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Global attractors for the plate equation with nonlocal

nonlinearity in unbounded domains
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Abstract. We consider the initial value problem for the semilinear plate equa-
tion with nonlocal nonlinearity. We prove the existence of global attractor and

then establish the regularity and finite dimensionality of this attractor.
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1. Introduction

The main aim of this paper is to study the long time dynamics (in terms of
attractors) of the plate equation

utt + Δ2u + α(x)ut + λu

(1.1) −f(‖∇u (t)‖L2(Rn))Δu = h (x) , (t, x) ∈ (0,∞)×R
n,

with initial data

(1.2) u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ R
n,

where λ > 0, h ∈ L2 (Rn) and the functions α (·), f (·) satisfy the following condi-
tions:

(1.3) α ∈ L∞(Rn), α(·) ≥ α0 > 0 a.e. in R
n,
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(1.4) f ∈ C1(R+), f (z) ≥ 0, for all z ∈ R
+.

Denoting A (w1, w2) = (w2,−Δ2w1−λw1−α(·)w2), D(A) = H4 (Rn)×H2 (Rn)

and Φ(w1, w2) = (0, f
(
‖∇w1‖L2(Rn)

)
Δw1 + h), we can reduce (1.1)-(1.2) to the

problem

(1.5)

{
d
dt

(u, ut) = A(u, ut) + Φ(u, ut),
(u(0), ut(0)) = (u0, u1)

in H2 (Rn)×L2 (Rn). Defining suitable equivalent norm in H2 (Rn)×L2 (Rn), it is
easy to verify that A is maximal dissipative operator in H2 (Rn)×L2 (Rn) and conse-
quently it generates a linear continuous semigroup

{
etA

}
t≥0

in H4 (Rn)×H2 (Rn)

and H2 (Rn) × L2 (Rn). Since, by (1.4), the nonlinear operator Φ : H2 (Rn) ×
L2 (Rn)→ H2 (Rn)×L2 (Rn) is Lipschitz continuous on bounded subsets of H2 (Rn)×
L2 (Rn), by the semigroup theory (see, for example [1, p. 56-58]), for every (u0, u1) ∈
H2 (Rn) × L2 (Rn), the problem (1.5) has a unique local weak solution (u, ut) ∈
C

(
[0, Tmax); H

2 (Rn)× L2 (Rn)
)
. Moreover, if (u0, u1) ∈ H4 (Rn) ×H2 (Rn), then

(u, ut) is a strong solution of (1.5), and consequently of (1.1)-(1.2), from the class
C

(
[0, Tmax); H

4 (Rn)×H2 (Rn)
)
.

Let u ∈ C
(
[0, Tmax); H

4 (Rn)
)∩C1

(
[0, Tmax); H

2 (Rn)
)

be local strong solution
of (1.1)-(1.2). Multiplying (1.1) by ut and integrating over (s, t)×R

n, we get

E (u (t)) +
1

2
F

(
‖∇u (t)‖2L2(Rn)

)

−
∫

Rn

h (x)u (t, x)dx +

t∫
s

∫
Rn

α (x) |ut (τ, x)|2 dxdτ

= E (u (s)) +
1

2
F

(
‖∇u (s)‖2L2(Rn)

)

(1.6) −
∫

Rn

h (x)u (s, x) dx, t ≥ s ≥ 0,

where F (z) =
z∫
0

f (
√

s) ds for all z ∈ R
+ and

E (u (t)) =
1

2

∫
Rn

(|ut (t, x)|2 + |Δu (t, x)|2 + λ |u (t, x)|2)dx.

Taking into account (1.3) and (1.4) in (1.6), we obtain

‖(u (t) , ut (t))‖H2(Rn)×L2(Rn)

(1.7) ≤ c
(
‖(u0, u1)‖H2(Rn)×L2(Rn)

)
, t ≥ 0,

where c : R
+ → R

+ is a nondecreasing function. The last inequality yields that the
local solution u can be extended to [0,∞).

Now, let v(i) ∈ C
(
[0,∞); H4 (Rn)

)∩C1
(
[0,∞); H2 (Rn)

)
be strong solutions of

(1.1)-(1.2) with initial data
(
v
(i)
0 , v

(i)
1

)
∈ H4 (Rn)×H2 (Rn), i = 1, 2. Putting v(1)
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and v(2) instead of u in (1.1), subtracting the equations, multiplying the obtained
equation by (vt − wt) and integrating over (0, t)×R

n, we find∥∥∥v(1)(t) − v(2)(t)
∥∥∥

H2(Rn)
+

∥∥∥v
(1)
t (t)− v

(2)
t (t)

∥∥∥
L2(Rn)

≤ c̃(T, r̃)

(∥∥∥v
(1)
0 − v

(2)
0

∥∥∥
H2(Rn)

+
∥∥∥v

(1)
1 − v

(2)
1

∥∥∥
L2(Rn)

)
, ∀t ∈ [0, T ],

where c̃ : R+×R+ → R+ is a nondecreasing function with respect to each variable

and r̃ = max

{∥∥∥(v
(1)
0 , v

(1)
1 )

∥∥∥
H2(Rn)×L2(Rn)

,
∥∥∥(v

(2)
0 , v

(2)
1 )

∥∥∥
H2(Rn)×L2(Rn)

}
.The last in-

equality, together with (1.7), implies that the problem (1.1)-(1.2) generates a bounded
strongly continuous semigroup {S (t)}t≥0 in H2 (Rn) × L2 (Rn) by the formula

(u (t) , ut (t)) = S (t) (u0, u1).
The problem of investigating the asymptotic behavior of evolution equations

modeling many physical phenomena has been attracting more attention over the
last few decades. It is well known that the asymptotic behavior of these equations
can be described by means of the attractors. The attractors for plate equations
has been one of the intensively studied topics in recent years. We refer to [2-11]
for attractors of plate equations with local and nonlocal nonlinearities in bounded
domains. In the case of unbounded domains, there are obstacles in applying the
methods given for bounded domains due to the lack of Sobolev compact embedding
theorems. To overcome these obstacles one needs uniform tail estimates. One of the
ways to obtain the tail estimate is to use weight functions as it was done in [12] for
the reaction diffusion equation. However, the specificity of the plate equation does
not allow to apply the method introduced in [12]. So as to handle the obstacles
caused by the lack of Sobolev compact embedding theorem, the authors of [13-16]
established the tail estimates in the time average form for the plate equations with
local nonlinearities and then used the energy method.

