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ABSTRACT

INTEGRALS OF MOTION IN CURVED SPACE-TIME

Toygun Kutkar DEMIR

Master of Science, Mathematics
Supervisor: Prof. Dr. Ismet YURDUSEN
2nd Supervisor: Asst. Prof. Dr. Gokhan ALKAC
June 2023, 53 pages

Integrals of motion are the quantities that remain constant during the motion of a point
particle that allow to determine various important properties without solving the equations of
motion. In this thesis, a systematic analysis for the motion of a relativistic particle in curved
space-time is given and the relation of the integrals of motion to the Killing vectors and the
Killing tensors of the space-time in which the particle moves is explained. As examples,
motion on the Schwarzschild, the Kerr and the generalized Lense-Thirring space-times are

studied.
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OZET

EGRI UZAY-ZAMANDA HAREKET INTEGRALLERI

Toygun Kutkar DEMIR

Yiiksek Lisans, Matematik
Damsman: Prof. Dr. ismet YURDUSEN
Es Damsman: Dr. Ogr. Uyesi Gokhan ALKAC
Haziran 2023, 53 sayfa

Hareket integralleri noktasal bir parcacigin hareketi sirasinda sabit kalan ve hareketin farkl
onemli Ozelliklerini hareket denklemini ¢6zmeden elde etmeye yarayan niceliklerdir. Bu
tezde goreli bir parcacigin hareketinin sistematik bir analizi verilmekte ve hareket integralleri
ile parcacigin iizerinde hareket ettigi uzay-zamanin Killing vektorleri ve Killing tensorleri
arasindaki iliski agiklanmaktadir. Ornek olarak Schwarzschild, Kerr ve genellestirilmis

Lense-Thirring uzay-zaman iizerindeki hareket caligilmistir.

Keywords: genel gorelilik, kara delikler, hareket sabitleri, Killing tensorler.
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1. INTRODUCTION

For the analysis of the motion of a point particle, the most straightforward way is to solve the
equations of motion. However, apart from the practical difficulties of solving such a problem
in a generic case, the importance and usefulness of conserved quantities is very well-known.
In the Newtonian mechanics, arguably the simplest example, such a consideration leads to
the concepts of energy and momentum, which help us to not only obtain the path of the
particle easily, but also provide a better understanding of the underlying structure. These
conserved quantities that remain constant along the path of the particle are also called the

constants of motion or the integrals of motion.

With the photographing of the black hole at the center of the M87 galaxy in 2019 and the
2020 Nobel physics awards finding the winners, the importance of black hole researches
in the scientific world has been registered. However, very interestingly, the theoretical
awareness of black holes goes back to the years when solutions to Einstein’s general relativity
were studied. In this thesis, the particle motion in Schwarzschild, Kerr and a generalization
of Lense-Thirring space-times, which are solutions of Einstein’s field equations, will be

examined. These space-times represent black hole solutions under suitable conditions.

After a brief review of some concepts of differential geometry that are useful for our purposes
in Chapter 3, we will introduce alternative formulations of particle mechanics and their
relation to the Killing vectors and Killing tensors of the space-time in which the particle
moves. According to the findings of Eisenhart in [1], there exists a connection between
Killing tensors and the separability of the Hamilton-Jacobi equation. This association will

be frequently employed when examining the space-times under study.

The rest of the thesis is devoted to the examples. In Chapter 4, the motion in the
Schwarzschild space-time, the static, spherically symmetric vacuum solution of general

relativity [2, 3], is analyzed from the perspective of integrals of motion.

In Chapter 5, we first move our attention to the Kerr space-time, the stationary vacuum
solution of general relativity [4], and give a derivation of the Carter constant [5]. We also
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present its relation to a Killing tensor. In 1918, two years following Karl Schwarzschild’s
resolution of Einstein’s field equations, Hans Thirring and Josef Lense discovered a solution
in [6] for the Einstein’s field equations in a vacuum that is non-exact but applicable for large
distances. After examining the motion in this space-time, we will study the motion in the
generalized Lense-Thirring space-time, which was recently proposed for the description of
slowly rotating black holes [7]. The reason behind this proposal is the occurrence of an
additional singularity in the standard Lense-Thirring space-time, which has been studied
for numerous years. And we see that in the generalized Lense-Thirring space-time, this

singularity disappears.

We end the thesis with a summary in Chapter 6.



2. REVIEW OF DIFFERENTIAL GEOMETRY

In this chapter, some concepts of differential geometry that are relevant in the study of
particle motion in curved space-time will be reviewed. Until section 2.6, the book by Cosimo

Bambi [8] will be used as the reference.

2.1. Scalar, Vector and Tensor

Considering two points with coordinates z* and z* + dx*, the line element that is used to

find the infinitesimal distance between these points is defined as
ds® = Gudxtdz”, (1)

where g, is the metric tensor and its signature is (—, +, +, +). Note that the infinitesimal

distance is invariant under coordinate transformations.

One can classify all the physical quantities according to their behaviour under coordinate
transformations and the simplest example is a scalar. If, for example, ¢(x) is a scalar, then

under a coordinate transformation
! I
ot — ot =t (z), (2)

it remains invariant as follows

¢'(") = (). &)

A vector is an element of a vector space. Thus, they must satisfy certain axioms. However,
since these axioms are quite obvious, they will not be included here. For our purposes,
the transformation properties of a vector V' with components V# under a coordinate

transformation (2) is enough and it is as follows

/
’ . 817“ v

V() = SV @), @
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For the dual vectors with components V,,, the transformation rule is given by

a v
V(a') = %vy(x). 5)

Tensors can be thought of the generalization of vectors and dual vectors, and they may have
multi-indices. Vectors are type (1, 0) tensors. Let 7" be a tensor of type (r, s). Its components

transform as
! ! !
i il Ox* Oxt2 Qxtr Ox7' x”*  OQx

N = P1p2..-Pr
TV{VQ"VQ (Z‘) QP Qe OxPr Ot O Oxvh T0102~~~Us (J;) (0)

According to this classification, while the scalars are tensors of type (0, 0), the dual vectors
are type (0, 1). One can change the type of a tensor by raising and lowering the indices using
the metric tensor. The contraction of indices also changes the type. Some examples are given

below

T =g g% 9P T,
T, =4"gasT", (7)

g T :Tl;.

