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Abstract

In this paper it is shown that the lattice of intuitionistic subsets of a set X in the sense of D. Coker may be represented as
a special type of texture space, called an intuitionistic texture on X, and various characterizations are given. It is established
that intuitionistic topologies are mapped to ditopologies on the corresponding texture, and some notions of compactness and
stability are considered. ©) 1998 Elsevier Science B.V. All rights reserved.

Keywords: Texturing; Texture space; Complementation; Ditopology; Intuitionistic set; Intuitionistic topology; Intuitionistic

texture; Compact; Co-compact; Stable; Co-stable

1. Introduction

The notion of a texture space, under the name of
fuzzy structure, was introduced by the first author at
the 2nd BUFSA Conference on Fuzzy Systems and
Artificial Intelligence held at Trabzon University in
1992. One motivation for the introduction of these
spaces is to provide a point-set based setting for the
study of fuzzy sets, and the reader may consult [6]
for various characterizations, in terms of textures, of
fuzzy lattices, L-fuzzy sets and generalized fuzzy sets
in the sense of Nakajima [13].

The concept of a dichotomous topology, or ditopol-
ogy for short, on a texture space is a natural gener-
alization of a bitopology on the one hand, and of a
fuzzy topology on the other. In particular, the study of
ditopologies makes it possible to extend much of the
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theory of bitopological spaces to a fuzzy topological
setting. Some results in this direction may be found in
[3,5,8].

Our aim in the present paper is to show that the
lattice of intuitionistic sets on a set X [7] may be re-
garded as a texture space, to characterize those tex-
ture spaces which arise in this way and to give some
topological results. Although some basic notions relat-
ing to ditopological texture spaces were presented in
[2,3], we will recall all necessary definitions and re-
sults for the benefit of the reader.

Definition 1.1. Let S be a set. Then & C 2#(S) is

called a texturing of S, and S is said to be textured

by & if

(1) (&,C) is a complete lattice containing S and
and for any index set / and 4;€.¥, i€l, the
meet A\,., 4; and the join /., 4; in £ are re-
lated with the intersection and union in 2(S) by
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the equalities

ANdi=4

i€l icl

for all 1, while

ViU

i€l i€l
for all finite /.

(2) & is completely distributive.

(3) Z separates the points of S. That is, given s, # s,
S wehave Le ¥ withs €L, 50 ¢ LorLe ¥
with s, €L, 51 ¢ L.

If § is textured by £ then (S,.¥) is called a texture

space, or simply a texture.

Remark. As we shall see, the texturings corre-
sponding to lattices of intuitionistic sets will turn
out to be closed under arbitrary unions as well
as intersections, so the second equality in Defini-
tion 1.1(1) will also hold for arbitrary /. In the
general case an infinite union may fail to belong
to the texturing, in which case the join will be
strictly larger than the union. A simple example
would be the texturing & ={(0,7]|r€[0,1]} of
§=(0,1].

The mapping s — P, = [{LE L |s€L} is a nat-
ural embedding of S in %. Recall that an element
M#Q of & is a molecule if M CLiUL,=MCL,
or M CL, forall Li,L;€.%. Clearly, {P;|s€S}isa
set of molecules in & which is a base for & in the
sense that

L=\/P,= P

seL SEL

forall L € & [10]. We call & simple if every molecule
of & belong to the set {P;|s€S}.

A mapping y: & — & is called a complementation
if Y>(P)=P for all P€ ¥ and PC Q in . implies
Q) C y(P). A complementation is necessarily bijec-
tive. A texture with a complementation is said to be
complemented.

For & = #(S) and y(P) = S\P we obtain a comple-
mented simple texture which represents the crisp set
structure of S. It is shown in [6] that fuzzy lattices cor-
respond precisely to complemented simple textures,

and characterizations of L-fuzzy sets in the sense of
Goguen [11] and generalized fuzzy sets in the sense
of Nakajima [13] are given within the class of com-
plemented simple textures.