The situation becomes more difficult when the domain is unbounded and the
equation includes nonlocal nonlinearity, for example f(‖∇u (t)‖L2(Rn))Δu(t) as in

the case of equation (1.1). When f(s) = s2, this nonlocal term becomes famous
Berger nonlinearity (see [17]). In the unbounded domain case, the operator F(u) :=
f(‖∇u‖L2(Rn))Δu which is determined by the nonlocal term mentioned above, be-

sides being not compact, is not also weakly continuous from H2 (Rn) to L2 (Rn).
So, in order to establish the asymptotic compactness which is necessary for the
existence of the global attractor, we are not able to apply either the standard split-
ting method or the energy method devised in [18]. To overcome this difficulty, we
apply compensated compactness method introduced in [19] and prove the asymp-
totic compactness (see Lemma 2.2) which, together with the presence of the strict
Lyapunov function, leads to the existence of a global attractor. Then, by using the
invariance of the global attractor and the structural property of the set of stationary
points, we establish the regularity (see Theorem 3.1) and consequently, the finite
dimensionality (see Theorem 4.1) of the global attractor.

Our main result is as follows:

Theorem 1.1. Under conditions (1.3) and (1.4) the semigroup {S (t)}t≥0 gen-

erated by the problem (1.1)-(1.2) possesses a global attractor A in H2 (Rn)×L2 (Rn)
and A = Mu (N ). Here Mu (N ) is unstable manifold emanating from the set of
stationary points N (for definition, see [20, p. 359]). Moreover, the global attractor
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A is bounded in H4 (Rn)×H2 (Rn) and it has finite fractal dimension.

Remark 1.1. We note that by using the method of this paper, one can prove
the existence, regularity and finite dimensionality of the global attractor for the
initial boundary value problem

(1.8)

⎧⎪⎪⎨
⎪⎪⎩

utt + Δ2u + α(x)ut + λu

− f(‖∇u (t)‖L2(Ω))Δu = h (x) , (t, x) ∈ (0,∞)× Ω,

u(t, x) = ∂
∂ν

u(t, x) = 0, (t, x) ∈ (0,∞)× ∂Ω,
u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Ω,

where Ω ⊂ R
n is an unbounded domain with smooth boundary, ν is outer unit

normal vector, λ > 0, h ∈ L2 (Ω), the function f(·) satisfies the condition (1.4) and
the damping coefficient α(·) satisfies the following conditions

α ∈ L∞(Ω), α(·) ≥ α0 > 0, a.e. in Ω.

Remark 1.2. We also note that we critically use the strict positivity of α(·)
(see (1.3)) in the proof of asymptotic compactness of the semigroup {S (t)}t≥0 (see

Lemma 2.2). In the case when the function α(·) is not strictly positive, for example
if α(·) vanishes in a set of positive measure, our method is not applicable. Another
obstacle in this case is related to unique continuation of solutions which is important
for the construction of a strict Lyapunov function. To the best of our knowledge, the
unique continuation of solutions for the equations (1.1) and (1.8)1-(1.8)2, especially
in the case when the force term h(·) vanishing in the damping region, is also an open
question (see also [21]). Thus, in the case when α(·) vanishes in a set of positive
measure, the questions about long time dynamics of (1.1)-(1.2) and (1.8), in terms
of attractors, are completely open.

2. Existence of the global attractor

In this section, we will show the existence of the global attractor. To this end,
we first prove the following lemma.

Lemma 2.1. Let the conditions (1.3) and (1.4) hold. Also, assume that the
sequence {vm}∞m=1 is bounded in L∞

(
0, T ; H2 (Rn)

) ∩ W 1,∞
(
0, T ; L2 (Rn)

)
and

the sequence
{
‖∇vm (t)‖L2(Rn)

}∞
m=1

is convergent, for all t ∈ [0, T ]. Then, for all

γ > 0, there exists some cγ > 0 such that

t∫
0

∫
Rn

τ
(
f
(
‖∇vm (τ )‖L2(Rn)

)
Δvm(τ, x)− f

(
‖∇vl (τ )‖L2(Rn)

)
Δvl(τ, x)

)
×

(vmt (τ, x)− vlt (τ, x)) dxdτ

≤ γ

t∫
0

τE (vm (τ )− vl (τ )) dτ + cγ

t∫
0

E (vm (τ ) − vl (τ )) dτ

+cγ

t∫
0

τE (vm (τ )− vl (τ )) ‖vmt (τ )‖2L2(Rn) dτ + Km,l(t),

for all t ∈ [0, T ], where Km,l ∈ C[0, T ] and limsup
m→∞

limsup
l→∞

∥∥Km,l
∥∥

C[0,T ]
= 0.
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Proof. Firstly, we have

t∫
0

∫
Rn

τ
(
f
(
‖∇vm (τ )‖L2(Rn)

)
Δvm(τ, x)− f

(
‖∇vl (τ )‖L2(Rn)

)
Δvl(τ, x)

)
×

(vmt (τ, x)− vlt (τ, x)) dxdτ

= −
t∫

0

τf
(
‖∇vm (τ )‖L2(Rn)

) d

dτ

(
‖∇vm(τ )−∇vl(τ )‖2L2(Rn)

)
dτ

(2.1) +Km,l (t) ,

where

Km,l(t) :=

t∫
0

∫
Rn

τ
(
f
(
‖∇vm (τ )‖L2(Rn)

)
− f

(
‖∇vl (τ )‖L2(Rn)

))
×

Δvl (τ, x) (vmt (τ, x)− vlt (τ, x)) dxdτ.

By the conditions of the lemma, we obtain

(2.2) limsup
m→∞

limsup
l→∞

∥∥Km,l
∥∥

C[0,T ]
= 0.

Now, let us estimate the first term on the right side of (2.1). For any ε > 0, by
integration by parts, we have

t∫
0

τf
(
‖∇vm (τ )‖L2(Rn)

) d

dτ

(
‖∇vm(τ )−∇vl(τ )‖2L2(Rn)

)
dτ

=

t∫
0

τ
(
f
(
‖∇vm (τ )‖L2(Rn)

)
− f (ε)

) d

dτ

(
‖∇vm(τ )−∇vl(τ )‖2L2(Rn)

)
dτ

+f (ε)

t∫
0

τ
d

dτ

(
‖∇vm(τ )−∇vl(τ )‖2L2(Rn)

)
dτ

=

∫
Am

1,ε(t)

τ
(
f
(
‖∇vm (τ )‖L2(Rn)

)
− f (ε)

) d

dτ

(
‖∇vm(τ )−∇vl(τ )‖2L2(Rn)

)
dτ

+

∫
Am

2,ε(t)

τ
(
f
(
‖∇vm (τ )‖L2(Rn)

)
− f (ε)

) d

dτ

(
‖∇vm(τ ) −∇vl(τ )‖2L2(Rn)

)
dτ

+tf (ε) ‖∇vm(t) −∇vl(t)‖2L2(Rn)

(2.3) −f (ε)

t∫
0

‖∇vm(τ )−∇vl(τ )‖2L2(Rn) dτ,

where

Am
1,ε(t) :=

{
τ ∈ (0, t) : ‖∇vm(τ )‖L2(Rn) ≤ ε

}
,

Am
2,ε(t) :=

{
τ ∈ (0, t) : ‖∇vm(τ )‖L2(Rn) > ε

}
.
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Let us estimate the term∫
Am

2,ε(t)

τ
(
f
(
‖∇vm (τ )‖L2(Rn)

)
− f (ε)

) d

dτ

(
‖∇vm(τ )−∇vl(τ )‖2L2(Rn)

)
dτ .