2.2. Covariant Derivative

For various applications, the derivatives of physical quantities are surely needed, and

therefore, their behaviour under coordinate transformations should also be studied.

If ¢ is a scalar, its partial derivative with respect to the coordinates z* is a dual vector, since

it transforms as a dual vector:
o’ B oz¥ 0¢ )

oxH  OJxH Oz’




Let us study the derivative of the components of a vector V*.

A

Ve, 09

= OxY 0x° Oxr + oxV OxPOx®

ove  gxzr 9 [0x" OxP Ozt VP OxP O
orv' Oz Oz \ Ox°

which is not the transformation rule of a type (1, 1) tensor. The reason is simple. Although

the infinitesimal displacement dz*, which is defined as

dr" = lim Ax*, (10)
Azt —0
1s a tensor since it transforms as
’ 81’“,
dzt = D dx”, (11)

dV'* is not. Therefore, the partial derivative of the components of a tensor cannot yield a

tensor.

Let us show it explicitly. The difference of the values of two vectors at different points is as

follows

AV = V¥ (2! +da') = V¥ (2'),

ozt o ozt N
- <8x0‘> y V¥ (x +dx) — (8x“) V(z), (12)

from which we obtain

dVH = Oz [V (z +dz) — V(z)] + i V(x + dx)dx”
Ox® 0r*0zP ’
ozt 02t
— o e’ B
(6:6‘“) ave + (83:0‘8955) V¥ (x + dx)dx” + ..., (13)

which is not the transformation rule of a tensor of type (1, 0) due to the 2nd term. As a result,
we see that an infinitesimal change of the components of the vector V# that transforms as
a tensor is needed to obtain a covariant derivative which transforms properly. In order to

find it, let us consider a massive particle for which ds*> = —dr? < 0 where T is the proper



time that is invariant under coordinate transformations by definition. As we will derive in the
next chapter, the shortest distance between two points in space-time is given by the geodesic
equation

ut + Fgﬁu“uﬁ =0, (14)

where :di,u“:
T

% is the 4-velocity of the particle that follows the geodesics, and the

Christoffel symbols I ; are given by

Fuaﬁ - %gup (aagﬁﬂ + 059ap — 8pgaﬁ) : (15)
Writing the geodesic equation as % = (0 gives rise to the following infinitesimal variation
Du* = du* + F“aﬂuo‘dxﬁ. (16)
It is straightforward to show that Du* transforms as a tensor, i.e., Du* = %”:;/ Du®.
We can apply this result to a vector with components V* and write
DVF = dV* 4T ,Vda”, (17)

from which a covariant derivative of a type (1, 1) tensor can be obtained as follows:
DVF =V, Vidx, (18)

where

YV, VH=0,VF 4 Tr Ve (19)

Using the fact that VV#WW,, is a scalar and defining V¢ = 0,,¢, one can show that the covariant

derivative of a dual vector is given as
VW,=0W,—-T,W,. (20)

The generalization to a tensor of type (p, ¢) is obvious.



2.3. Riemann Tensor

Generally, covariant derivatives do not commute. This leads to the definition of a new tensor,
which is very important in characterizing the curvature of space-time. The Riemann tensor

is defined as follows:

[V, V| VP =V, V,V? ~V,V,V* =R,V 1)

From this, the components of it can be found to be

R:,, = 0,1  — 0,1, + 1%, %, — T/ 1, (22)

pvo

Not all the components of the Riemann tensor are independent. It can be easily seen that

RY  — _R*

ovp opv*

(23)
When the first index is lowered, one obtains

Ryvpo = (auaagpy + 0,0,9u0 — 040,006 — &,&,gup) +Tauol,, = Lappl G624

DN | —

Using this form, one can also show

Rul/pa = _Ruuap = _Rl/upa = Rpa,uu- (25)

Obviously, the components of the Riemann tensor vanish for Minkowski space-time in
Cartesian coordinates. By the “zero-component lemma,” which states that if all the
components of a tensor vanish in a certain coordinate system, they vanish in all the admissible

coordinate systems, we can conclude that a space-time is flat if and only if R, ,, = 0.



2.4. Ricci Tensor and Ricci Scalar

From the contractions of the Riemann tensor, a type (0, 2) tensor and a scalar quantity that
are related to the curvature of the space-time can be naturally obtained. The Ricci tensor is

defined as

RMV = Rauoa/ = gaﬁRauﬁy. (26)
Since Ry = Ravau, We have
R;w = gaBRﬂuauRuu = RV[U (27)

where we have used the symmetries of the inverse metric tensor to interchange o and [

indices in the Riemann tensor. As a result, the Ricci tensor is symmetric.

The Ricci scalar, or the curvature scalar is obtained from the contraction of the Ricci tensor

as follows

R=R' =g"R,,. (28)

As will be seen soon, they form the basis of Einstein’s formulation of the general theory of

relativity.

2.5. Bianchi Identities

The Bianchi identities are two important identities satisfied by the Riemann tensor. The first
Bianchi identity reads

0=R" , +R"

vpo pov

+ R"

ovp?

(29)

which can be shown to be true by using the definition of the Riemann tensor (22) as follows

R, .+ R"

vpo pov

+I, 1%, — oI, — Th, I, + 0.1 + 1, 1%, — 0,1, — T 1, =0.

+ R~

ovp

=g, + 1 T%, —8,I", —T% T +9,I"  (30)



The second Bianchi identity relates the components of the covariant derivative of the

Riemann Tensor:

0=V,R%,, +V,R%,  +V,R"

Bvp Bpu Buv:

Contracting the indices v and « yields

0 =V,Rs, + VaR%,  +V,R"

Bpu Bua

—V,Rs, + VaR%,, — V,Ra,.

Bpu

The contraction of the indices [ and p gives

O = vuRup + Va(gBMRaﬁp,u) - vp(gﬁMRﬁU)7
0= V,R" + VR — V,R,
— 2V, R" — V,R,

which gives

1
VR, = SV, R

This expression can be manipulated to obtain a covariantly conserved tensor:

1
O - VNR'LLV - §VVR7

1
= V(R = S0, R),
from which we define the Einstein tensor as

1
G;w = R;w - §guuR7

which is symmetric and covariantly conserved:

G = Gy, V,G™ =0

€29

(32)

(33)

(34)

(35)

(36)

(37)



Since the energy-momentum conservation in curved space-time is expressed by a symmetric
and covariantly conserved energy-momentum tensor as follows

T,

w =1,

VL

Vv, T"" = 0. (38)

Einstein proposed that the relation between space-time curvature and the energy-momentum
should be in the form G, < T},,. The proportionality constant can be determined from the

non-relativistic limit, which yields
G = 87GT,,, (39)

which are the Einstein’s equations (G: Newton’s constant, ¢ = 1).