Intuitionistic sets were introduced by Coker (7] as
a special case of the notion of fuzzy intuitionistic
set defined by Atanassov [1]. If X is a crisp set, an
intuitionistic subset of X may be regarded as a pair
(4,B) of subsets of X satisfying 4N B=10. A partial
order, denoted by C, on the set

I(X)={(4,B)|4,BEP(X), ANB =0}
of intuitionistic subsets of X is defined by
(4,B)C(C,D) < ACC and DCB.

It is clear that (I(X'), C ) is a complete lattice, the meet
(join) of (4;,B;), i €1, being denoted by (;c,(4;, B;)
(U;e/(4:,Bi)) and equal to (Mier 4> Ui B)
((U;es 4i> Niey B)), respectively. The largest intui-
tionistic subset of X is X =(X,0), and the smallest
@ =(0,X). There is also a natural complement given
by the operation /:[(X)— (X), (4,B) — (4,B),
defined by (4,B) = (B, 4).

2. Representation theorems

Our aim in this section is to show that the lattice
1(X) of intuitionistic subsets of a set X may be rep-
resented as a texture, and to obtain the characteristic
properties of such a texture.

Theorem 2.1. Let X be a set and (X)) the lat-
tice of intuitionistic subsets of X. Define Ix=
(X x{0PHUX x{1}) and let ¢:W(X)— P(x) be
defined by

P((4,B)) = (4 x {0) U ((X\B) x {1})

Jor all (4,B)E(X). Then £x = p(I(X)) CP(S)isa
simple complemented texturing of Ix.

Proof. Take {L;|i€l} C #x.Then wehave {(4;,B;)]
i€l CI(X) with Li=o((4;,B:))=(4ix{0})U
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((X\B;) x {1}). Hence,

U Li={J @ x {ohux\B) x {1})

iel iel

() o\ Q) )
(U)o (Yem)

Therefore, |J;c; Li€ #x. In exactly the same way
(Mic; Li € Fx, which establishes that (Ix,#x) is a
complete lattice with

Vi=|JL and ALi= (L

iel iel iel iel

for L;€ £y, €1, and all index sets /. In view of these
equalities, (Iy,.#x) is clearly completely distributive,
and we also have

Iy = o((X,0)) = o(X) € Fx
and
0=p((0,X))=0@)c Sx.

Next .y separates the points of Iy. Indeed, let
51,82 €Iy and sy #s,. There are three cases to con-
sider:

Case 1: 51 =(x,1), x€X. For L= ((§,X\{x})=
{(x,1)}€.9x we have s; €L and s, ¢ L.

Case 2: 55 =(x,1), x€X. Proof as for Case 1 with
s1 and s, interchanged.

Case 3: 51=(x,0), 52=(3,0), x,y€X, x#y.
Since {x}NX\{x})=0, L=o(({x},X\{x})=
{(x,0),(x,1)}€Fx and s; €L and s, ¢ L.

To show that (Iy,.#x) is simple, note that from
the above we clearly have Py ;y={(x,1)} and
Pioy={(x,0),(x,1)}. Hence if L=(4x{0})N
((X\B) x {1})€ ¥y it must contain (x, 1) for some
x€X. Take y€ X with y #x and define

Ly =((A\{x}) x {0HU(X\BU{x})) x {1}),
Ly = ((A\{y}) x {0Hhu(@\BU{y}) x {1}).

Then LCLyULyandL £ L,.If y€Aor y ¢ Bwealso
have L € L,. Hence, if L is a molecule it cannot contain
(¥,0) or (y,1) for x # y, and so must have the form

L= {(x, 1)} =P(x,1) or L= {(x,O), (X, 1)} :P(x,()) as
required.

Finally, to show that (Iy,.#x) is complemented,
consider the function 1y : £y — Fx defined by

ix(L) = ((B,4)),

where L = o((4, B)), (4, B)€ I(X).

Clearly, iy satisfies 14(L) = L for each L € #y. Take
L,L'e #x with LCL'. We may write L=(4 x {0})
UGX\B) x {1}), L' = (4’ x {0 U((X\B') x {1}).
Since LCL' then 4 C A’ and X\BC X\B'. There-
fore B#CB and X\A'CX\4, from which we
deduce t1x(L") C 1x(L). Thus 1y is a complementation.

