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In two-dimensional Euclidean plane, existence of second-order integrals of motion is investigated for integrable Hamiltonian
systems involving spin (e.g., those systems describing interaction between two particles with spin 0 and spin 1/2) and it has been
shown that no nontrivial second-order integrals of motion exist for such systems.

1. Introduction

In classical mechanics, existence of n functionally indepen-
dent integrals of motion defines integrability (in Liouville
sense) of a Hamiltonian system with #n degrees of freedom.
These integrals, including the Hamiltonian itself, must be
well-defined functions on phase space and be in involution.
This concept of integrability is extended to define superinte-
grability by requiring the existence of at least one and at most
n — 1 (in order to have dynamics in the system) additional
integrals of motion. The total set of integrals of motion
must be functionally independent; however, the additional
ones are not necessarily in involution among themselves, nor
with the already existing n integrals of motion (except the
Hamiltonian itself). All these concepts are also introduced
in quantum mechanics through well-defined linear integrals
of motion operators which are supposed to be algebraically
independent [1-3].

In quantum mechanics, superintegrable systems are of
physical interest because superintegrability entails exact solv-
ability, meaning that the bound state energy levels can be
calculated algebraically and the wave functions, expressed in
terms of polynomials in the appropriate variables, possibly
multiplied by an overall factor. It has been conjectured [3]
that all maximally (having 2n — 1 integrals of motion)
superintegrable systems are also exactly solvable and this has
been supported by many examples [3, 4].

Systematic investigation of the superintegrable systems
and their properties was initiated by the works of Smorodin-
sky, Winternitz, and collaborators in 1965 [1, 2]. Most of

the earlier work was devoted to the quadratic superintegra-
bility (i.e., with integrals of motion that are second-order
polynomials in the momenta) and directly related with the
multiseparability in two- and three-dimensional Euclidean
spaces [1, 2]. Recently an extended review article has been
published describing the current status of the subject [5].

Superintegrability properties are also investigated for
Hamiltonian systems involving particles with spin [6-11].
Systematic search for superintegrable systems with spin was
initiated in [6], where the authors considered two nonrela-
tivistic quantum particles, one with spin 1/2 and the other
with spin 0. Physically, the most interesting Hamiltonian for
such systems is

5 .
Hz—%mvo(?)%{v1 @,(3.L)}, )

where {,} denotes an anticommutator and o, 0,, and o;
are the usual Pauli matrices. V,,(7) and V,(¥) are scalar and
interaction potentials, respectively. This Hamiltonian given in
E; would describe, for instance, a low energy (nonrelativistic)
pion-nucleon interaction.

In [6] first-order integrability and superintegrability were
studied in E,. Articles [8, 9] were devoted to systematic search
of first- and second-order superintegrability in E;.

In this paper we will consider Hamiltonian (1) in E, and
investigate the existence of second-order integrals of motion
in order to classify further the superintegrable systems with
spin in E,. For simplicity, we will set the reduced mass m of
the two-particle system equal to 1 = 1 and use units in which



the Planck constant is # = 1. Keeping # in the Hamiltonian
and integrals of motion does not change any of the conclu-
sions. In particular V;; and V; do not depend on #. In (1) H
is a matrix operator acting on a two-component spinor and
we will decompose it in terms of the 2 x 2 identity matrix I
and o5 (the matrix I will be dropped whenever this does not
cause confusion). L is the angular momentum operator.

In the next section we give the first-order integrable
and superintegrable Hamiltonian systems, obtained from the
analysis of the commutativity condition [H, X;] = 0, where
X, is the general first-order integral of motion in E,. For
details see [6]. In Section 3, we search for the existence of
second-order integrals of motion in E, for the two integrable
cases obtained in Section 2. Finally, in the last section we give
some conclusions.

2. First-Order Integrability and
Superintegrability in E,

In this section let us briefly review the results obtained in

[6]. Considering that the motion is constrained to Euclidean

plane (i.e., assuming ¥(¥) = ¥(x, y) and setting p; = 0,
z = 0), we have the following Hamiltonian:

1
H = B (P12 +P22) +Vo (%) + Vi (x,y) 0315

. (2)
+ 5‘73 (L;V; (%, %))
with
P =- iax’
pr=- iay’
L= i(yax—xay), 3)

10)
0, = .
> \o -1

The general first-order integral of motion to consider would
be

—

1
XI:E{?I,p1}+E{92,p2}+973, (4)

where

Fu=Fot+F 03 n=123. (5)

