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We consider the periodic initial-boundary value problem for a multidimensional
generalized Benjamin—-Bona—Mahony equation. We show the existence of the global
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1. INTRODUCTION

We consider the equation
u,—a Adu,— b Au+V -F(u) =h(x), xeR", teR™* (1)
with the initial condition
u(x, 0) =uy(x), xeR” (2)
and the periodic boundary condition
u(x+ L;e;, t)=u(x, t), xeR" >0, L,>0, i=1,2,..,n, (3)
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where a and b are positive constants; ey, ..., ¢, is the canonical basis of R”,
uo(x) and A(x) are given functions, V-F=>"7"_, (0/0x;,) F;, and F(s) = (F,(s),
Fy(s), ..., F,(s)) 1s a given vector field satisfying the following properties:
(i) Fr(0)=0,k=1,2,...n

(i1) the functions F,, k=1,2, .., n are twice continuously differen-
tiable in R!;

(1) the functions f(s)=/(d/ds) F(s), k=1,2,..,n, satisfy the
growth conditions

|fk( )l 1+|S|m) kzla 23 ey 11,

where 0 <m< oo if n=2,0<m<2if n=3 and m=0 if n>4. No growth
condition is required if n=1.

Using the standard Faedo-Galerkin method, it is not difficult to prove
that if he L,(Q) and u, € per(Q) then the problem (1)—(3) has a unique
solution ue C(R+ H ll,er(Q)) in the sense of distributions, where Q=

7=1(0, L;), Ly(£2) is the space of functions ve L,(£2) such that foudx
=0, and the space j,e,(Q), seR™* is the space of functions ue L,(Q)
satisfying

S (1 [K[?)® [u]? < o0, ju(x)dx:o,
Q

kez"

where u, are the Fourier coefficients of u# with respect to the system
{exp(2in 0| k;(x;/L,)), k=(ky, ks, ... k,) €Z"}, H;;( ) is the dual of
H;er(Q). So the problem (1)~(3) generates a semigroup V,: X' — X',

te R* where X' : per(Q) In this article we prove that the semigroup V,
has a global attractor that is, a minimal closed set .# = X' which attracts
each bounded subset of X". It will be shown that this attractor has a finite
fractal dimension.

The Cauchy problem for the Benjamin—-Bona—Mahony equation
Up— Uy — VU + U +uu, =0 (4)

and some of its generalizations has been investigated by several authors,
such as Amick et al. [ 2], Bona and Dougalis [ 6], and Karch [11]. In these
articles the problem of global unique solvability and long time behaviour
of solutions are studied. Kalantarov [10] has proved the existence of a
global attractor for the semigroup generated by the initial-boundary value
problem for the Kelvin—Voigt equations

v,—odv,—v Av+grad p+ vV, =h(x),

5
divv=0. ®)
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On the other hand Wang [ 16-18] using the technique of Ghidaglia [8]
has proved the existence of a global attractor for the semigroup generated
by (1)—~(3) in one dimensional case, that is, the periodic initial-boundary
value problem for the equation

U= Uy — Vi + fu)u, = g(x), xeR, teR* (6)

In our studies, we have used the ideas of Hale [9] and Ladyzhenskaya
[13] on attractors for asymptotically compact semigroups. In the sequel
we will use the following theorems.

THeOREM 1 [9,13]. If a semigroup V,, te R™ acts on a Banach space X,
and V, can be represented as a sum W,+ Z, in which W,, te R*, is a family
of operators, such that

W (B)ll x < my(2) my([| B x), (7)

where my(-) and m,(-) are continuous functions on R* and m(t) -0, as
t—> 0, |Blly=sup,cslvly, while Z,, teR* maps bounded sets into
precompact sets, then V,:teR™ is asymptotically compact semigroup.

THEOREM 2 [9,13]. Let V,: X— X, teR™*, be a continuous bounded
point-dissipative asymptotically compact semigroup. Then for this semigroup
there exists a non-empty global attractor M. It is compact, invariant, and
connected.

THEOREM 3 [12]. Let B be a bounded set in a Hilbert space X, and let
there be defined a map V : B— X such that B< V(B) and for all v, o€ B

V(o) =V(D)lx</ v—"0lx, (8)
and
1O V(0) = On V(D) x<O |v—=1llx, <1, 9)

where Qy is the orthogonal projection of X onto the subspace Xy of
codimension N. Then for the fractal dimension of B the inequality

202
dF(B)<Nlog<8 22>/lo igl (10)

is true, where K is the Gauss constant.