2.6. Lie Derivative

In this section, a new type of derivative will be defined by following Poisson’s book [9] .

Consider a curve -y parameterized by *(\) and a vector field V* in a neighbourhood of ~.

Under the coordinate transformation

’ d..'['a
of _ gy g g hatadl 40
x x* +dx x* + e (40)

where % is the tangent vector to the curve -y, the vector VV* becomes:

’,o 3.%“/
Vi) = OB

VA(z) = (5g + aﬁ%dx) VA (2) = V(z) + aﬁ%vﬁ () d\, (41)

which can be written as

VY (z +dx) = V(z) + 85%1/’3(:1:)@\. 42)
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Examining the left hand side, one has

B
V(x4 dr) = V() + 0V (x)da’ = V(z) + %851/0‘(;1:)6[)\. (43)

Thus; we see that V' (z + dx) and V(2 + dx) are not equal to each other, in general. The

definition of the Lie derivative arises from this fact. The Lie derivative of a vector field V¢

along the curve v with the tangent vector u® = % is defined as

Ve (x +dzx) — V¥ (x + dz)

£,V (x) = : 44
(@) = (“4)
Using (43) it can be written as

£,V(x) = 05V U’ — 9guVP. (45)

Since the Lie derivative can be written with the covariant derivatives as
£,V =V3Vou —VauVP, (46)

the result is obviously a tensor. Repeating the same steps, one can extend the definition to

different type of tensors as follows

£u¢ =u” a¢7
£,T% = u'V,T% — T4V u® + TV gul. @7)

A tensor field 7% is said to be Lie transported along a curve v with the tangent vector

u® = dd% if its Lie derivative along the curve vanishes

L, TH = 0. (48)

V...

11



Suppose we choose coordinates such that ' = 22 = 23 = constant on v and 2° = ) changes

only on . In this coordinate system,

d @ * *
ue = d—xA 5%, Opu” =0, (49)

such that the Lie derivative becomes

* * a
... X a... * 7 o
L£,1%5 =u0,T% = 8x0T’B"" (50)
From this, we infer two main results:
1) If £, 7% = 0, then one can construct a coordinate system such that u® = §% and

T = 0.

2) If in a given coordinate system, the components of a tensor do not depend on a particular

coordinate, say =*, then £, 7% = 0 with u® = 94,

2.7. Killing Vector and Killing Tensor

We are now in a position to define an object which will be crucially important in the study of
the motion of relativistic particles, the Killing vector, and its generalization, i.e., the Killing

tensor. In this section, we additionally follow Padmanabhan’s book [10].

The definition of a Killing vector is quite simple. If the metric is Lie transported along a
vector £, it is called a Killing vector. Studying the Lie derivative of the metric tensor along

a vector &+,

‘££gw/ = Eavag,ul/ + vu’gagay + Vufag,uou
=V,.5 + V., (51)

where we have used Vg, = 0, one obtains the Killing equation

0=V,& + V., (52)
12



which is the defining equation for Killing vectors. By solving this equation, one can find
directions along which the metric tensor is Lie transported and they are called isometries of

the space-time under consideration.

The simplest Killing vectors can be obtained by checking whether there are any coordinates
of which the components of the metric tensor are independent. From the results of the
previous section, for such a coordinate, say z*, £ = d* is a Killing vector. Such Killing

vectors are called translational Killing vectors.

Killing tensors are natural generalizations of Killing vectors. If a tensor of type (0, n) which

is completely symmetric in its indices, K, ., = K, ...4,) and

VK ) =0, (53)

is called a Killing tensor. Later we will see that we can generate constants of motion from

the contraction of a Killing (vector) tensor with particles 4-momentum as follows

K=p" . p""Ku . - 54)

13



3. RELATIVISTIC PARTICLE MOTION

In this chapter, we aim to introduce different formalisms used to study the motion of a
relativistic particle in curved space-time, which are the Lagrangian, the Hamiltonian, and the
Hamilton-Jacobi formalisms. In section 3.1, we follow Bambi’s book [8]. For the remainder
of the chapter, the reference is the book by Landau on non-relativistic classical mechanics
[11] where we make necessary modifications to make the results appropriate for relativistic

applications with the help of [12].

3.1. Lagrangian Formalism

In the Lagrangian formalism, we parametrize the path of the particle as z# = z#(\) and
consider a Lagrangian of the form L = L(z, &, A) where * = -4 denotes the derivative with
respect to the parameter A. Although it is possible to consider more general cases, this form

of the Lagrangian covers most of the physically interesting cases. The action is defined as
S = /d)\ L(z, @, \). (55)

According to the action principle, when one considers the variations of the path z# — z* +
6x* such that dz# | N T 0, then the equations of motion follow from the condition 6.5 = 0,

1.e., the action is extremized for the actual path of the particle. Calculating the variation of

the action
oL oL L  d OL oL A=A
0S = [ d\|=—d0xt'+ —di"| = | d\ |=— — —=—| dz* —d0xt
5 / L’?x“ T e m} / {&E“ dm;pu] . +<a¢u “””) .
(56)
one obtains the Euler-Lagrange equations
oL d OL
oon  dNDir 7

14



In the above equation, one can define a generalized force and a generalized momentum as

follows
oL oL

fu:%; puzﬁa (58)

such that the force is equal to the change of momentum: f,, = %“. If the Lagrangian L does

not depend on a particular coordinate x*, i.e. gf* = 0, it 1s said to be a cyclic coordinate
whose corresponding generalized force is zero (f, = 0), and therefore the momentum

conjugate to this coordinate is conserved (p, = constant).