It is enough to consider the case Am
2,ε(t) is nonempty. Since, thanks to vm ∈

C([0, T ]; H1 (Rn)), the set Am
2,ε(t) is open, it can be shown that it is a countable

union of disjoint open intervals
{
(tk, t̃k

}∞
k=1

(see, for example [22, p. 39]). Then∫
Am

2,ε(t)

τ
(
f
(
‖∇vm (τ )‖L2(Rn)

)
− f (ε)

) d

dτ

(
‖∇vm(τ )−∇vl(τ )‖2L2(Rn)

)
dτ

=

∞∑
k=0

etk∫
tk

τ
(
f
(
‖∇vm (τ )‖L2(Rn)

)
− f (ε)

) d

dτ

(
‖∇vm(τ )−∇vl(τ )‖2L2(Rn)

)
dτ.

If ‖∇vm (t)‖L2(Rn) ≤ ε, then by continuity of f , we have

f
(
‖∇vm (tk)‖L2(Rn)

)
= f (ε) , k = 1, 2, ... ,

f
(∥∥∇vm

(
t̃k
)∥∥

L2(Rn)

)
= f (ε) , k = 1, 2, ... .

Hence, by integration by parts, we obtain∫
Am

2,ε(t)

τ
(
f
(
‖∇vm (τ )‖L2(Rn)

)
− f (ε)

) d

dτ

(
‖∇vm(τ )−∇vl(τ )‖2L2(Rn)

)
dτ

=

∞∑
k=1

t̃k

(
f
(∥∥∇vm

(
t̃k
)∥∥

L2(Rn)

)
− f (ε)

) ∥∥∇vm(t̃k)−∇vl(t̃k)
∥∥2

L2(Rn)

−
∞∑

k=1

tk

(
f
(
‖∇vm (tk)‖L2(Rn)

)
− f (ε)

)
‖∇vm(tk) −∇vl(tk)‖2L2(Rn)

−
∞∑

k=1

etk∫
tk

(
f
(
‖∇vm (τ )‖L2(Rn)

)
− f (ε)

)
‖∇vm(τ )−∇vl(τ )‖2L2(Rn) dτ

+

∞∑
k=1

etk∫
tk

τ
f ′

(
‖∇vm (τ )‖L2(Rn)

)
‖∇vm (τ )‖L2(Rn)

〈Δvm (τ ) , vmt (τ )〉L2(Rn)×

‖∇vm(τ )−∇vl(τ )‖2L2(Rn) dτ

= −
∫

Am
2,ε(t)

(
f
(
‖∇vm (τ )‖L2(Rn)

)
− f (ε)

)
‖∇vm(τ )−∇vl(τ )‖2L2(Rn) dτ

+

∫
Am

2,ε(t)

τ
f ′

(
‖∇vm (τ )‖L2(Rn)

)
‖∇vm (τ )‖L2(Rn)

〈Δvm (τ ) , vmt (τ )〉L2(Rn)×

(2.4) ‖∇vm(τ ) −∇vl(τ )‖2L2(Rn) dτ,
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where 〈·, ·〉L2(Rn) is an inner product in L2 (Rn). If ‖∇vm (t)‖L2(Rn) > ε, then the

maximal element of
{
t̃k : k = 1, 2, ...

}
is equal to t and consequently, we have∫

Am
2,ε(t)

τ
(
f
(
‖∇vm (τ )‖L2(Rn)

)
− f (ε)

) d

dτ

(
‖∇vm(τ )−∇vl(τ )‖2L2(Rn)

)
dτ

=

∞∑
k=1

t̃k

(
f
(∥∥∇vm

(
t̃k
)∥∥

L2(Rn)

)
− f (ε)

) ∥∥∇vm(t̃k)−∇vl(t̃k)
∥∥2

L2(Rn)

−
∞∑

k=1

tk

(
f
(
‖∇vm (tk)‖L2(Rn)

)
− f (ε)

)
‖∇vm(tk) −∇vl(tk)‖2L2(Rn)

−
∞∑

k=1

etk∫
tk

(
f
(
‖∇vm (τ )‖L2(Rn)

)
− f (ε)

)
‖∇vm(τ )−∇vl(τ )‖2L2(Rn) dτ

+

∞∑
k=1

etk∫
tk

τ
f ′

(
‖∇vm (τ )‖L2(Rn)

)
‖∇vm (τ )‖L2(Rn)

〈Δvm (τ ) , vmt (τ )〉L2(Rn)×

‖∇vm(τ )−∇vl(τ )‖2L2(Rn) dτ

= t
(
f
(
‖∇vm (t)‖L2(Rn)

)
− f (ε)

)
‖∇vm(t)−∇vl(t)‖2L2(Rn)

−
∫

Am
2,ε(t)

(
f
(
‖∇vm (τ )‖L2(Rn)

)
− f (ε)

)
‖∇vm(τ )−∇vl(τ )‖2L2(Rn) dτ

+

∫
Am

2,ε(t)

τ
f ′

(
‖∇vm (τ )‖L2(Rn)

)
‖∇vm (τ )‖L2(Rn)

〈Δvm (τ ) , vmt (τ )〉L2(Rn)×

(2.5) ‖∇vm(τ ) −∇vl(τ )‖2L2(Rn) dτ.

Hence, by using (1.4), (2.4) and (2.5) in (2.3), we find

−
t∫

0

τf
(
‖∇vm (τ )‖L2(Rn)

) d

dτ

(
‖∇vm(τ )−∇vl(τ )‖2L2(Rn)

)
dτ

≤ f (ε)

t∫
0

‖∇vm(τ ) −∇vl(τ )‖2L2(Rn) dτ

+ĉ1

t∫
0

‖∇vm(τ ) −∇vl(τ )‖2L2(Rn) dτ

+2 max
s1,s2ε[0,ε]

|f (s1)− f (s2)|
t∫

0

τE (vm (τ )− vl (τ )) dτ

+
ĉ1

ε

t∫
0

τE (vm (τ ) − vl (τ )) ‖vmt (τ )‖L2(Rn) dτ
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≤ (f (ε) + ĉ1)

t∫
0

‖∇vm(τ )−∇vl(τ )‖2L2(Rn) dτ

+

(
2 max

s1,s2ε[0,ε]
|f (s1)− f (s2)|+ ĉ1ε

) t∫
0

τE (vm (τ ) − vl (τ )) dτ

(2.6) +
ĉ1

ε3

t∫
0

τE (vm (τ )− vl (τ )) ‖vmt (τ )‖2L2(Rn) dτ , ∀t ∈ [0, T ].