442 CELEBI, KALANTAROV, AND POLAT

2. EXISTENCE OF THE GLOBAL ATTRACTOR

First let us show that the semigroup V, is bounded dissipative in a phase
space X!; that is, it has an absorbing ball in X'. Multiplying Eq. (1) by u
in L,(2) we get

EE[”( DI +a |Vu(-, )21+ [Vu(-, )[|> = (h, u). (11)

We will use the notations ||-||, (-, -) for the norm and inner product in
L,(Q), respectively. Using the Poincaré—Friedrichs inequality

| < A7 [Vl (12)

which is valid for each x e X!, we can easily get

1
(A, u)l< 1Vul|? + Hth (13)

where 7, is the lowest eigenvalue of the periodic boundary value problem

— AP (x) = AY(x),
Y(x+ Lie;) =y(x), i=1,.,n, (E)

L W(x) dx =0.

Due to (12) we have

b,

5 llu (L OIP<b [[Vu(-, 1)~ (14)

2 Va4 5t
By using (13), (14) we get from (11)
1 2 2 % 2 L 2
g LG D17+ a [[Vu:, nl? ]+ IVal-, 7 + = llul-, ) <bJ (1721

or

d
2 LG 017 +a | Vul, 01P1+ Ko [lu(-, 0 +a [Vu(- 1)]*] < <ﬁ k]2,
bo15)
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where K,=min{bA,/2, b/2a}. Integrating (15) we find
IVau(-, 1)1> < [H”o“ +a | Vug|?] e %! +bKO/11 (L1

From this inequality it follows that

2 1/2
Bo:={ueX11|u(-’l)|X1<<MK0> lhl}

is an absorbing ball for the semigroup V, in X'
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Now, we will prove that the semigroup V, is asymptotically compact,
that is, for each sequence 7, — oo and each bounded sequence {v,} = X',
the set {Vtk(vk)} is precompact. To do this we will use Theorem 1. It is
clear that the solution u(x, t) of the problem (1)—(3) can be represented in

the form
u(x, t)y=w(x, t)+z(x, t),
where w(x, t) is a solution of the problem
w,—adw,—b Aw =0, xeR", teR,
w(x, 0) =uy(x), xeR",
w(x, t)=w(x+ L;e;, t), i=1,..,n teR*

while z(x, ) is a solution of the problem

z,—adz,—bAz+V -F(w+z)=h(x), xeR",

z(x,0)=0, xeQ

z(x,t)=z(x+ L,e;, t), xeR"i=1, .., n,

Thus, the semigroup V, has the representation

V,=W,+Z,,

(16)
(17)
(18)

teR™*
(19)
(20)

teR*.
(21)

(22)

where W, is the semigroup generated by (16)—(18) and Z, is a solution
operator of the problem (19)—(21). Multiplying Eq. (16) by w in L,(22),

after some elementary operations we can easily get

d
7 LG, OIZ+a |Vw(-, D121+ Ky [Iw(-, )12 +a [Vw(-, 0)[*]<0.

(23)



444 CELEBI, KALANTAROV, AND POLAT

Integrating (23) and then using Poincaré—Friedrichs inequality we obtain
2 —kyt 1 2
IVw(-, )*<e™ { ——=+1 ) [Vw(-, 0)]~
Aa

That is, the semigroup W, : X! — X! satisfies the condition (7) of Theorem I
with m, (1) =e " "(d/(Z,a)+ 1) and m,(t)=t.

It remains now to show that Z,: X' — X! is precompact for each ¢ >0,
when n = 3; the cases n=1, 2 and n> 3 can be dealt with in a similar way.
In order to see this property, let us rewrite Eq. (19) in the form

z,—adz,—bAz=h(x)— ) fi(u)u,
i=1

=g(x, ). (24)

Let p =6/(m + 3); using the Holder’s inequality and the condition (iii) we
can easily get the estimate

| 1 uglrde<| (€4 Colul™) luy |7 dx
Q Q

<C3<1+j |uxi|2dx>
Q

p/2 2-p)/2
+ CZ <f |uxi |2 dx> <f |u|mp(2/(2—P)) dx> .
Q Q

Since mp(2/(2 — p)) =6, by using the well-known inequality [ 14, p. 45]

Hu(':t)HL6(9)<C”Vu(’»t)HLZ(Q)a (25)

which is valid for each ue H!, (Q), Q = R* we obtain

per

3(2—p)/2
j |f1(u)uxi|de<C3<l+j |Vu|2dx>+c4<f |Vu|2dx> .
Q Q Q

Since V,: X' —» X! is bounded dissipative

max [[Vu(-, 1)l z2(@) < Cs
teR*
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and heL,(Q), we get ge C([R{_*; L,(L2)). By the embedding theorem (see
Triebel [15, p.327]) L(Q) = H .} *?(2), a=1—(m/2), we have

per
g=h+ Y filwu, eL,0,T;H)x7(Q)), V¥T>0

per
i=1

and the precompactness of the operator W,: X' — X! follows from

PrOPOSITION 4. Ifge LX0, T; H;er(Q)) and v, € Hj,;;z(Q), then the initial
value problem

v,—adv,—b Av=g(x,t), xeR”, te(0,T)
U(.x, O) = UO(x)’ X € IR";
v(x, t)=v(x+ L;e;, t), i=1,..,n te(0,T),

has a solution v(x, t) in C(0, T; H:>2(Q)) for seR.