Consider the derivative of the Lagrangian L with respect to the parameter \

dx  oxrt et T ax
oL  d oL d (oL oL
(oL d L) d (dL_ N\ 0L
[835“ ax ax'”l SR (aj;ux ) T 59)

Note that the first term vanishes when the Euler-Lagrange equations are satisfied. Defining

Q= %x’” - L, (60)
we obtain
on-shell, i.e., when the Euler-Lagrange equations are satisfied.
Therefore, when the Lagrangian has no explicit dependence on the parameter ), g—’; =0,Q

is a constant of motion.

For a non-relativistic particle with the coordinate ¢ = ¢(t) parametrized by the Newtonian

time, this just coincides with the familiar expression for the energy as follows

1
0=Li—vig=imi+vig-£ (©3)
—a—qq q —§mq q) = L,

15



and
dE B oL B

iU (64)

For a relativistic particle moving in curved space-time, we consider a Lagrangian of the form

1 .
L= égwjajujjya (65)

which can be considered as a generalized kinetic term. The action describing the motion is

given by

1 .
S = §/d/\ GuTha”. (66)

One can easily show that the Euler-Lagrange equations following from this action is the same
as the ones obtained from ¢ f ds = 0. Therefore, we find the paths which are the shortest
distances between two points, i.e., geodesics. Working with the Lagrangian (65), which is in
the form of a generalized kinetic term, is just a useful way of studying the geodesics of the
space-time and there is no need to introduce any potential. All the gravitational effects are

contained in the metric g,,, .

Let us assume A is an affine parameter which is linearly related to the proper time and 7 is

the proper time of a massive particle. The line element reads
ds® = gudxtda” = —dr? = —m?%d)\?, (67)

which gives

Gt = —m?* < 0. (68)

The Euler-Lagrange equations corresponding to the action (66)

B4+ T i’ =0, (69)

16



where the Christoffel symbols are given in (15). Since g—i = 0, we have the following
conserved quantity,
oL @2 m?
= — gt L="=—— 70
@= gt 2~ 2 70
which expresses just the conservation of mass.
Let us calculate the momenta.
oL g (1 .5
= — = — | =gapz2"” |,
P 9an — gan \ 27
1 a el
= 500 (5M:c5 + 55) , (71)
1 s Qo
=3 (gaﬁéuxﬁ + gapT 55) ,
= gu”.
Raising the indices, we also find
P =" = " guad® = it (72)
Let us also calculate
P* = gD’ = guwitd” = —m? = constant. (73)

Where we have used (68). This will be the equation that we will use to impose the

conservation of mass.

3.2. Hamiltonian Formalism

As an alternative, one can derive the equations of motion by taking the coordinates x* and

momenta p,, as independent variables. This is the basis of the Hamiltonian formalism. As we

will show, it has the advantage that the relation between constants of motion and the Killing

(vectors) tensors of the space-time can be made explicit.

17



In order to develop the Hamiltonian formulation, we start by studying the infinitesimal

changes of the Lagrangian L = L(z, &, \).

oL oL . . oL
= — H _— K —_
dL e dz? + D dx* + 2 dA, (74)

which may be written as

L
dL = pda* + pudit + 8—d)\,

o\
) . . oL
= pudz" 4+ d (pux“) — a'dp, + ﬁd)" (75)
Collecting the total differentials, we obtain
: . ) oL
d (pux“ — L) = atdp, — pdat — ad)\. (76)
If we define the Hamiltonian as
H = H(z,p) =p,i" — L, (77)
we obtain the Hamilton’s equations of motion as follows
OH oH OH oL
o = — Iy = ——— —_—= . 78
T T T ox T o (78)
Using (77), one can also obtain the Hamiltonian form of the action as
S— / dX (pi — H). (79)

It is easy to show that the Hamilton equations follow from 9.5 = 0 when the coordinates x*

and momenta p,, are varied independently, and assuming dz* | Ny 0, dp, = 0.

‘Ai,)\f

18



The derivative of the Hamiltonian is

dH OH OH ., 0H

— = —+ —i*+ —1p,. 80
o ox ot T ap e (80)
Using the Hamilton’s equations (78), we get
dH OH
o = 81
d\ o\ S

As a result, if the Hamiltonian H does not depend on the parameter A, then, it is conserved,

ie., 4

» ‘v = 0. From (78), we also have

dH &H 9L

Do on (82)

Therefore, the conservation of the Hamiltonian can also be seen by checking if the
Lagrangian has any dependence on .

For our Lagrangian given in (65), the definition of the Hamiltonian (77) gives

1
H = §9Wp“p”- (83)

Therefore, its conservation is just the conservation of mass.

As an alternative formulation, the Hamilton’s equations (78) should agree with the

Euler-Lagrange equations. Now, we will show it explicitly. From p,, in (78) , we get

d ) 1
_)\ (guaxa) Y ,ugaﬁpapﬁ- (84)

d 2
Taking the derivative at the left hand side leads to

o o 1 o
YuaZ™ + OpGuai @ = 9 uapt i, (85)

(aagﬁu + aﬁgau - augoz,é’) -C.Eaj;ﬁa (86)

DO | —

.
Gual =

19



which is just the Euler-Lagrange equations presented in (69).

3.3. Poisson Brackets

The Hamiltonian formalism offers the possibility of studying the conserved quantities in a
more systematic form. Consider a quantity f which is a function of the coordinates x* ,

momenta p,, and the parameter \. Taking its derivative gives

d _of  Of ., 9f.
ooz vy ) 7
iy ox o T gp P ®7)
which takes the following form if the Hamilton’s equations (78) are used
daf _of  0f oH of 0H (88)
d\ O\ Oxn9p, Op, Oz
For simplicity, we write (88) in the following form
df 6’f
H
NN {/,H}, (89)

where the second term at the right hand side is called the Poisson bracket of f with the

Hamiltonian H given as
of OH B of OH
Jdxt dp,  Op, Ozt

{f.H} = (90)
Similarly, we can define the Poisson bracket of two quantities f = f(x,p,\) and g =

g(x,p, \) as follows

of dg  Of 9y

Op, Ozt Ozt dp,, Oh

{f,9} =
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There are some useful properties of Poisson brackets

{fa g} - _{gaf}>
{f +g,h} ={fh} +{g,h}, (92)
{fg,h} = flg,h} +{f, h}g.