O

The texture (Ix, Fyx, 1y ) will be called the intuition-
istic texture on X .

We turn now to the question of characterizing those
textures which are an intuitionistic texture on some X .
Since we can only expect to be able to do this up to
isomorphism, we must first make explicit the notion
of isomorphism between textures.

Definition 2.2. Let (S,.#) and (§,.%’) be textures.
A function  : § — S’ is a textural isomorphism from
(5, %) to (8, %) if
(i)  is bijective.

(ii) VL€ & we have Y(L)e ¥,
(iii) L — (L) is a bijection ¥y : & — &’
We say (S,.%) and (8, %') are isomorphic if there
exists an isomorphism between them. We denote this
by (8, %) = (8, &).

If (S, %,y) and (§', #’,7") are complemented tex-
tures and ¥ satisfies the additional property

VL€ & we have Y(y (L)) = (¥(L))

then  is called a complemented textural isomor-
phism. When such an isomorphism exists we write
(8,27 =(S.2.7).

As expected, a textural isomorphism preserves
arbitrary meets and joins:

Proposition 2.3. Let  be a textural isomorphism
from (S, L) to (S, L"), and {L;|i € [} C%. Then
(1) w(ﬂ,’e1 L)= n,’e1 ‘//(Li)y and
(11) l//(\/ie] L)= Viel w(Li)
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Proof. (i) Trivial since ¥ : & — %’ preserves inclu-
sion and ¥ : § — §’ is injective.

(i) The inclusion Vo Y(L:)CS¥(Vg, Li) is
immediate since Y :.¥ — %' preserves inclusion.
By Definition 2.2(iii) we have L€ % with y(L)=
VierW(Li). Then L;CL for all i€l. Indeed, if
L;ZL then L,NL#L; and so Y(L;NL)#y(L),
since ¥ : ¥ — &' is injective. By (i), y(L;NL)=
Y(L)Ny(L), which contradicts y(L;) CWY(L). We
now have \/; L; CL, whence y(\/,c, L)) SW(L)=
Vie ¥(Lo). O

Definition 2.4. (S,.#,y) is said to be an intuitionis-
tic texture if there exists a set X with (S, %,y) &
x> Ix,1x).

The following theorem gives various characteriza-
tions of intuitionistic textures.

Theorem 2.5. The following are equivalent for a

complemented texture (S, %,y):

(i) (S, %Z,y) is an intuitionistic texture.

(ii) There exists T € & satisfying
(@) AT)=T,

(b) P,={¢t} VteT, and
(c) y(P,)=S\P, VteS\T.

(ii1) For every maximal molecule M in & there ex-
ists a unique molecule Nyy with Nyy CM and y
satisfies
(@) y(Ny)=Ny U(S\M), and
(b) y(M)=S\M for all maximal molecules M.

(iv) There exists a set TCS and a bijection
f T — S\T such that
(a) £={AUB|ACT, BC f(4)}, and
(®) Y(AUB)=S\(f(HUf~'(B)), ACT and

BC f(4).

Proof. (i) = (ii). Let  be a complemented textural
isomorphism from (S, .%#,7) to (Ix,.£x,1x). Since
X x {1} =¢(0,0) is an element of #(X) invariant
under 1y, it is immediate that 7=y ~1(X x {1})e &L
satisfies p(T)=T, so establishing (a). For (b),
take t€7. Then Y(¢)=(x,1) for some x€X so
{th=y""({x DN =¥~ (@B, X\{x})) € £, which
verifies P, = {¢}. The proof of (¢) is left to the reader.

(i) = (iii). Suppose that (S, %, y) has the properties
given in (ii). We begin by showing that for se S\T
we have P; = {s, ¢} for some teT.

1. PsN(S\T)={s}. For suppose s;€P;N(S\T)
with s; #s. Then, since ¥ separates points in S,
sEP;N(S\Ps,) CPs, while P;N(S\Ps,)=P,N
Y(Ps, Y€ £, which contradicts the definition of P;.