Thus, setting γ = 2 max
s1,s2ε[0,ε]

|f (s1)− f (s2)| + ĉ1ε and cγ = max
{ bc1

ε3 , f (ε) + ĉ1

}
,

by (2.1), (2.2) and (2.6), we get the claim of the lemma. �

Now, let us prove the asymptotic compactness of {S(t)}t≥0 in H2 (Rn)×L2 (Rn).

Lemma 2.2. Assume that the conditions (1.3)-(1.4) hold and B is a bounded
subset of H2 (Rn) × L2 (Rn). Then for every sequence of the form {S(tk)ϕk}∞k=1 ,

where {ϕk}∞k=1 ⊂ B, tk →∞, has a convergent subsequence in H2 (Rn)×L2 (Rn).

Proof. Since {ϕk}∞k=1 is bounded in H2 (Rn) × L2 (Rn), by (1.7) it follows

that the sequence {S (.)ϕk}∞k=1 is bounded in Cb

(
0,∞; H2 (Rn) × L2 (Rn)

)
, where

Cb

(
0,∞; H2 (Rn)× L2 (Rn)

)
is the space of continuously bounded functions from

[0,∞) to H2 (Rn) × L2 (Rn). Then for any T ≥ 0 there exists a subsequence
{km}∞m=1 such that tkm

≥ T , and

(2.7) ‖∇vm (t)‖2L2(Rn) → q (t) weakly star in W 1,∞ (0,∞) ,

for some q ∈W 1,∞ (0,∞), where (vm(t) , vmt (t)) = S(t + tkm
− T )ϕkm

.
Taking into account (1.3) and (1.4) in (1.6), we find

(2.8)

T∫
0

‖vmt(t)‖2L2(Rn) dt ≤ c1, ∀T ≥ 0.

By (1.1)1, we have

vmtt(t, x)− vltt(t, x) + Δ2 (vm(t, x)− vl(t, x))

+α(x) (vmt(t, x)− vlt(t, x)) + λ (vm(t, x)− vl(t, x))

(2.9) −f(‖∇vm (t)‖L2(Rn))Δvm(t, x) + f(‖∇vl (t)‖L2(Rn))Δvl(t, x) = 0.

Multiplying (2.9) by (vm − vl) and integrating over (0, T )×R
n, we get

T∫
0

‖Δ (vm (t) − vl (t))‖2L2(Rn) dt + λ

T∫
0

‖vm (t)− vl (t)‖2L2(Rn) dt

+

T∫
0

f(‖∇vm (t)‖L2(Rn)) ‖∇vm (t)−∇vl (t)‖2L2(Rn) dt

≤ c2 + c2

T∫
0

‖vmt(t) − vlt(t)‖2L2(Rn) dt



GLOBAL ATTRACTORS FOR THE PLATE EQUATION 269

+

T∫
0

∣∣∣f(‖∇vm (t)‖L2(Rn))− f(‖∇vl (t)‖L2(Rn))
∣∣∣×

‖∇vl(t, x)‖L2(Rn) ‖∇vm (t)−∇vl (t)‖L2(Rn) dt.

Taking into account (1.4), (2.7) and (2.8) in the last inequality and passing to the
limit, we obtain

(2.10) lim sup
m→∞

lim sup
l→∞

T∫
0

E (vm (t)− vl (t)) dt ≤ c3, ∀T ≥ 0.

Multiplying (2.9) by t (vmt − vlt), integrating over (0, T )× R
n and using inte-

gration by parts, by (1.3), we find

T E (vm (T )− vl (T )) + α0

T∫
0

t ‖vmt (T ) − vlt (T )‖2L2(Rn) dt

≤
T∫

0

E (vm (t) − vl (t)) dt

+

T∫
0

∫
Rn

t
(
f(‖∇vm (t)‖L2(Rn))Δvm(t, x)− f(‖∇vl (t)‖L2(Rn))Δvl(t, x)

)
×

(vmt (t, x)− vlt (t, x)) dxdt,

which, together with Lemma 2.1, gives

T E (vm (T )− vl (T )) + α0

T∫
0

t ‖vmt (T ) − vlt (T )‖2L2(Rn) dt

≤
T∫

0

E (vm (t)− vl (t)) dt + γ

T∫
0

tE (vm (t) − vl (t)) dt

+cγ

T∫
0

E (vm (t)− vl (t)) dt

(2.11) +cγ

T∫
0

tE (vm (t)− vl (t)) ‖vmt (t)‖2L2(Rn) dt + Km,l(T ),

for every γ > 0. Multiplying (2.9) by εt (vm − vl) and integrating over (0, T )×R
n,

we get

ε

T∫
0

t ‖Δ (vm (t)− vl (t))‖2L2(Rn) dt + ελ

T∫
0

t ‖vm (t) − vl (t)‖2L2(Rn) dt

≤ εc3TE (vm (T )− vl (T )) + ε

T∫
0

t ‖vmt (t)− vlt (t)‖2L2(Rn) dt
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(2.12) +εc3

T∫
0

‖vm (t)− vl (t)‖2L2(Rn) dt + εK̃m,l (T ) ,

where

K̃m,l (t) :=

t∫
0

τ
(
f(‖∇vm (τ )‖L2(Rn) − f(‖∇vl (τ )‖L2(Rn)

)
×

‖∇vl (τ )‖L2(Rn) ‖vm (τ )− vl (τ )‖L2(Rn) dτ,

and by (1.4) and (2.7), it is easy to see that

limsup
m→∞

lim sup
l→∞

∥∥∥K̃m,l
∥∥∥

C[0,T ]
= 0.

Adding (2.11) to (2.12) and choosing γ and ε small enough, we obtain

T E (vm (T ) − vl (T )) ≤ c4

T∫
0

tE (vm (t)− vl (t)) ‖vmt (t)‖2L2(Rn) dt

+c4

T∫
0

E (vm (t)− vl (t)) dt + c4

∣∣Km,l(T )
∣∣ + c4

∣∣∣K̃m,l(T )
∣∣∣ , ∀T ≥ 0.

Now, denoting ym,l(t) := tE (vm (t) − vl (t)) and applying Gronwall inequality, we
get

ym,l(T )

≤ c4

⎛
⎝ T∫

0

E (vm (t)− vl (t)) dt +
∥∥Km,l

∥∥
C[0,T ]

+
∥∥∥K̃m,l

∥∥∥
C[0,T ]

⎞
⎠×

e

TR
0

‖vmt(t)‖
2
L2(Rn)

dt

,

which, together with (2.8), yields

T E (vm (T )− vl (T ))

≤ c5

⎛
⎝ T∫

0

E (vm (t) − vl (t)) dt +
∥∥Km,l

∥∥
C[0,T ]

+
∥∥∥K̃m,l

∥∥∥
C[0,T ]

⎞
⎠ ,

for every T ≥ 0. Passing to the limit in the above inequality and taking into account
(2.10), we find

lim sup
m→∞

lim sup
l→∞

T E (vm (T )− vl (T )) ≤ c6, ∀T ≥ 0,

which gives

lim sup
m→∞

lim sup
l→∞

‖S(tkm
)ϕkm

− S(tkl
)ϕkl

‖H2(Rn)×L2(Rn) ≤
c7√
T

, ∀T > 0.