The last property is known as Leibniz rule of Poisson bracket, and it leads to a very important

identity, called the Jacobi identity

{£ Ag.h}} +{g.4h, f}} +{h.{f, 93} =0. (93)

Additionally, the Poisson bracket of a constant ¢ with any function is zero:

{f,c} =0. (94)

If one of the quantities in the Poisson bracket is the coordinates x* or momenta p,,, then the

result takes a particularly simple form as follows

w _ Of
{f, 2!} = R (95)
of

For the coordinates and momenta, the fundamental Poisson brackets take the following form

{xu’xV} = 07 {puapu} = 07 {I“,py} = &uu' (97)
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3.4. Integrals of The Motion

We are now ready for a more systematic analysis of the conserved quantities, which are also
called constants of motion or the integrals of the motion. If a quantity f is an integral of

motion,
a _of

If it has no explicit dependence on the parameter ), then its Poisson bracket with the

Hamiltonian H should vanish:

d

According to the Poisson theorem, the Poisson bracket of two constants of motion is also a
constant of motion. The proof is very easy: Assume that C'; and C' are constants of motion,

and examine the Jacobi identity

{C,{Co, H}} +{Co,{H,C1 }} + {H,{C1,Cs}} = 0. (100)

Because {C, H} = {Cy, H} =0, {C1,{Cy, H}} = 0 and {Cs, {H,C1}} = 0. Therefore,
{H,{C1,C5}} = 0,1i.e., {Cy,Cs} is an integral of motion.

Let us assume that an integral of motion is a linear combination of momenta, K = K*p,,.

_:{KaH}a

d\
0K OH 0K 0H
029 0p,  Op, Oz’

= Oa K"pup® — %paé’agwp“p”, (101)
= VoK' pup® =T s KOpp™ — %K Vadup'p” + %K “pp” (Fﬁwgﬁy - Fﬂa,,gu@) :
= V,.K,p'p",

= V. K,p"p".
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We see that it is a constant of motion (% = O) if and only if the vector K, is a Killing
vector, i.e., V(, K,y = 0. Taking integrals of motion that are of higher-orders in momenta p,,
such as K = K#-#np, .. .p,. ,one can similarly show that the tensor K, ,, should be a

Killing tensor of type (0,n),i.e., K, .. = K. py and Vo K, ) = 0.

From these results, we see that the integrals of motion are intimately related to the properties
of the space-time. The integrals of motion that are linear in momenta arise due to the
isometries of the space-time and they can be easily found from the translational Killing
vectors. However, finding the Killing tensors of a space-time is a highly complicated task and
it is, when possible, much easier to find the higher-order integrals of motion directly, where
the Hamilton-Jacobi formalism will be our main tool in this thesis. From the higher-order

integrals of motion, the components of the Killing tensors can be read off easily.

3.5. Canonical Transformations

Having obtained the Hamilton’s equations (78), we can ask a natural question: Is it possible
to define new coordinates and momenta such that the corresponding Hamilton’s equations
describe the same dynamics? As we will see in the next section, the answer to this question

helps us to find a third formulation of mechanics.

Let us assume that our new coordinates X* and new momenta P, are functions of the old

ones and parameter A:
Xt =X"x,p, ), P, = P,(z,p,\), (102)

and they satisfy the Hamilton’s equations with a new Hamiltonian H' = H'(X, P, \) as

follows
) oOH' . OH'
XH =" P = — . 103
8PM’ # oXH (103)

In order to find the relations between new and old variables, we can make use of the fact

that the Hamilton’s equations follow from the extremization of the Hamiltonian form of the
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action given in (79). We first write it as
S = / (puda — HdN) . (104)
For our new coordinates and momenta, we have
S = / (PMdX“ — H’d)\) . (105)

If these two actions will lead to the same dynamics, they can only differ by a total differential

(since its variation do not contribute to the equations of motion). Therefore, we can write
puda? — HI\ = P,dX" — H'd)\ + dF, (106)

where F'is a function of the old coordinates x*, new coordinates X* and the parameter \.

We call it a generating function of first kind and solving for its differential gives

dry = p,da" — P,dX" + (H’ — H)d\, (107)
from which we obtain
8F1 8F1 ale
Pu= gm0 Toxw ) (108)

Manipulating the second term at the right-hand side of (107), we can obtain a generating

function with a different functional dependence:
dFy = p,dat —d (PMX“) + X*dP, + (H' — H)d\, (109)

d (Fy + P,X") = pyda* + X'dP, + (H' — H)d\. (110)

Defining I, = P, X" + Fy; = Fy(z, P,\) , which is a function of the old coordinates z*,

new momenta P, and the parameter A\, we get a generating function of the second kind that
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satisfies
oF, 0 or, H -+ oF,

P G ~op, n (b

By similar manipulations, we can also find a generating function of third kind F5 =
F3 (p", Py, \) and fourth kind Fy = Fy (py, X, A). These transformations from old
coordinates and momenta to the new ones that preserve the dynamics are called the canonical
transformations and F;,7 = 1,2, 3,4 are the generating functions of these transformations.
For our purposes, a particular generating function of the second kind will play a very

important role as we will see now.

3.6. Hamilton-Jacobi Formalism

Our third formulation of particle mechanics, the Hamilton-Jacobi formalism, is based the

complete integrability or the Louville integrability, whose proof can be found in [13].

A system with n degrees of freedom can be solved by integration if one is
able to find n independent integrals of motion with vanishing Poisson brackets
({Ki, K;}=0i=1,.., n) In order to find them, we first consider the Hamiltonian form

of our action and from (104) we write
dS = p,dz" — HdA, (112)

which tells us that if we consider the action S as a function of the coordinates z* and the

parameter A, S = S (z, A), then we have

oS oS
g P g e
From these equations, we obtain
0 oS

which is the Hamilton-Jacobi equation.
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Note that, we use p, = 23 (2 = 2% 2',...,2""") in the Hamiltonian. In this equation,
the independent variables are the coordinates x* and the parameter \. Therefore, a complete
integral of this equation must have n 4 1 constants. Since the action S appears only with
the partial derivatives in the Hamilton-Jacobi equation, one of the constants should be an

integration constant and we can write the solution as
S (2, A) = f (z#, au, A) + ¢, (115)

where o, are the remaining arbitrary constants. We will assume that the action S is a
generating function of the second kind, i.e., F5 (x“, P, )\) = SN = f (x“, oy, )\)

such that the constants «, correspond to the new momenta P, and check the consequences.

or, oS
@:puﬁ%:]?m (116)
0Fy " oS u
“Z == _ 11
0Fy o oS o
EX_H—H%aA_H H. (118)

Equation (116) shows that our assumption is consistent with the defining properties of a
generating function of second kind given in (111) . In equation (117) we just renamed the
new coordinates X# = [*. The most crucial information follows from (118) : When the
Hamilton-Jacobi equation (114) is used, we obtain H’ = 0. Therefore, when we use the
action as a generating function of second kind, the new Hamiltonian H’ vanishes. As a
result, the new canonical variables are constant (X*, P,) = (8", ,) = constant. Both a,
and p* form a set of integrals of motion with vanishing Poisson brackets and we achieve

complete integrability.