2. PLNT#0Q. Indeed T CS\P,=y(P,)e¥ =P, =
72(Ps) C(T)=T, which is impossible as s€P;
and s ¢ T.

3. For teP;,NT we have y(P;)=S\{s}. Indeed,
P={} CANT=5\{s}=(S\P)UT =y(P)U
WTYy=y(PsNT)Cy(P,)CS, from which the re-
sult follows at once.

4. P;NT = {t}. Immediate from (3) and the injectiv-
ity of y.

From (1) and (4) we have P, = {s,¢}. On the other

hand, given ¢ € T we have s € S\T with P, = {s,7}. To

see this, note that T C p(P;) C S so we may choose
s€S\y(P;). By the above, P;={s,t;} for some
ti €T. Using (3) we may verify ¢, = ¢ and hence that

Py={s,t}.

Now let NCT be a molecule in % and take
tEN. By the above, we may choose s€S\T with
P, = {s,t}. Suppose we have #; €N with #; #¢. Then
NZNNyPs)eEL, N LP;e ¥ but N C(N Ny(Ps))
UP;, which is impossible. Hence N ={t}=PFP,.
In the same way if M is a molecule with M Z T
then M =P, for some s€S\T. Hence, the maxi-
mal molecules have the form M =P;={s,¢}, and
there is a unique molecule Ny =P,={¢t} satis-
fying Ny CM. Finally y(M)=y(P;)=S\P,=S\M
and y(Ny) =y (F)=8\{s} = {r} U(S\{s,1})=Ny U
(S\M) by (3).

(iii)) = (iv). Let N be a non-maximal molecule.
Since the set of molecules containing N is clearly
inductive, by Zom’s Lemma there is a maximal
molecule M with N CM.IfteN thenP, CNCM =
N =My =P,, while P,={t} since % separates the
points of S.

In much the same way we may verify that for a
maximal molecule M we have s,t€S with M =P, =
{s,t}.

Define T = {¢| P, = {¢t}}. For t € T the molecule P,
is contained in a maximal molecule M = P; = {s,1}.
Moreover s is unique, for if M;={s;,t} then
Ny :NM| = {t}’ whence V(NM)=)’(NM.) = NyU
(S\M):NMI U(S\M]):>S\{S}=S\{Sl} = S5=15].
Hence, setting f(¢) =s < t€ T and {s,¢} is a maximal
molecule, defines a function f:T — S\T. Clearly,
f is bijective.
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For Le ¥ define A=LNT and B=LN(S\T).
Clearly L=AUB and ACT. Also s€B implies
Py={s,t} CL. Hence t€TNL and s=f(¢), so
BC f(4). Conversely, take ACT and BC f(4).
Clearly, AUB= | {P, |teA}U | J{Ps|s€B} € ¥, and
we have verified that ¥ ={4UB|4CT, BC f(4)}.

Finally, for L=AUB=J,,PiUU,csPs€Z
we have

(L) =) 9(P) 0 () 9(Ps)

ted SEB
=(HANS\L @I (Y S\s, £}
teA sEB

=S\(f( U f~'(B)).
(iv) = (i). Let X = S\T and define yy: S — Iy by

t),1), teT,

W):{m 1), e

(s,0), sEX.
Clearly, ¥ is bijective. Also, if L=AUBe ¥, ACT
and BC f(4), then Yy(L)=(B x {0})U(f(4) x
{1H e e(I(X)), so it is easy to verify that s : & — Sy
is also bijective. It remains to show that ix o ¥
=y oy. But for L=AUB, ACT and BC f(4),
we have

(L)) = (B x {0 U(f(4) x {1}))
= ((X\f(4)) x {0HUX\B) x {1})
=y(fT B UX\f(4)))
= Y((4UB))
= y(y(L)).

This verifies that ¥ is a complemented textural iso-
morphism of (S, .%,y) with (Iy, Zx,1x), so (S, %,7)
is an intuitionistic texture. [

The reader may refer to [6] for a corollary to
Theorem 2.5 which puts intuitionistic sets in a fuzzy
setting by showing that they are essentially L-fuzzy
sets on X, where L is the fuzzy lattice {0, %, 1}.

We now present an example which shows that in-
tuitionistic textures may arise naturally in everyday
life.