All six functions %, (¢ = 1,2,3 and v = 0,1) are
real functions of x and y. Our aim is to find at least one
such integral of motion from the analysis of the commu-
tativity condition [H, X;] = 0. This condition provides 12
determining equations for the 6 functions & ,,, as well as
the unknown potentials V;(x, y) and V,(x, y). Six of the
determining equations, which are obtained from equating the
coeflicients of the second-order terms to zero, give

glv = wvy+av’
Fy=—w,x+b, (6)

v=0,1,
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where w,, a,, and b, are real constants and the rest of the
determining equations are
F e =0,1¢ [_b£V1 - (“’EJ’ + a&) IVix
+ (g =) 1, ],
F iy =0y1¢ [agvl + (wgy + ag) XV,
- (ng - bg) le,y] , )
(w,y+a,) Vo + (~w,x +b,) Vo, = 0y1¢ (xgsf,y

4 g?&f,x) Vl >
(% f) = (0) 1) .
The analysis of determining equations (7) is summarized
as follows.

(1) Superintegrable System. There exists only one first-order
superintegrable system with V; # 0:

1 1
H:_EA+EYZ (x2+y2)+yo3L3, y=const.  (8)

It allows an eight-dimensional Lie algebra & of first-order
integrals of motion with a basis given by

L,=i(yd,—x3,)L,

X, = (iax 1)’)’) I,
)
Y, = (id, +yx) L,

I, =1%*o0;.

The algebra & is isomorphic to the direct sum of two central
extensions of the Euclidean Lie algebra e(2). Consider

L~ (2ee_(2),
(10)
e, (2)={L,.X, Y, L}

(2) Integrable Systems. The only integrable systems with one
integral of motion in addition to H that we found are given
as follows.
(a) Integrable system with rotationally invariant poten-
tials:
Vo=Vo(r),

Vi=Vi(r),

r=1x?+y?, (11)

X = (wy + wy03) L,

w, =const, v=0,1.
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(b) Integrable system with a x-dependent interaction
potential:

Vi =V (x),
y2
Vo = 7\/12 (x)+F (x), (12)

X = —iay—a3JVl (x) dx.

The above results should be understood up to gauge
transformations of the form

H=U"HU,
e* 0
U= ( 0 e—ia) >
(13)
a=ak),
k=2,
X

which leaves Hamiltonian (2) form invariant. However, the
potentials transform accordingly. Consider

= lo4
V1:V1+—2,
X

2 .2
= y 1« .
VO —VO+<1+P)(EP+OCVI).

3. Second-Order Superintegrability in E,

(14)

The system obtained in Section 2 with a constant interaction
potential term is maximally superintegrable and hence all the
higher-order integrals of motion can be expressed in terms
of the first-order ones, given in (9). However, for integrable
systems (11) and (12) it is worth searching for the existence of
second-order integrals of motion in order to classify further
the superintegrable systems with spin in E,. In this section,
we investigate the existence of such second-order integrals of
motion.

3.1. The Potentials Vi, = Vy(r) and V; = V,(r). For these
rotationally invariant potentials Hamiltonian (2) becomes

1
H= (P +p,°) + Vo + ViosLs, (15)

where V, and V, are functions of x> + y*. The general second-
order integral of motion to consider would be

—~ 1 1
X, = 5 {‘Qil’plz} +{y pipa} + 5 {*9{3’P22}+X17 (16)
where
Ay =d+d,, 05 p=123 17)

and X is the first-order integral of motion given in (4). All
six functions &/, (u = 1,2,3 and v = 0, 1) are real functions

of x and y. From the commutativity condition [H,X,] =
0, we search for the existence of second-order integrals of
motion. The highest-order determining equations (i.e., the
determining equations, obtained by equating the coeflicients
of the third-order terms to zero in the commutativity equa-
tion [H, )~(2] =0) read

dlv,x = 0’
ds,, =0,
‘dlv,y + 2'52{21/;: - O’ (18)

(»=0,1).

First four of the above equations imply &, is a function of
y only and /5, is a function of x only. Then the last four
determining equations in (18) give

'QYZV,yy =0, (19)

(»=0,1),

which can immediately be integrated. Hence the general
second-order integral of motion can be expressed as

Xy, =G, (Lspy + p1L3) + G, (Lyp, + p,L3)

, , (20)
+Y; (P1 —D )+254P1P2+X1>

where . (r = 1,...,4) are now constants and all the
determining equations, obtained by equating the coeflicients
of the third-order terms to zero in the commutativity equa-
tion, are trivially satisfied. Since the potentials are rotationally
invariant, the term proportional to L3 is absent in (20) (i.e.,
it commutes with the Hamiltonian given in (15)). Notice that

the constants &, (1 = 1,...,4) are considered as
C.=%,,+%,0; 1=1,....4
(21)
Fu=FntFuos p=123.

