+f/(g(ut—f—v,)—g(vt))u(r)dxdr
o o

t

t
:/”u[(t)szr +(u,(a),u(o))—/<f(u+v) — f(), z(1))dr. (3.26)

g

As mentioned in the proof of Theorem 3.1 we can justify (3.25) and (3.26) using a density
argument. Now using Gronwall’s lemma, from (3.25) we obtain

IS®e1 — S(t)e2 ”HOIXH <cre” o1 — o2l gl (3.27)
where constants ¢; and @ depend on A, but are independent of ¢; (i =1, 2).

On the other hand, taking into account Lemma 3.2 in (3.25)—(3.26) and repeating the argument
which has been done in the proof of Theorem 3.1, we find that

t t
E(u(n) + / E(u(v))dr <o E(u(s)) —i—/”u(t)”zdt . Vizs20.
S N
Integrating the last inequality with respect to s from O to ¢ we have
E(u@®) < c—3E(u(O)) +c3(14+1) sup ||u(z)||2, Vi >0, (3.28)

! <<t
where ¢3 depends on A, but is independent of ¢; (i =1, 2).

Thus according to [1, Theorem 3.11] by (3.27) and (3.28) it follows that the fractal dimension
of Ais finite. O
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