Example 2.6. In a scheme for part-time home em-
ployment, each married woman in the region is eli-
gible for employment, as is any man whose wife is
working for the scheme. Under these circumstances,
the set of all possible patterns of employment forms an
intuitionistic texture on the set of potential employees.
To see this let E = W UM, where W is the set of mar-
ried women and M the set of married men in the re-
gion. If for w € W we denote by h(w) the husband of w,
the mapping 4 : W — M is a bijection. If 4 is the set of
women and B the set of men employed on the scheme,
we have B C h(A4) by hypothesis so the set 4UB of
employees belongs to § ={4UB|4 C W,BC h(4)},
which is an intuitionistic texturing of the set £ of po-
tential employees (cf. Theorem 2.5(iv)). The comple-
ment of AU B in this texturing is E\(h(4) Uk~ (B)),
which represents the pattern of employment in
which a wife whose husband did not work has
employment, as does a husband whose wife did
not work.

If we wish to express the pattern of employment as
an intuitionistic subset (U, V') of the set X of eligible
families in the region, an examination of Theorem 2.1
shows that we must take U to be the set of families in
which the husband is working for the scheme, and V'
the set of families in which the wife is not employed
under the scheme.

3. Ditopological intuitionistic textures

In general, a texture is not closed under set comple-
mentation, and this has led to the consideration in [2]
of the notion of a dichotomous topology (ditopology)
on (S, .#). Specifically, (,k) is called a ditopology
on (S, &) if
(1) 7 C ¥ satisfies

a. S,0er,
b. G),G,€1= GiNGy€ET,
c. G,€1,0€4 =/, G, €1 for arbitrary index
set 4, and
(2) kC & satisfies
a. S,0ex,
b. FI,[;€xk = FIUF, €k,
c. Fyex,aed = A, F, €k for arbitrary index
set A.
Hence a ditopology resembles a topology, ex-
cept that the open sets (i.e. elements of 7) may
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be defined independently of the closed sets (i.e.
elements of k). In the case of a complemented
texture (S,.%,v) it might be that 7 and x are con-
nected by the relation k = {y(G)| G€t}, and in that
case we speak of a complemented ditopology. By
Proposition 2.3 it is clear that a (complemented)
textural isomorphism maps a (complemented) di-
topology to a (complemented) ditopology.

An intuitionistic topology on X is a subset J
of [(X) containing § and X, and closed under arbi-
trary unions and finite intersections (see [8] for the
corresponding notion for intuitionistic fuzzy sets).
The proof of the following theorem is straightforward,
and is omitted.

Theorem 3.1. Let X be a set and (Ix,.%x,1x) the

intuitonistic texture on X. Then

(1) If  is an intuitionistic topology on X, 1=
{o(T)|TeT}, k={e(G')|Ge T} defines a
complemented ditopology on (Ix, #x,1x).

(2) If (1,x) is a complemented ditopology on
(Fx,Fx,1x) then T ={o (G)|Ge1} is an
intuitionistic topology on X.

Let (S, %, y) be an intuitionistic texture and (7, k)
a complemented ditopology on S. By Definition 2.4
we have a set X and a complemented textural iso-
morphism ¥ : S — Iy of (S,%,y) with (Ix, #x,1x).
If 7 is the intuitionistic topology on X correspond-
ing to the complemented ditopology (¥(t),¥(x))
on (Ix, #£x,1x), as in Theorem 3.1, we will say that
(X, ) is an intuitionistic topological space corre-
sponding to (S,%,y,7,x), or that (S,.Z,y,1,Kx) is
a complemented ditopological intuitionistic texture
corresponding to (X, 7).

We turn now to the question of compactness. First,
we give some definitions and results applicable to
general ditopological textures, before specializing to
intuitionistic textures and their relation with intuition-
istic topological spaces. On (S, 2(S)) a ditopology
is formally equivalent to a bitopology, t being one
of the topologies and k' = {S\F |Fx} the other.
In the general case this formal link fails because a
texturing need not be closed under set theoretic com-
plement, but even so many bitopological concepts
may be suitably redefined to apply to ditopological
textures. With some changes in terminology the fol-
lowing notions reflect Kopperman’s subdivision of

bitopological joint compactness into compactness and
stability properties [12].