per

This proposition can be proved by using the standard Fourier method.
Following the technique used in Babin and Vishik [4, Theorem 6.2] it can
be proved that .# is bounded in X2=H§er(.Q)r\HIl)er(Q). So we have
obtained

THEOREM 5. Suppose that the vector field ¥ satisfies the conditions (1)—(iii)
and he L,(Q). Then the semigroup V,: X' — X' has a global attractor M
which is compact, invariant and connected in X*. . is included and bounded
in X2

3. ESTIMATE OF THE FRACTAL DIMENSIONS OF
THE ATTRACTOR

Now we are going to show that for some #, >0, the operator V=1V,
satisfies the conditions of Theorem 3, from which we get the estimate of the
dimension of the global attractor. Let u and v be two solutions of the
problem (1)—(3) with u(x, 0) =uy(x) and v(x, 0) =vy(x) in .#. Then from
the Theorem 5, it follows that u(-, ?), v(-,t)e.#, Vte R*. Let us define
w=u—v; then w will satisfy the equation

w,—adw,—bAw+V - (F(u)—F(v))=0. (26)
Taking the inner product with w(x, ¢) in L,(), we obtain

1d

3 LI D2 +a [Vw(-, 12T +b [Vw(-, D)1 + (V- (F(u) — F(v)), w) =0.
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Now let us consider the last term,

[(V-(F(u) = F(v)), w)| =| 2, (Fi(u) = F;(v), Vw)

I M =

1 d
1< . @F,.(Guﬁ—(l—ﬁ)v)d@, VW>

1
J fi(Ou+(1—0)v)do| |w| |Vw| dx.
0

Since
|f:(Ou+ (1 —0)v] < Ce(1 + [u]™+ |v]™), i=1,2,..n,

using the Holder’s inequality and (25) we get

(V- (F(u) = F(0)), W)l < C ) fg(l + [ul™ + [o]™) |w] [Vw] dx

<G wl [IVw]

and utilizing Young’s inequality

1
(V- () = F0), )] < | @ 19312+ 1

<ullwll*+a Vw1,

where ¢ = C, max{1, 1/4a}. So we obtain
d 2 2 2 2
E[‘|1V(" OI7+a [Vw(-, O)I"T<ulllw(-, O +a [Vw(-, O[]

Thus
Iw(-, 1% +a [IVw(-, )2 < [lIw(-, 0)[1> +a [Vw(-, 0)[*] e
and
IVw(-, D)l < (a+ 247DV [Vw(-, 0)]| e, (27)

Now, let Py denote the orthogonal projection to the subspace X}
of X' spanned by the first N basis elements of X', that is, the first N
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eigenfunctions of the problem (E). Multiplying Eq. (26) in L,(Q) by Qyw :=
(I— P,)w, we obtain
Onw(-, ) —a(dw, (-, 1), Quw(-, 1)) + b [[VOyw(-, 1)

(w, (-, 1),
=(V-F(u) =V -F(v), Oyw)

I\M:

fl l( ) xi9 QNW>

IIM:

L) wo + (fi(u f(v))vx,,],QNw>

IIM:

(2
(£
(2 v, )

+<,§1 jol F1(0u+(1—0)v) dowo,., QNW>. (28)

Since the attractor .# is bounded in H2,,(2) we have

max |ul, max |vl, ”uHHZ(Q)a HU”H2(Q) < M,. (29)
xeQ xeQ

Using the condition (iii), the Holder inequality (29), (25) we can estimate
the right hand side of (28) as

< i fi(u) Wi QNW>+< i jlf;-(ﬁu—l—(l —0)v) dﬁwvxi, QNW>’
i=1 i=1"0

< CSJ [Vw(x, 1)] |Qpw(x, t)| dx
+C9f [w(x, t)] |Vo(x, t)] |Qpw(x, t)| dx
Q

< Gy [Vw(, Ol [Qnw(-, 1)l

1/6 1/3
+C9<f Iw(x, t)|6dx> <[ IVo(x, t)|3dx> O 10y W(x, z)|2dx>
Q Q Q

< Gy [[Vw(-, DI Qnw(-, D
+ Cio [V (, D) Ho(-, Dl 20y 1Qnw(- 1)l
< Cyy [Vw(, DI Qww(-, D

1/2
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o (28) implies

1d
EE[HQNW(U DI +a [VOyw(-, DIPT+b [VOyw(-, 1)]?
< Cu [Vw(, DI Qaw(-, Dl (30)
By using the inequality

IO ARV IVONULL  Ye(Xp)™h,

where 1, is the Nth eigenvalue of the problem (E), we can rewrite (30) as

d
7 L2, DI +a [VOyw(-, )]?]