Consequently, we have

lim inf
l→∞

lim inf
m→∞

‖S(tk)ϕk − S(tm)ϕm‖H2(Rn)×L2(Rn) = 0.

Thus, by using the argument at the end of the proof of [23, Lemma 3.4], we complete
the proof of the lemma. �
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Since, by (1.3) and (1.6), problem (1.1)-(1.2) admidts a strict Lyapunov function

Φ (u (t)) = E (u (t)) +
1

2
F

(
‖∇u (t)‖2L2(Rn)

)
−

∫
Rn

h (x)u (t, x)dx,

applying [20, Corollary 7.5.7], we have the following theorem.

Theorem 2.1. Under conditions (1.3)-(1.6) the semigroup {S (t)}t≥0 generated

by the problem (1.1)-(1.2) possesses a global attractor A in H2 (Rn)× L2 (Rn) and
A =Mu (N ).

3. Regularity of the global attractor

To prove the regularity of the global attractor, we start with the following
lemma.

Lemma 3.1. Assume that the conditions (1.3) and (1.4) hold and B is a bounded
subset in H4 (Rn)×H2 (Rn). Then there exists a constant C > 0 such that

sup
ϕ∈B

‖S (t)ϕ‖H4(Rn)×H2(Rn) ≤ C,

for all t ≥ 0.

Proof. Let (u0, u1) ∈ B and (u (t) , ut (t)) := S (t) (u0, u1). Then, as men-
tioned in Introduction,

u ∈ C
(
[0,∞); H4 (Rn)

) ∩ C1
(
[0,∞); H2 (Rn)

) ∩ C2
(
[0,∞); L2 (Rn)

)
is the strong solution of (1.1). Defining

v (t, x) :=
u (t + τ, x)− u (t, x)

τ
, τ > 0,

by (1.1), we get

vtt(t, x) + Δ2v(t, x) + α(x)vt(t, x)

+λv(t, x) − f
(
‖∇u (t)‖L2(Rn)

)
Δv (t, x)

−
f(‖∇u (t + τ )‖L2(Rn)) − f

(
‖∇u (t)‖L2(Rn)

)
τ

×

(3.1) Δu(t + τ, x) = 0, (t, x) ∈ (0,∞)×R
n.

Multiplying (3.1) by vt and integrating over R
n, we find

d

dt
E(v(t)) +

∫
Rn

α (x) |vt (t, x)|2 dx

+
1

2
f
(
‖∇u (t)‖L2(Rn)

) d

dt

(
‖∇v (t)‖2L2(Rn)

)

−
f(‖∇u (t + τ )‖L2(Rn)) − f

(
‖∇u (t)‖L2(Rn)

)
τ

×

(3.2)

∫
Rn

Δu(t + τ, x)vt (t, x)dx = 0.
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Since ∣∣∣∣ d

dt
f
(
‖∇u (t)‖L2(Rn)

)∣∣∣∣ =

∣∣∣∣∣∣
f ′

(
‖∇u (t)‖L2(Rn)

)
‖∇u (t)‖L2(Rn)

〈∇u (t) ,∇ut (t)〉L2(Rn)

∣∣∣∣∣∣
≤

∣∣∣f ′ (‖∇u (t)‖L2(Rn)

)∣∣∣ ‖∇ut (t)‖L2(Rn) , a.e. in (0,∞) ,

considering (1.3) and (1.7) in (3.2), we obtain

d

dt

(
E(v(t)) +

1

2
f
(
‖∇u (t)‖L2(Rn)

)
‖∇v (t)‖2L2(Rn)

)
+ α0 ‖vt (t)‖2L2(Rn)

≤ c1

(
‖∇ut (t)‖L2(Rn) ‖∇v (t)‖2L2(Rn)

+ ‖∇v (t)‖L2(Rn)

∫
Rn

Δu(t + τ, x)vt (t, x) dx

⎞
⎠

≤ c2

(
‖∇ut (t)‖L2(Rn) ‖v (t)‖H2(Rn) ‖v (t)‖L2(Rn)

+ ‖v (t)‖ 1
2

H2(Rn) ‖v (t)‖ 1
2

L2(Rn) ‖vt (t)‖L2(Rn)

)
.

Since, by (1.7),

‖v (t)‖L2(Rn) =

∥∥∥∥u (t + τ, x)− u (t, x)

τ

∥∥∥∥
L2(Rn)

≤ sup
0≤t<∞

‖ut (t)‖L2(Rn) < Ĉ,

by the previous inequality, we get

d

dt

(
E(v(t)) +

1

2
f
(
‖∇u (t)‖L2(Rn)

)
‖∇v (t)‖2L2(Rn)

)
+ α0 ‖vt (t)‖2L2(Rn)

≤ c3

(
‖∇ut (t)‖L2(Rn) ‖v (t)‖H2(Rn)

(3.3) + ‖v (t)‖ 1
2

H2(Rn) ‖vt (t)‖L2(Rn)

)
.

Multiplying (3.1) by εv and integrating over R
n, we find

ε
d

dt

⎛
⎝〈∇v (t) ,∇vt (t)〉L2(Rn) +

1

2

∫
Rn

α (x) v (t, x)
2
dx

⎞
⎠

+ε ‖Δv (t)‖2L2(Rn) + ελ ‖v (t)‖2L2(Rn)

(3.4) ≤ ε ‖vt (t)‖2L2(Rn) + εc4 ‖v (t)‖H1(Rn) .

Considering (3.3) and (3.4), for sufficiently small ε > 0 and applying Young in-
equality, we obtain

(3.5)
d

dt
Ψ(t) + c5E (v (t)) ≤ c6 + c6 ‖∇ut (t)‖2L2(Rn) ,

where c5 > 0 and

Ψ (t) := E (v (t)) +
1

2
f (‖∇u (t)‖) ‖∇v (t)‖2L2(Rn)

+ε 〈∇v (t) ,∇vt (t)〉L2(Rn) +
ε

2

∫
Rn

α (x) |v (t, x)|2 dx.
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Since ε > 0 is sufficiently small, there exist constants c > 0, c̃ > 0 such that

(3.6) cE (v (t)) ≤ Ψ(t) ≤ c̃E (v (t)) .