Definition 3.2. Let (7, ) be a ditopology on the tex-
ture (S, &#). Then (S, &, 1, k) is called

(i) Compact if whenever S = \,; G;, Gi€1, i€l,

there is a finite subset J of 7 with |, G;=S.

(i) Co-compact if whenever [, Fi=0, F;€x,
i€l, there is a finite subset J of I with
ﬂjeJ F=0.

(iii) Stable if every K € k with K # § is compact, i.e.
whenever K C \/; Gi, Gi€r, i€l, there is a
finite subset J of I with K C UjeJ G;.

(iv) Co-stable if every Get with G#0 is co-
compact, i.e. whenever ()., F;CG, Fi€k,
i€l, there is a finite subset J of I with
Njes FCG.

Proposition 3.3. Let (1,x) be a complemented di-

topology on (S, Z,v). Then

() (S, 2,y,1,x) is compact if and only if it is
co-compact.

2) (S, 2,y,1,Kk) is stable if and only if it is co-
stable.

Proof. Immediate. [J

In order to state the next theorem we require the
following concepts.

Definition 3.4. Let (1, ) be a ditopology on (S, £).

(1) Aset 2 C ¥ x ¥ is called a difamily on (S, £).
A difamily 9 satisfying 2 C 7 x k is open and
co-closed, one satisfying 2 C k x 1 is closed and
co-open.

(2) A difamily 9 has the finite exclusion property
(fep) [2] if whenever (F;,G;)€Y, i=1,2,...,n
we have (\_, F; £ U, G:.

(3) A closed, co-open difamily 2 with ({F|Fe
dom 92} Z \/{G | G €ran @} is said to be bound
in (S, Z,1,k).

(4) A difamily 2 = {(G;,F;)|i€l} is called a di-
cover [4] of (S, &) if for all partitions 1}, I, of /
(including the trivial partitions) we have

NFcV\G.

iel i€h
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We may now give

Theorem 3.5. The following are equivalent for a di-

topological texture (S, &, t, k).

(1) (S, &,1,K) is compact, co-compact, stable and
co-stable.

(2) Every closed, co-open difamily with the finite
exclusion property is bound.

(3) Every open, co-closed dicover has a finite sub-
dicover.

Proof. (1) = (2). Suppose that (1) holds, but that we
have a closed, co-open difamily Z = {(F;,G;)|i€l}
with the fep, which is not bound in (S, .2,1,x).
Let F= (), Fi so that F€x and FC V,,G;
According as F#S or F =S we may use stab111ty
or compactness, respectively, to show the existence
of a finite subset J; of I with F C UjEJ. G;. Now
let G= ;e , Gj» so that Get and M, F CG.
According as G#) or G=0 we may use co-
stability or co-compactness, respectively, to show that
e, £ © G for some finite subset J; of . Since now
NjesunF € Ujesus, G We have a contradiction
to the fact that 4 has the fep.

(2) = (3). This was established in [4], but for the
sake of completeness we outline the proof. Suppose
that € = {(G;, F;) | i €I} is an open, co-closed dicover
with no finite sub-dicover. For J C I write J =J; UJ,
if {J1,/,} is a partition of J and define

Py ={(, )| = Uh}

and

2r=SUne? |(VFEL \ G

JEA €L
By hypothesis 2} # () for all finite J C 1. Now define

={(J1,1) € P¥ | VK finite, J CK C ],
K\, Ky) € P§ with JNK;=J), [=1,2}.

It may be verified that Z}* %@ for all finite J C 1
[4, Lemma]. Now, con51der the set # of functions f
satisfying

(1) dom £ is a set of finite subsets of /.

(2) VJ €dom f, f(J)=(f1(J), f2(J))€P}™.

3) Jis-..,Jy€dom f = S U - UJ,€dom f.

(4) JKedom f, JCK= fi(J)=J0 fi(K), 1=
1,2.