The determining equations, obtained by equating the
coefhicients of the second-order terms to zero in the commu-
tativity equation [H, X,] = 0, read

203 ((?4 -,V (xz + )’2)
+2y[Csx+y (€, - € x-G,)]V, (x2 + yz)) (22)

+F =0,



20, (%4 + G1x) Vy (2 +57)
+2x -G,y +x(E,+ & 1x+G,y)] (23)
Vi (£ +57)-F,, =0,

20, (%0 + G,y -29,) V, (% +57)
—2[%, (¥* + ) - 2xy (8,3 + G, )| (24)
V(P +9)))+ Fry+ F =0,

where ' denotes the derivative with respect to the argument.
From (22)-(24) we obtain compatibility conditions for &,
and &,, (v = 0, 1), which are in polar form expressed as

3 2
L, (Ve + 77V, + 97V,

(25)
+ Ay (FPVi +31V,,, —3V,,) =0, 7=0,1,
where
[,=%,,cos0+%,,sinb,
A, =%,,c0820-F,, sin20, (26)

v=0,]1.

In general, (25) represents an overdetermined system of two
different equations for the potentials V;, namely,

3 2
r Vl,rrr +7r Vl,rr

+9rV,, =0, (27)

rZVI,rrr + 3rV1,rr - 3V1,r =0, (28)
simultaneous solutions of which give

Vi) == 25+ 29)
where y; and vy, are constants. Comparing (29) with (14)
we see that we can cancel the constant y; by a gauge trans-
formation. Hence, we have a constant spin-orbit interaction
potential that is found in Section 2. This system is maximally
first-order superintegrable and thus all the higher-order

<16r3 (2Vy, +1Vo,,)
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integrals of motion can be expressed in terms of the first-
order ones given in (9).

When I, = A} and A, = AA, with A = constant, an
exception occurs and the two equations (25) coincide. Hence,
bearing in mind that V; does not depend on 8, now (25)
implies either (27) together with A , is zero, or (28) together
with T, is zero. Thus we have the following two cases.

Casel. A,=0(v=0,1)and
1 3
Vi(r)=- 572 {)’1 + E)’z +37, logr} T3 (30)

where y,, y,, and y; are constants.
Case2. T, =0(»=0,1)and

1 1
Vir) = 5”2)(1 - 2_7,2)(2 + X3» (31

where ¥, x,, and y; are constants.
Let us investigate these cases in detail.

Case 1. From (22) and (23) together with (24) we obtain the
following forms of &, and &,, (v = 0, 1), which we present
in polar form

1
Frn=0,1¢ [Z ((?15 08 20 + G sin 29)
. (2)/1 +3y,+ 4y3r2 + 6y, log r) +69;y, log 1) (32)
r
- ?lfrz)@ + 3?25))29] + Vgt SiNO + ys,,
1 )
Fr=0,1¢ [Z ((?15 sin 20 — & cos 26)
. (2)/1 +3y,+ 4y3r2 + 6y, log r) +69Gy, log l) (33)
r
~ o’y - 3%?29] = Va7 €08 0 + ¥,

where y,,, ¥5,, and 7y, are constants and (v,§) = (0,1).
Introducing (32) and (33) into the determining equations,
obtained by equating the coefficients of the lower-order
terms to zero in the commutativity equation, we obtain
compatibility conditions for #5, (v = 0, 1). One has

+ (60y1y2 —4y,> +63y,” — 24ry,y, — 48r*y,” + 12y, (3)/2 <log (l> — (logr - 5)log r) -2y, log r))) (34)
r

. ( 249,75, c0s 0 + 72%,,7,%0 cos 0 + 24y, Y, sin 0 — 72% 7,0 sin 9) o

G, cos0+Z,, sin0
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The invariance of potential implies that the term inside
the last parenthesis in (34) should be a constant, and from
its form we see that it can only be the constant 0, which
implies p, = 0. After setting y, = 0, V, can be obtained
from (34). However, setting y, = 0 in (30) and considering
(14) we see that we can cancel the constant p, by a gauge
transformation. Hence, again we have a constant spin-orbit
interaction potential.