Let us now focus on the Hamilton-Jacobi equation and try to understand how we can solve
it. First, we express it as

(119)

U=y <x“,)\, 05 85) =0,

D’ OX
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oS

and assume that the coordinate z' and BT

0 (:cl 03 ) Then, we can write

» Bzl
, .08 as [, 08\
\Il_\l[<x 7A7@75a¢<x a@)) _07 (120)

appear in the equation only in the form

where 2" are all the coordinates except z*. If we try to look for a solution of the form,

S=5+5 ="\ + 5 ('), (121)
we get
y as oS L dS B
\II(I‘ 7)\7@78_/\7¢(x 7@)) _07 (122)

which should be satisfied for all values of 2! and this is only possible when ¢ (xl ﬁ) =

9 dxl

a1 = constant. If this separation process is possible for all coordinates, we would obtain
S=> S, (2" a1,y an) = H (0, oy 00n) A, (123)
w

where we have used % = — H = constant.

Cyclic variables are extremely useful to separate the action. If, for example, the coordinate

OH

5T = 0> , then it does not appear in the Hamilton-Jacobi equation.

x! is a cyclic coordinate (

Therefore, we have

08 08
f (l’l’ @) = og1 O (124)
and we can just write
S =8 (2", ) + arz’. (125)

Let us now apply our formalism to the action for a relativistic particle moving in curved
space-time given in (66), for which the Hamilton-Jacobi equation (% + H = 0) takes the

following form
0S 1,08 05
ox 29 Gurowr T

(126)
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1

since H = % "’ pup,. Having already known that i/ = —§m2 = constant, we can write

S(xt \) =S (at) — %mz)\, (127)

whose substitution into (126) gives

W 05 05

Sr o T m? = 0. (128)

9

This is the form that we will use in the rest of the thesis. Whenever there are cyclic

coordinates, say z* and 22 , one can make use of it by using the following ansatz
S=>"5, (") +pa' + par?, (129)

where v denotes all the coordinates other than z! and 22, and try to solve the equation (128).

Note that if the coordinates z' and 2? are cyclic, this means 0, Gy = 0 and g, = 0.

Therefore, according to our results in section 2.7, we have Killing vectors 5%1) = 6“1 and
“(2) = 0", and p; and p, are constants of motions generated by these Killing vectors.

We will see that when we try to solve the Hamilton Jacobi equation (114) for a rotating black
hole with an ansatz similar to (129), there will appear an additional constant of motion that
is called the Carter constant. As we have seen before, this is connected to the existence of a

Killing tensor of type (0, 2), or rank 2.
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4. PARTICLE MOTION IN SCHWARZSCHILD
SPACE-TIME

In this chapter, we give an analysis of the particle motion in Schwarzschild space-time, which
is the static, spherically symmetric vacuum solution of general relativity and Einstein field
equations that describes the gravitational field outside a spherical mass. Starting from the

following form of the line element of a static, spherically symmetric metric [2, 3],

d 2
ds* = —f(r)dt* + S

) + 7% (df + sin® 0d¢?) (130)

one can easily show that the vacuum field equations G, = 0 is solved for the metric function
f(r) = 1 — =, where the Schwarzschild radius r is an integration constant. From the
non-relativistic limit, one finds r;, = 2M (in units G = 1,¢ = 1) where M is the mass. In
this context, the mass M is not necessarily associated with a black hole, because the solution

of the Einstein field equations is valid for any mass M.

4.1. Lagrangian Formulation

Now, we will study the Euler-Lagrange equations by following Bambi’s book [8]. For the

line element given in (130) , the Lagrangian reads

1 1 L 1 . :
L= 5guid"i" = 3 (—ft2 + }7‘2 +720% + r? sin? 9¢2) : (131)

Due to the spherical symmetry of the problem, we can work on the equatorial plane

(9 = g,é = 0) , which leads to the following simplified form

L= % (—ff? + %7‘2 + 7%2) . (132)
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We have 3 dynamical variables (¢,7,¢) and 2 cyclic variables (t,¢) whose momenta are
conserved. Taking our Killing vectors as ﬁ% = —4', and §“( 5 = &'y, wehave p, = —F =
constant and p, = L = constant. The Euler-Lagrange equations corresponding to ¢ and ¢
coordinates are as follows:

t: —ft=E, (133)
o: r2q3 = L. (134)

Instead of the Euler-Lagrange equation for the coordinate, we can make use of the
conservation of mass, which is a constant of motion due to the trivial Killing tensor,

K, = gu, given as

K = K"p,p, = g,,i"i" = —m® = constant. (135)

Using the expressions for ¢ and 7 from equations (133) and (134), we obtain

L2
—mPf = —FE* 47+ —2f (136)
r
Inserting the explicit form of the metric function f(r) =1 — %, we finally obtain
P2 E?2 _ 2
— =V 137
5 5 ff (137)
where the effective potential is
M L* MIL?
Ver = =+ =15 — (138)

r 2r2 73

Note that the slightly unusual form of the effective potential is due to our usual normalization

of the 4-velocity (#* = —m?). For i? = —k (k = 1 : massive, k = 0 : massless), we would
obtain
M L? MIL3
Vetr = —k—+ 55— ; (139)
ro 2r? r3
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where the first two terms are the usual Newtonian terms and the last term is the relativistic
correction.
4.2. Hamilton-Jacobi Formalism

We now will try to obtain the equations of motion from the Hamilton-Jacobi formalism. The

inverse metric is given by

¢ = diag (—i, £(r), L) , (140)

f(r) " 727 12 sin 62

with which, the Hamilton Jacobi equation (128) becomes

1 [(0S\? as\* 1 [2S\?
= (=) —fl=) -5 (=) . 141
=1(w) (&) = (&) s
Let us write the following ansatz using our conserved momenta (pt =L, ps = L)
S =—Ft+ Lo+ S,(r), (142)

whose substitution into (141) yields

E? dS\? L2
and
s, B2 w2 I
a \/ RG] (149

Therefore, the action is given by

S=—-Et+ L¢+/dr\/% - <m2 + 7[:—22) f(r). (145)

According to Hamilton-Jacobi formalism, the equations of motion should follow form

oS
—— = constant, —— = constant. (146)

) oL
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Let us study the first one.