We see that # # (0. We define a partial order on & by

f<gsdom f Cdomg and J €dom f
= f(J)=g()).

It is easy to verify that (&, <) is inductive. Hence,
by Zorn’s Lemma we may choose a maximal ge #.
Using the maximality of g it may be proved that

Udomgzl.

Now consider the family Z={(",c,,, FsU e
G;)|J €dom g}. It is easy to show that # has the fep,

so by (2) we have

ARUARIED

Jedomyg \ jEgi(J) J€Edomg

U g

JEG2J)

LetI; = J{g1(J)|J €domg}, I, =I\I;. Then (I, ;)
is a partition of /, and I, C | J{g2(J )| J €dom g}. This
gives us

N[ Nns-n=

Jedomyg \ jeqi() ieh
Q\/Gig \/ U Gl
iclh J€domg \ j€g:(J)

which is a contradiction.

(3) = (1). First take G; €1,i€l, with S = /., G;.
For i€l let F;=0. Then € ={(G;,F;)|i€l} is an
open, co-closed dicover, so has a finite sub-dicover
{(G;,F;)|jeJ}. For the partition J; =0, J, =J of J,

s= e Yo,

JE JjES

whence S = Ujej G, and (&,1,k) is compact.
Co-compactness is proved in an analogous way.

To establish stability take Fek, F#£S and
Gi€r, i€l, with F C V., G;. Define ¢ = {(S,F)} U
{(Gi,®)|i€I}. 1tis clear that ¥ is an open, co-closed
dicover, and hence has a finite sub-dicover ¢,. If
%1 ={(G,;,0)|jeJ}, J finite, then the fact that (61 is
a dicover implies | J,; G; =S, whence F' C |,

jeJ
On the other hand, if (S F )Y€ ¥, then we agamjobtam
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FC Uje ; G as required. Co-stability can be proved
in a similar way. O

The condition in Theorem 3.5(2) was called com-
pactness in [2—-4]. It corresponds to the very im-
portant bitopological property of joint compactness
(compactness of the joint topology). In the case of a
complemented ditopology, Proposition 3.3 shows that
Theorem 3.5(1) may be weakened to require one
of compact, co-compact together with one of stable,
co-stable.

Compactness in intuitionistic topological spaces
is defined in the obvious way, and the proof of the
following proposition is trivial and is omitted.

Proposition 3.6. Let (X, 9) be an intuitionistic topo-
logical space corresponding to the complemented
ditopological intuitionistic texture (S,%,y,T,x).
Then
(1) The following are equivalent:

a. (8, %2,y,1,Kk) is compact.

b. (S, %,v,1,k) is co-compact.

c. (X,7) is compact.
(2) The following are equivalent:

a. (S, 42,y,7,x) is stable.

b. (S, .%,y,1,K) is co-stable.

c. Every proper closed subset of (X, 7" ) is com-

pact.

The following example shows that compact-
ness does not imply stability, even for intuitionistic
textures.

Example 3.7. Let S=[0,1)U(1,2], T=[0,1), and
define the bijection f:T —S\T by f(t)=2 —t.
Using Theorem 2.5(iv), we may verify that ¥ =
{AUB|ACT, BC f(A)} is an intuitionistic textur-
ing of S, with complementation y(4UB)=S\(f(4)
US1(B), ACT, BC f(4).

For 0<r<1 let G(r)=[0,r)U(2 — r/2,2], so
that G(r)e L. If we let 1={G(r)|0<r<1}U{S},

k={y(G)|Ger} then (r,x) is a complemented
ditopology on (S, %,7). If §= V., Gi= U, G
G; €7, then for some i € I we have G; = S since, for ex-
ample, %ES\G(r) Vr, 0<r<1. Hence (S, Z,7,1,k)
is compact. On the other hand it is not stable.
To see this note that y(G(r))=[r/2,1)U(1,2 — 7]
so in particular F=y(G(1))=[},1)€x. Hence,
FCV,2,G( — 1/n) since /o2, G(1 — 1/n)=
G(1 — A2, 1/m)=G(1)=[0,1)U(2,2]. However,
F is not contained in any finite union of the sets
G(1 — 1/n).
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