Case 2. For this case (22) and (23) together with (24) imply
the following forms of %, and %,, (v = 0, 1):

4 2 2
Fr= 0,1 [M (@ sin

23
— ¢ cOS 0) - % (?35 sin 30 — & 4 cos 39)]

+ Xap? SINO + X5,
. , (35)
2
Fp =8y [M (@ cos
: 2’ .
+Z ¢ sin 0) t—3 (535 c0s 30 + 4 sin 39)
— Xay? €080 + Xg,»
where x,,, Xs,» and xe, are constants and (v,§) = (0,1).

Introducing (35) into the determining equations, obtained
by equating the coefficients of the lower-order terms to
zero in the commutativity equation, we obtain compatibility
conditions for %, (v = 0, 1). One has

A, (171’8)(12 + 3X22 + 361’6)(1)(3 +3r° (Vo, — rVO,rr))
(36)
—6r"x; (x5, c08 0 — x5, sin 0) = 0.

From this compatibility condition (36) we conclude that we
must have either y; = 0 or x5, = 0 and x¢, = 0.

If xy; = 0, then, considering (14), we can annihilate the
constant y, in (31) by a gauge transformation and hence again
we have a constant spin-orbit interaction potential.

If x5, = 0 and y,, = 0, then (36) implies

177 x° 3 1
TM+%+Er4X1X2+Er2€I’ (37)
where €, is a constant. Upon introduction of this V;, back into
the determining equations coming from first- and zeroth-
order terms, this forces us to set y;, = 0 in which case
we are back in the previous case with a constant spin-orbit
interaction potential.

Vo(r) =

3.2. The Potentials Vy = (y*/2)V,*(x) + F(x) and V, = V,(x).
For these potentials, Hamiltonian (2) becomes

1 2
H=2(p +p")+ %Vlz (x)+F (x)
(38)
1
+Vi(x)osL; + 50 (L;V; (%)),

and the general second-order integral of motion to consider
would be the one given in (16). However, by making a similar
analysis given in Section 3.1, we see that the determining
equations, obtained by equating the coefficients of the third-
order terms to zero in the commutativity equation [H, X,] =
0, force us to write the general form of the second-order
integral of motion as

X, =%, (Lyp,+ p1L3) + G, (Lsp, + pyL3)

2 2 2 (39)
+Y; (Pl —-P ) +29,p1p + G515+ X,
where & (1 = 1,...,5) are constants and X is the first-order
integral of motion given in (4). These are considered as
,=8,,+%,0,, 1=1,...,5
(40)

o — O oz
Fu=F o+ F 03

u u=123.

Notice that a term proportional to L3 is present in (39), since
it does not commute with the Hamiltonian given in (38).

The determining equations, obtained by equating the
coefficients of the second-order terms to zero in the commu-
tativity equation [H, X,] = 0, read

205 (4= Goy) Vi +y (93 -29,y + G5y ) Vi, )

+F =0,

(41)

205 ((Z,+ G x) Vi +x (€4 +C 1x— (E,+C5x) y)
(42)
'Vl,x) - 9:2,}/ =0,
20, ((2?3 -G,x-%,y)V;
+ (?336 —(9,+3%9,x) y+ (%, +2%x) yz) Vi) (43)
—91,y -F,,=0.

From (41)-(43), we obtain compatibility conditions for &,
and #,, (v=0,1),

12(31 _?5)’) Vi
+4(8,+28,x— (G, +29:5x) ¥) V) o« (44)
+x (8,4 +81x— (8, +G5x) ¥) V] 4xx = 0.

Since V, is a function of x only, the coefficients of y in (44)
must vanish separately (i.e., either ¥, = 0 and &, = 0 or
g,=0and &5 =0).If &, = 0and &, = 0, then (44) implies

lzgSVVI,x +4 (gZV + Z?SVX) Vl,xx
(45)
+x(93,+G5,%) V1 =0, v=0,1.
One of these equations, say the one with ¥ = 0, can be solved
for V; and upon introducing this solution into the other
equation we obtain the following constraint on the constants:

?21 g51
Ao sy, (46)
?20 ?50 '



where A, is a constant. On the other hand if &, = 0 and &5 =
0, then (44) implies

1281,V +4(G4y +281,%) V) 4 )

+x (€4 +G1,%) Vi =0, v=0,1
Similarly, solving (47) for V; gives the following constraint on
the constants:

g11 g41
e (48)
?10 540 ?

where A, is a constant.