9 E L Y (04 2 ] = o
OF m Tf(r) m m2r? " — o = constant

! E [ 1 E\? L? E
t—1g = dt = — dr—— — ] =11 . 147
o= f=a [z | (7) - (1) 70 4
From this equation, we obtain
3

ldr  m |[E\” L?
——=—=||l—) = |[14+— . 148
fdt FE (m) ( * m%) / (148)

Using the chain rule,
dr _drdt Edr

- T _ T 149

d\  dt d\ fdt’ (149)
we can also write our result as

7',2 EQ _ m2

=5 " Vet (150)
where

M L2 MI?
Vig = ——— 4 = (151)

r 2r2 r3
which is, of course, the same result (138) that we obtain from the Lagrangian formulation.

From % = constant, we obtain

s L L?
5L = ¢ — /drﬁ E? — (m2 + r_2> f = ¢ = constant,

=

? "L L?
/ d¢:/ dr— | E? - <m2—|— —2> fl (152)
%o o T r

N
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which gives

2
dr  r? L?
BT E2—<m2+ﬁ>f . (153)

After this simple application, we are now ready to study the motion in stationary spacetimes
where the separation of the Hamilton-Jacobi equation will lead to a non-trivial Killing

tensor.
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5. STATIONARY SPACE-TIMES

In this chapter, we will analyze the integrals of motion for two stationary spacetimes. The
crucial difference will be that in addition to the conserved momenta corresponding to the
translational Killing vectors in the ¢- and ¢- directions, we will obtain an integral of motion

that is quadratic in momenta.

5.1. Particle Motion in Kerr Space-time

In this section, we follow Padmanabhan’s book [10] and start with the most important
example which has enormous importance in astrophysical applications: The Kerr space-time,
which is the axially symmetric vacuum solution of general relativity that describes a
gravitational field outside of an object with mass M and angular momentum .J. The line

element is given by

2M 4Marsin® 0 2

ds> = — (1 = 2r) dr — 0 Zdrdg + Lar?
p p A

2Mra®sin? 6

+p°d6* + (r2 +a?+ 7

) sin? 0d¢?, (154)

where p? = 72 + a?cos? 0, A = r? — 2Mr + a* and a = 2 represents angular momentum
per unit mass. When a = 0, one obtains the Schwarzschild black hole. In the M — 0 limit,

we get

Pz

ds® = —dt* +
r? 4 2

dr® + p*d6* + (r* + a®) sin” 0dg?, (155)

which is just the line element of the Minkowski spacetime. It can be converted to the

Cartesian form by the following coordinate transformations
T = Vr?+ a?sinf cos ¢, y = V1?2 + a?sinfsin ¢, z =rcos#. (156)

From this, we see that (6 = 0,7 = 0) corresponds to a disc of radius a, and therefore the -

coordinate is quite different then the usual radial coordinate of static space-times.

34



An alternative form of the line element that is commonly used in computations is as follows:

A — a? sin? th 4Mar sin® 6

2 _
ds® = — =

2 .. 9
0
dtde + 2 e LYY ;n de?, (157)

A
where Y% = (r? + a2)2 — a?Asin?0 .

The independent components of the inverse metric that we will need in the Hamilton-Jacobi

equation are as follows

m_ A L D Vi _ _2Mar _ e Y2 58
g 2 g e g 2A g 2A g A sinZ 0 (158)
Due to the Killing vectors S‘Et) = —¢y and 5“( o = &'y , we have the following conserved
momenta

A —a?sin?0. 2Marsin®0 -
z T P

S%sin?6 . 2Marsin®6
e (159)

p=—FE = gui” = gyl + gt¢§b = -

Po =L = gpi’ = gos® + gunl =

The conservation of mass, which is the result of the trivial Killing tensor K, = g, yields

—m? = g, @5 = gul® + gr? + goal” + ggod® + 29:4t 0,

A —a?sin?0 ., p? ., 22 | 52 smH 4Mar sin® 0

io. (160)

To see the existence of another constant of motion, let us study the Hamilton-Jacobi equation

(128):

95\ 2 95\ 2 a8 a8 9S 08
t [ Y2 I Baded 00 ( 7= el 201 =72 — _m?2. 161
(f%) o <a> o (09) o <a¢) T2 G ge — T (6D
Using the ansatz

S =—Et+ Lo+ S.(r) + Sy(0), (162)
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one obtains

S, A [dS,\? 1 [dSy\® a®sin®’0—A , _2Mar )
—=—F +— — | —= ——L" 42 EL=—-m~. (163
P2A + p? \ dr - P2\ db * p2Asin? 6 * P2A m”. (163)

Multiplying this equation by p?, there appears two parts depending on r and # coordinates

separately, and therefore they can only be a constant. Denoting the separation constant /<,

we get
dSy\ 2 L\
(7@) " (E9+_9) oot = K, e
ds.\* 1 2
(%) +x e+ p-a] vt =k e

One can solve for S, and Sy to obtain the complete form of the action. However, we

have already reached our aim and obtain our integral of motion. Let us write it in terms

of momenta
K = p? + a*sin? 0p? + —2919?5 — 2apipy — a’p? cos® 0, (166)
sin
2 1 2 2 2 2.2
—K:pr—l—z[(r —i—a)—pt—ap¢} —p°re, (167)

from which we can find two Killing tensors but they are, of course, not independent. Using

the first one, we obtain the following components of a Killing tensor

2 a2
00 a“ cos” 0
K" =1- 7
22
K" = a%sin? 6 — a® cos? g™ = a®sin® 0 + a? cos? HPQ—A, (168)
2M
K' = —2a — a” cos” 09" = —2a + a® cos® —; ar’
PPA
2 2 9 — A
K% = —a%cos?0g?? = ~a2eos? g —
sin sin p2Asin® 0
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In matrix form, we have

0 0 0 0
2 i 2 2 2 ¥ _ 2 2 p2Mar
P 0 a°sin®f + a” cos OpQA 0 2a + a* cos szA
. 2
0 0 a®sin? 0 + a? cos? QIO%—A 0
_ 2 2 p2Mar 12 2 pa’sin? 6—A
0 2a + a“ cos 6’—p2 A 0 g — @7 Cos 0—p2 N
(169)

This additional integral of motion that is quadratic in momenta and the result of a non-trivial

Killing tensor is called the Carter constant [5].