+b [VONW(-, D2+ 240 | Qnw(-, )]
<20y [Vw(-, O IVONw(-, )] 2513
< Cun 1 IV DI + Cuan 3 IVOyw(-, )2 (31)

or

d
E[HQNW(‘J)HZJra IVONW(-, )21+ (b= Ciaxn ) IVOyw(-, 1)
+021 [Qnw(-, D2 < Cridy 3 IVw(-, )12

Let us choose N large enough, so that b — C;; 257> 0 and set

. (b—C Azl
,ul=rn1n{zN+l,ilb}.

From the last inequality we get

d
7 LIONw(-, DIZ+a [VOyw(-, )]
+ LIONw(, )7 +a [VOyw(-, 1)]I7]
<Cpd Ni/% IVw(-, 1)]?

<(a+27h) Caay B IVw(-, 0)]2- e

by use of (27). Integrating this inequality, and after some elementary
operations we obtain

1ONw(- D5 <a™a+ A N Cr Ay Al +p) = e + e ] [Viw(-, 0%
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Now we can choose N and ¢,> 0 so that
a Na+ AT HICriyAu+u) t e teh]<o< 1.

Hence the conditions of the Theorem 3 are satisfied with V=V, and we
obtain the estimate

log(8x/?/(1 — &%)
log(2/(1 + 6%))

de( M) <N

for the fractal dimension of the global attractor.
So we have established the following theorem:

THEOREM 6. Let all conditions of the Theorem 5 be satisfied. Then the
attractor of the semigroup V,: X' — X' has a finite fractal dimension

4. A REMARK ON THE EXISTENCE OF THE
EXPONENTIAL ATTRACTOR

Consider now the one-dimensional version of the problem (1)—(3),
U, — au oy — bu . + f(u) u,=h(x), xeR, teR*, (32)
u(x, 0) =uy(x), xeR, (33)
u(x, t)=u(x+1L, 1), xeR, teR*. (34)

It follows from the Theorem 5, that the problem (32)—(34) has an absorb-
ing ball B, = X! and a global attractor .#, which is compact.

Now, assume that u,, v, are arbitrary two elements of B,, then for
w(-, t)=V,(ug) — V,(vy) =u(-, t) —v(-, t) the inequality (27) is valid:

we(- Ol < (a+ A7) [Vw(-, 0)] e (35)

It follows from (32) that w satisfies the equation
1
W, —aw,.,—bw, .+ j fOu+(1—0)v)do-w-u,+ f(v)w,=0. (36)
0

Let us multiply (36) by Qyw in L,(0, L),

1d 2,44 2 2
3 10wl 1 +2 210w 7+ b 1 Qw, |
L1 L
+j jf’(0u+(l—H)v)d9~w-uxQNwdx+f f(o)w,Qpwdx=0.
0 Yo 0
(37)
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Due to the Sobolev inequality

max |z(x)|<do |Z'|,  VzeH,, (0, L)

xe[0, L] per

we get from the relation (37)

1d
5 LI@wwie. 1 DIZ+alQnw.(-, )71 +b [ Qxw(-, 1)

< Cpp max |w(x, 1) uxll [Qxwll + Cyz llwy | 1Oyl
xe[0,L]

<(/114 HWx('at)H HQNW(at)H
1 1
<3 Cran it Iwi(-, t)\|2+§ Crazn T 10nw.(-, DI

So we have got the inequality similar to (31). Therefore the following
inequality holds:

1Oww(-, ) <a™Ha+ A7 D[ Crady Rlu+py) =t e + e [[Vw(-, 0)]2

It follows from the last estimate that the semigroup V,: X' > X}, teR*
satisfies the discrete squeezing property (see [7]), that is, there exists N,
and 7, such that the operator 7:=V, satisfies the conditions

ITx =Tyl x1 <o llx—=ylx1,  Vx,yeB,
and for some ¢ € (0, l/ﬁ)
[(I—=Py (Tx—=Ty)|x1 <0 [x—ylx,  Vx,yeB,.

Therefore the semigroup V,: X' — X', te R™ has an exponential attractor
M,, (see [3,7]), that is a compact set .#, such that
(1) M <M, <B,,
) Vi, < A,
(i) .4, has finite fractal dimension,
)

(iv) there exist C; and C,, which does not depend on x such that
Vx e B and each t>0

(ii

dist(V,x, M,) < Cy exp{ — C,t}.
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