Then, by (3.5) and (3.6), we have

d

dt
Ψ(t) + c7Ψ(t) ≤ c6 + c6 ‖∇ut (t)‖2L2(Rn) ,

which yields

Ψ (t) ≤ c8 + e−c7tc8

∫ t

0

‖∇ut (s)‖2L2(Rn) ec7sds

≤ c8 + c8 sup
t∈[0,T ]

(
‖ut (t)‖L2(Rn) ‖ut (t)‖H2(Rn)

)
,

for every T ≥ 0. Taking into account (1.7) and (3.6) in the last inequality, we find

E (v (t)) ≤ c9 + c9 sup
t∈[0,T ]

‖ut (t)‖H2(Rn) , ∀t ∈ [0, T ],

for every T ≥ 0. Passing to limit as τ → 0 in the above inequality, from the
definition of v, we obtain

E (ut (t)) ≤ c9 + c9 sup
t∈[0,T ]

‖ut (t)‖H2(Rn) , ∀t ∈ [0, T ],

for every T ≥ 0. Thus, after taking supremum on [0, T ] and applying Young in-
equality, we have

E (ut (t)) ≤ c10, ∀t ≥ 0.

Taking into account this estimate in (1.1), we find that

‖u (t)‖H4(Rn) ≤ c11,

which, together with previous inequality, yields

‖(u (t) , ut (t))‖H4(Rn)×H2(Rn) ≤ C,

for some constant C > 0. �

Now we can show the regularity of the attractor.

Theorem 3.1. Under the assumptions of Theorem 1.1, the global attractor A
for the problem (1.1)-(1.2) is bounded in H4 (Rn) ×H2 (Rn).

Proof. Let θ ∈ A. By the invariance of A, it follows that (see [24, p. 159])
there exists an invariant trajectory γ = {U (t) = (u (t) , ut (t)) : t ∈ R} ⊂ A such
that U (0) = θ. By an invariant trajectory we mean a curve γ = {U (t) : t ∈ R}
such that S (t) U (τ ) = U (t + τ ) for all t ≥ 0 and τ ∈ R (see [24, p. 157])

In the case when h ≡ 0 in equation (1.1), by (1.4), it follows that the stationary
point set N = {(0, 0)} . By Theorem 1.1 and the definition of unstable manifold,
we have

(3.7) lim
t→−∞

inf
w∈N

‖U (t)− w‖H2(Rn)×L2(Rn) = 0.

Then, from the monotonicity of the Lyapunov function Φ (·), we have A = {(0, 0)}.
So, we will consider the case h �= 0. In this case, it is clear that N does not

contain (0, 0). Since N is compact (because it is a closed subset of A), we obtain

min
(ϕ,0)∈N

‖∇ϕ‖L2(Rn) ≥ c0,
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for some c0 > 0. This inequality, together with (3.7), yields that there exists
t0 ∈ (−∞, 0) such that

(3.8) ‖∇u (t)‖L2(Rn) ≥
c0

2
, ∀t ≤ t0.

Now, again defining

v (t, x) :=
u (t + τ, x)− u (t, x)

τ
,

we have equation (3.1). Multiplying (3.1) by vt and integrating over R
n, by using

(3.8), we get

d

dt

(
E(v (t)) +

1

2
f (‖∇u (t)‖) ‖∇v (t)‖2L2(Rn)

)
+ α0 ‖vt (t)‖2L2(Rn)

≤ f ′ (‖∇u (t)‖)
‖∇u (t)‖ ‖Δu (t)‖ ‖ut (t)‖ ‖∇v (t)‖2L2(Rn)

+ĉ1 ‖∇v (t)‖L2(Rn)

∫
Rn

Δu(t + τ, x)vt (t, x) dx

≤ ĉ2 ‖∇v (t)‖2L2(Rn) + ĉ2 ‖∇v (t)‖L2(Rn) ‖vt (t)‖L2(Rn)

(3.9) ≤ ĉ3 ‖v (t)‖H2(Rn) + ĉ3 ‖v (t)‖ 1
2

H2(Rn) ‖vt (t)‖L2(Rn) .

By using (3.4), (3.6) and (3.9), we find

d

dt
Ψ(t) + ĉ4Ψ(t) ≤ ĉ5, ∀t ≤ t0,

which yields

Ψ (t) ≤ ĉ6 + ebc4(s−t)Ψ(s) , s ≤ t ≤ t0,

where ĉ4 > 0. Then, passing to limit as s → −∞ and taking into account that
∪t∈RU (t) ⊂ A, we have

Ψ (t) ≤ ĉ6,

which, by (3.6), gives

E (v (t)) ≤ ĉ7.

Now, passing to limit as τ → 0 in the last inequality, we obtain

(3.10) E (ut (t)) ≤ ĉ7, ∀t ≤ t0.

Considering (3.10) in (1.1), we find

‖u (t)‖H4(Rn) ≤ ĉ8, ∀t ≤ t0,

which, together with (3.10), yields

‖(u (t) , ut (t))‖H4(Rn)×H2(Rn) ≤ ĉ9, ∀t ≤ t0.

Thus, applying Lemma 3.1 to the set B = {(u (t) , ut (t)) : t ∈ (−∞, t0]}, we obtain

‖θ‖H4(Rn)×H2(Rn) ≤ C,

where C > 0 is a constant independent of θ. �
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4. Finite dimensionality of the global attractor

In this section, we will use the idea of the [14] to obtain the finite dimensionality.
Let us start with the following lemma.

Lemma 4.1. Assume that the conditions (1.3) and (1.4) hold and

u ∈W 1,∞
(
0,∞; H2 (Rn)

)
such that

(4.1) ‖u‖W1,∞(0,∞;H2(Rn)) +

∫ ∞

0

‖ut(t)‖2L2(Rn) dt < c,

for some constant c > 0. Also, let {T (t, τ )}t≥τ be the process generated by the
problem

(4.2)

⎧⎪⎨
⎪⎩

vtt + Δ2v + α(x)vt + λv

− f
(
‖∇u (t)‖L2(Rn)

)
Δv = 0, t ≥ τ ,

v (τ ) = v0, vt (τ ) = v1, τ ≥ 0

in H2 (Rn) × L2 (Rn). Then there exist M = M (c) > 1 and ω = ω (c) > 0 such
that

‖T (t, τ )‖L(H2(1+i)(Rn)×H2i(Rn)) ≤ Me−ω(t−τ), ∀t ≥ τ ,

where i = 0, 1 and L (X) is the space of linear bounded operators in X.

Proof. By using the multiplier (vt +εv) as in Lemma 3.1, for sufficiently small
ε > 0 and applying Young inequality, we get

d

dt
Ψ(t) + γE (v (t)) ≤ c1 ‖∇ut (t)‖L2(Rn) ‖∇v (t)‖2L2(Rn) ,

for some γ > 0. Then, by using interpolation, (3.6) and (4.1), we find

d

dt
Ψ(t) + γΨ(v (t)) ≤ c2 ‖ut (t)‖ 1

2

L2(Rn)
Ψ(t) .

Hence, by Gronwall inequality and (3.6), we have,

(4.3) E (t) ≤ c3E (τ ) e
c2

tR
τ

‖ut(σ)‖
1
2
L2(Rn)

dσ−γ(t−τ)
.