In the next section, we will derive it for a space-time that has been introduced recently [7, 14]

to get rid of some problems in the slow rotation limit of the Kerr space-time.

5.2. Particle Motion in Generalized Lense-Thirring Space-time

We will now study the slow rotation limit of the Kerr space-time, which is studied in different
contexts in the literature. When we expand the line element of Kerr space-time (154) , we

find
d 2
ds? = — fdt* + % + 2asin® O(f — 1)dtdg + r*sin® d¢? + r?do* + O(a®),  (170)

where f(r) =1 — % As a — 0, we get the line element of the Schwarzschild space-time.
The space-time up to O(a) is called the Lense-Thirring space-time [6] and can be used as
the slow rotation limit of the Kerr space-time. It should be noted that the Lense-Thirring
space-time, which has been known for many years, can be clearly seen from its relation to
the Kerr metric that, it represents a non-exact and slow-rotation solution for the Einstein field

equations.

In the linear form, the metric is well-defined. But when it comes to the second order terms
in the rotation parameter a, an inconvenience appears in the form of a singularity. To discuss

the singularity structure, calculating the Kretschmann scalar, which is very important for the
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curvature of space-time, we find

Ryupo RMP7 = Kr = Kr() + Kr(ya + Krgya® + O(a?), (171)
where
48 M*
KrO = 6 Y
r
Kr; =0, (172)
Y
Kt —
? ro(r —2M)?’

and

Y = 8M?(cos? 0(26M?(8r + 3) — Mr(195r 4 92) 4+ 9r*(5r + 3))

+26M*(8r + 3) — Mr(199r + 88) + r?(47r + 25)). (173)

The zeroth order term in the rotation parameter Kry corresponds to the Kretschmann scalar
of the Schwarzschild spacetime and indicates a singularity at » = 0. From Krs, we see that
there is an additional singularity at » = 2M/. To remedy this problem, in [14], the following
line element for the slowly rotating black holes is suggested by completing the rotation term

to a square

2 1 2
ds? = —fdt* + d% + r?sin? 6 (dgb + %dt) + r2d6>. (174)

The Kretschmann scalar now reads

_ ABM?* 144(MP*(—3M + 2r 4 (3M + 1) cos® ) )a?

Kr
r6 r9

+ O(a®), (175)

and the problem of additional singularity at » = 2 is solved.
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Let us study the constants of motion in this generalized Lense-Thirring spacetime. The

conserved momenta corresponding to the translational Killing vectors are

De = gui’ = gut + g = — fi + asin®6(f — 1)¢ = —E = constant,

Do = Goni” = Gos® + gt = 72 sin> 0 + asin® O(f — 1)i = L = constant. (176)
From the trivial Killing tensor K, = g, we get
K" pupy = Kuwp"p’ = g™ = gut® + gt + go00” + gopd” + 20110,
. 1 . . ..
= —ft* + =2 + 7?0 + r?sin? 0¢% + 2asin® O(f — 1)ig, (177)
= —m? = constant.
Using the components of the inverse metric

t _ r
g 2M — 7’

. 2M
g =1—-—

r

oo _ 1

9" ==, (178)
T
2 2
g o6 _ 4aM n 1
(2M —r)r5  r2sin?@’
g = g¥ = 2aM
(2m — r)r?’

the Hamilton-Jacobi equation can be obtained as follows:

08\ ? S\ > 08\ > S\ > dS dS
tt rr [ Y 06 [ Y~ oo [ 7 o= 7 2
g ( ) t9 <8r> 9 <aa) 9 (aqs) T2 e~ T

ot
r oM\ (dS\? 1 [dS\’
2M—rE * (1 r ) (dr * r2 \ do (179)
4a®>M? 1 daM
L*+ ————SFEL=-m"
((2M —r)rd * 72 sin? 9) * (2m —r)r? "
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Multiplying both sides by %, we get

3 2 2
P s (Y (49
2M—TE + (r 2M7")(dr> +(d9

4a? M? 1 4aM
L? EL = —m?r?. 180
+<(2M—7’)r3+sin29) +2M—r mr (180)

The separation of this equation gives

2

K=p2+——
p9+sin29’
r3 4a2M? 4aM

-K = E? 2 _oMr)p? + L? EL 2r2. (181
=t T et L\ =y | T o= Pl (8D

The Carter constant K is a consequence of the Killing tensor whose components are

1
K" = di 0,0,1, —— ] . 182

More details can be found in [15].

40



6. SUMMARY

In this thesis, an analysis of the integrals of motion for a relativistic particle moving in curved
space-time was given. The integrals of motion are directly related to the Killing vectors and

the Killing tensors of the space-time that we have defined in Chapter 2.

The simplest example of an integral of motion is the conserved momentum corresponding to
a cyclic coordinate, which is already apparent in the Lagrangian formulation of mechanics.
In the Hamiltonian and Hamilton-Jacobi formalisms, one can understand how the integrals of
motion that are higher order in momenta can be constructed with the help of Killing tensors.

All the details were discussed in Chapter 3.

In Chapter 4, the integrals of motion for a particle moving in the Schwarzschild space-time
was presented. When the motion in a stationary space-time is considered, a crucial difference

arises.

In Chapter 5, the most famous example, the Kerr space-time and a space-time which has
attracted lots of attention in the literature, the Lense-Thirring space-time were considered.
We showed that an integral of motion which is a consequence of a non-trivial Killing tensor

exists in these space-times.
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