In both cases, the compatibility conditions for &, and
F,, (v = 0,1) imply the following generic form of the
interaction potential:

—3x20c1/?;0 +(2x+1,) o,
+ag,

V. (x) =
169 6x2 (x+1,) (49)

a=1,2,

where a4, «,, a3, and A, are constants and y is either 1 or 4,
or2orb.

The only exception to this generic potential occurs if we
have &,, = 0, in which case the interaction potential V;
becomes

Vi(x) = % +x0, + 5, (50)

where {;, {,, and {5 are constants.

In all three cases we proceed in a similar fashion as we did
for rotationally invariant potentials. More specifically, for two
types of potentials (49) and (50), we find %, and &,, (v =
0,1) from (41) and (42) together with (43). Then introducing
these forms of &, and &,, (v = 0, 1) into the determining
equations, obtained by equating the coeflicients of the lower-
order terms to zero in the commutativity equation, we obtain
compatibility conditions for #5, (v = 0, 1). In order to satisfy
these compatibility conditions, either {, must vanish in (50)
or for generic potential (49) €5 must also vanish for the case
g, =%, = 0and ¢, must vanish for the case &, = &, = 0.
Unfortunately, these equations are rather long to present here.

If {, = 0 in (50), then, by means of gauge transformation
(14), we can annihilate the constant {; = 0 in (50) and
have a constant spin-orbit interaction potential. If &5 = 0
in addition to &, = &, = 0 or &, = 0 in addition to
g, = ;5 =0, then we repeat the analysis from the beginning
and find the following results.

Casel &, =0,%,=0,and &5 =0:

o
Vi (x) = 6_x12 + o,
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2
1 [ 2 2
= — L +36x" 3" +

yz (oc1 + 6x2(x3)2
72\ X2 x4

(51)
where «, «,, and «; are constants.
Case2. §,=0,%;=0,and &, = 0:
o)
Vix)=-=—=5+as,
1( ) 2X2 3

22
X0

o 2
)
F(o) =5+ = (52)

1 0‘22 2 2 2 a \?
Vo (x, ) = 3 (7 +4x 0" +4y ((x3— §> ,
where again «,, a,, and a5 are constants.
Notice that the potentials V; (x) and V(x, y) given in (51)
and (52) are exactly the same (a0, — —(1/3)«,).

We conclude that for these two cases once again we have a
constant spin-orbit interaction potential (up to gauge trans-
formation (14)) and hence all the second-order integrals of
motion that are obtained from the analysis can be expressed
in terms of the first-order ones given in (9).

4. Conclusions

The main result of this paper can be given as a theorem.

Theorem 1. In Euclidean plane E,, for Hamiltonians of type
(2) admitting a first-order integral, any second-order integral
can necessarily be expressed as a combination of first-order
integrals. Or, in particular, there exist no nontrivial second-
order integrals of motion of form (16) for integrable Hamilto-
nian systems (15) and (38).

This result, which is valid for the generic Hamiltonian
systems of type (2), proves that no nontrivial generic second-
order integrals of motion exist and hence carries one step
further the systematic study of the classification of integrable
and superintegrable Hamiltonian systems involving spin in
Euclidean plane E,.

In an earlier article [6] it was shown that in the presence
of spin first-order integrable and superintegrable systems
exist in E,. The superintegrable Hamiltonian of such systems
allows the separation of variables in polar and Cartesian
coordinates. Indeed, the Pauli-Schrédinger equation for them
can be exactly solved. The integrable Hamiltonians also allow
the separation of variables in polar and Cartesian coordinates.
However, in order to solve them exactly the interaction
potential V; (r) and scalar potential V,(r) have to be specified.
For instance, choosing Vi(r) = A/ r* (A = constant) and
Vo(r) = ar?/2 (« = constant), the radial part of the wave
function of the Pauli-Schrédinger equation can be expressed
in terms of Laguerre polynomials.
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Another way of dealing with such problems is to search
for potentials admitting an additional integral of motion.
Since it was shown in [6] that there exists exactly one first-
order integral of motion for these integrable systems (see (11)
and (12)), the additional integral of motion should be higher-
order one. In this paper we search for the second-order ones
and sum up our results as Theorem 1. In a future work third-
and higher-order integrals of motion can be investigated for
such systems.

Investigation of integrability and superintegrability prop-
erties of other type of Hamiltonian systems involving spin in
Euclidean plane is in progress.
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