Since, by Holder inequality and (4.1),

t∫
τ

‖ut (σ)‖ 1
2

L2(Rn) dσ ≤ c4 (t− τ )
3
4 ,

from (4.3) it follows that

(4.4) ‖T (t, τ )‖L(H2(Rn)×L2(Rn)) ≤ M1e
−ω(t−τ), ∀t ≥ τ,

for some M1 > 1 and ω > 0.

Now, let us define w := vt. Then w is the solution of the following equation

wtt(t, x) + Δ2w(t, x) + α(x)wt(t, x)

+λw(t, x)− f
(
‖∇u (t)‖L2(Rn)

)
Δw (t, x)

−
f ′

(
‖∇u (t)‖L2(Rn)

)
‖∇u (t)‖L2(Rn)

〈∇ut (t) ,∇u (t)〉L2(Rn) Δv (t, x) = 0, t ≥ τ , x ∈ R
n,
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and by the variation of parameters formula, we have

W (t) = T (t, τ )W (τ ) +

t∫
τ

T (t, s)G (s) ds,

where W (t) := (w (t) , wt (t)) and

G (t) :=

(
0,

f ′(‖∇u(t)‖
L2(Rn))

‖∇u(t)‖L2(Rn)
〈∇ut (t) ,∇u (t)〉L2(Rn) Δv (t)

)
. Therefore, by using

(4.4), we find

‖W (t)‖H2(Rn)×L2(Rn) ≤ ‖T (t, τ )W (τ )‖H2(Rn)×L2(Rn)

+

t∫
τ

‖T (t, s)G (s)‖H2(Rn)×L2(Rn) ds

≤M1e
−ω(t−τ) ‖W (τ )‖H2(Rn)×L2(Rn) + c5

t∫
τ

e−ω(t−s) ‖G (s)‖H2(Rn)×L2(Rn) ds

≤ M1e
−ω(t−τ) ‖W (τ )‖H2(Rn)×L2(Rn) + c6

t∫
τ

e−ω(t−s) ‖v (s)‖H2(Rn) ds

≤ M1e
−ω(t−τ) ‖W (τ )‖H2(Rn)×L2(Rn)

+c7

t∫
τ

e−ω(t−s)e−ω(s−τ) ‖(v (τ ) , vt (τ ))‖H2(Rn)×L2(Rn) ds

≤ c8e
−ω(t−τ)

(
‖W (τ )‖H2(Rn)×L2(Rn) + ‖(v (τ ) , vt (τ ))‖H2(Rn)×L2(Rn)

)
, ∀t ≥ τ.

Thus, the last inequality, together with (4.2)1, gives

‖T (t, τ )‖L(H4(Rn)×H2(Rn)) ≤ M2e
−ω(t−τ), ∀t ≥ τ,

for some M2 > 1. �

Now, we can give the theorem about the finite dimensionality of the global
attractor.

Theorem 4.1. The fractal dimension of the global attractor A is finite.

Proof. Let θ1, θ2 ∈ A and (u (t) , ut (t)) = S (t) θ1, (v (t) , vt (t)) = S (t) θ2.
Define w (t) := v (t) − u (t). Then, we find

wtt(t, x) + Δ2w(t, x) + α(x)wt(t, x)

+λw(t, x)− f
(
‖∇u (t)‖L2(Rn)

)
Δw (t, x)

(4.5) −
(
f
(
‖∇v (t)‖L2(Rn)

)
− f

(
‖∇u (t)‖L2(Rn)

))
Δv (t, x) = 0.

Hence, by the variation of parameters formula, we have

(w (t) , wt (t)) = T (t, 0) (w (0) , wt (0)) +

t∫
0

T (t, τ ) Ĝ (τ ) dτ,
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where Ĝ (t) =
(
0,

(
f
(
‖∇v (t)‖L2(Rn)

)
− f

(
‖∇u (t)‖L2(Rn)

))
Δv (t)

)
. By Lem-

ma 4.1, we get

‖S (t) θ2 − S (t) θ1‖H4(Rn)×H2(Rn)

≤ Me−ωt ‖θ2 − θ1‖H4(Rn)×H2(Rn)

(4.6) +c̃1

t∫
0

e−ω(t−τ) ‖S (τ ) θ2 − S (τ ) θ1‖H2(Rn)×L2(Rn) dτ.

Applying Gronwall lemma to (4.6), we obtain

‖S (t) θ2 − S (t) θ1‖H4(Rn)×H2(Rn)

(4.7) ≤ Me(ec2−ω)t ‖θ2 − θ1‖H4(Rn)×H2(Rn) , ∀t ≥ 0.

Also, by (4.6), we have

‖S (t) θ2 − S (t) θ1‖H4(Rn)×H2(Rn)

≤ Me−ωt ‖θ2 − θ1‖H4(Rn)×H2(Rn)

+
c̃1

ω
sup

0≤τ≤t

‖S (τ ) θ2 − S (τ ) θ1‖H2(B(0,r))×L2(B(0,r)) + c̃1

t∫
0

e−ω(t−τ)×

(4.8) ‖S (τ ) θ2 − S (τ ) θ1‖H2(Rn\B(0,r))×L2(Rn\B(0,r)) dτ , ∀t ≥ 0, ∀r > 0,

where B (0, r) = {x : x ∈ R
n, |x| < r}.

Now, we will estimate the integral term on the right hand side of (4.8). Let

η ∈ C∞ (Rn), 0 ≤ η (x) ≤ 1, η (x) =

{
0, |x| ≤ 1
1, |x| ≥ 2

and ηr (x) = η
(

x
r

)
. Multiplying

(4.5) by ηr and denoting wr (t) = ηrw (t), we get

wrtt(t, x) + Δ2wr(t, x) + α(x)wrt(t, x)

+λwr(t, x)− f
(
‖∇u (t)‖L2(Rn)

)
Δwr (t, x)

−ηr

(
f
(
‖∇v (t)‖L2(Rn)

)
− f

(
‖∇u (t)‖L2(Rn)

))
Δv (t, x) = f1 (t) ,

where

f1 (t) = Δ2ηrw + 2ΔηrΔw + 2

n∑
i=1

(Δηr)xi
wxi

+2

n∑
i=1

(ηr)xi
Δwxi

+ 4

n∑
i,j=1

(ηr)xixj
wxixj

−Δηrf
(
‖∇u (t)‖L2(Rn)

)
w − 2f

(
‖∇u (t)‖L2(Rn)

) n∑
i=1

(ηr)xi
wxi

.

Then, by the variation of parameters formula, we have

(4.9) (wr (t) , wrt (t)) = T (t, 0) (wr (0) , wrt (0)) +

t∫
0

T (t, τ )Gr (τ ) dτ ,
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where

Gr (t) :=
(
0, ηr

(
f
(
‖∇v (t)‖L2(Rn)

)
− f

(
‖∇u (t)‖L2(Rn)

))
Δv (t) + f1 (t)

)
.

Hence, applying Lemma 4.1 to (4.9) and taking into account (4.7), we obtain

‖(wr (t) , wrt (t))‖H2(Rn)×L2(Rn) ≤ Me−ωt ‖θ2 − θ1‖H2(Rn)×L2(Rn)

+c̃3e
−ωt

t∫
0

eωτ ‖Δv(τ )‖L2(Rn\B(0,r)) ‖w (τ )‖H1(Rn) dτ

+
c̃3

r
e−ωt

t∫
0

eωτ ‖w (τ )‖H4(Rn) dτ

≤ c̃4

(
e−ωt + Πre

(ec1−ω)t
)
‖θ2 − θ1‖H2(Rn)×L2(Rn) , ∀t ≥ 0 and ∀r ≥ 1,

where

Πr := sup
t≥0

‖Δv(t)‖L2(Rn\B(0,r)) +
1

r
.

Then, the last inequality, together with (4.7), gives

t∫
0

e−ω(t−τ) ‖S (τ ) θ2 − S (τ ) θ1‖H2(Rn\B(0,r))×L2(Rn\B(0,r)) dτ

≤ c̃5

(
e−ωt + Πre

(ec2−ω)t
)
×

(4.10) t ‖θ2 − θ1‖H2(Rn)×L2(Rn) , ∀t ≥ 0 and ∀r ≥ 1.

So, by (4.8) and (4.10), we have

‖S (t) θ2 − S (t) θ1‖H4(Rn)×H2(Rn)

≤ c̃6

(
e−ωt + e−ωtt + Πre

(ec2−ω)tt
)
‖θ2 − θ1‖H4(Rn)×H2(Rn)

(4.11) +c̃6 sup
0≤τ≤t

‖S (τ ) θ2 − S (τ ) θ1‖H2(B(0,r))×L2(B(0,r)) , ∀t ≥ 0, ∀r ≥ 1.

From the compactness of A, it follows that Πr → 0, uniformly with respect to the
trajectories from A , as r → ∞. Thus, applying [20, Theorem 7.9.6], by (4.7) and
(4.11), we obtain the finite dimensionality of A. �

References

[1] T. Cazenave, A. Haraux, An introduction to semilinear evolution equations, Oxford University

Press, New York,1998.
[2] F. Bucci, I. Chueshov, Long-time dynamics of a coupled system of nonlinear wave and ther-

moelastic plate equations, Discrete Contin. Dyn. Syst. 22 (2008) 557–586.
[3] L. Yang, Uniform attractor for non-autonomous plate equation with a localized damping and

a critical nonlinearity, J. Math. Anal. Appl., 338 (2008) 1243–1254.
[4] S. Kolbasin, Attractors for Kirchoff’s equation with a nonlinear damping coefficient, Nonlin-

ear Analysis, 71 (2009) 2361–2371.
[5] A.Kh. Khanmamedov, Finite dimensionality of the global attractors for von Karman equa-

tions with nonlinear interior dissipation, Nonlinear Analysis, 66 (2007) 204–213.
[6] T.F. Ma, V. Narciso, Global attractor for a model of extensible beam with nonlinear damping

and source terms, Nonlinear Analysis, 73 (2010) 3402–3412.



GLOBAL ATTRACTORS FOR THE PLATE EQUATION 279

[7] M. Potomkin, On transmission problem for Berger plates on an elastic base, Journal of
Mathematical Physics, Analysis, Geometry, 7 (2011) 96–102.

[8] M. Potomkin, A nonlinear transmission problem for acompound plate with thermoelastic part,
Math. Methods Appl. Sci., 35 (2012) 530–546.

[9] I. Chueshov, S. Kolbasin, Long-time dynamics in plate models with strong nonlinear damping,
Commun. Pure Appl. Anal., 11 (2012) 659–674.

[10] T.F. Ma, V. Narciso, M.L. Pelicer, Long-time behavior of a model of extensible beams with

nonlinear boundary dissipations, J. Math. Anal. Appl., 396 (2012) 694–703.

[11] M. A. Jorge Silva, V. Narciso, Long-time behavior for a plate equation with nonlocal weak

damping, Differential and Integral Equations, 27 (2014) 931–948.

[12] M. Efendiev, S. Zelik, The attractor for a nonlinear reaction-diffusion system in an unbounded

domain, Comm. Pure Appl. Math., 54 (2001) 625–688.

[13] A.Kh. Khanmamedov, Existence of a global attractor for the plate equation with a critical

exponent in an unbounded domain, Applied Mathematics Letters, 18 (2005) 827–832.

[14] A.Kh. Khanmamedov, Global attractors for the plate equation with a localized damping and

a critical exponent in an unbounded domain, J.Differential Equations, 225 (2006) 528–548.

[15] G. Yue, C. Zhong, Global attractors for plate equations with critical exponent in locally uni-

form spaces, Nonlinear Analysis, 71 (2009) 4105–4114.

[16] A.Kh. Khanmamedov, A global attractors for plate equation with displacement-dependent

damping, Nonlinear Analysis, 74 (2011) 1607–1615.

[17] H.M. Berger, A new approach to the analysis of large deflections of plates, J. Appl. Mech.,
22 (1955) 465–472.

[18] J. Ball, Global attractors for semilinear wave equations, Discr. Cont. Dyn. Sys., 10 (2004)
31–52.

[19] A.Kh. Khanmamedov, Global attractors for von Karman equations with nonlinear interior

dissipation, J. Math. Anal. Appl., 318 (2006) 92–101.

[20] I. Chueshov, I. Lasiecka, Von Karman Evolution Equations: Well-posedness and long-time

dynamics, Springer, Berlin, 2010.

[21] P.G. Geredeli, J.T. Webster, Erratum to: Decay rates to equilibrium for nonlinear plate

equations with degenerated geometrically-constrained damping, Appl. Math. Opt., 70 (2014)

565–566.
[22] H.L. Royden, Real Analysis, Macmillan, New York, 1968.

[23] A.Kh. Khanmamedov, Global attractors for 2-D wave equations with displacement dependent

damping, Math. Methods Appl. Sci., 33 (2010) 177–187.

[24] A.V. Babin, M.I. Vishik, Attractors for evolution equations, North-Holland, Amsterdam,
1992.

Department of Mathematics,Faculty of Science, Hacettepe University,
Beytepe 06800, Ankara, Turkey

E-mail address : zarat@hacettepe.edu.tr

Department of Mathematics,Faculty of Science, Hacettepe University,
Beytepe 06800, Ankara, Turkey

E-mail address : azer@hacettepe.edu.tr

Department of Mathematics,Faculty of Science, Hacettepe University,
Beytepe 06800, Ankara, Turkey

E-mail address : semasimsek@hacettepe.edu.tr



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


