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Global attractors for the plate equation with nonlocal
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ABSTRACT. We consider the initial value problem for the semilinear plate equa-
tion with nonlocal nonlinearity. We prove the existence of global attractor and
then establish the regularity and finite dimensionality of this attractor.
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1. Introduction

The main aim of this paper is to study the long time dynamics (in terms of
attractors) of the plate equation

gy + A%u+ a(z)ug + M

(1.1) —fUIVu @Ol L2 @ny)Au = h(z), (t,2) € (0,00) xR,
with initial data
(1.2) w(0,2) = uo(z), u(0,2) =us(x), =eR",

U1
where A > 0, h € L? (R") and the functions « (-), f(-) satisfy the following condi-
tions:

(1.3) a € L®[R"), af)>ap>0 ae inR",
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(1.4) feC*RY), f(z)>0,forall z€R".

Denoting A (w1, wa) = (w2, —A%w; —Aw; —a(-)ws), D(A) = H* (R")x H? (R")
and ®(wy,wz) = (0, f (||Vw1|\L2(Rn)) Aw; + h), we can reduce (1.1)-(1.2) to the
problem
(15) { 515 (u ut) A(ua ut) + (I)(ua ut)a

(u(0),u¢(0)) = (uo, u1)

in H? (R") x L? (R"). Defining suitable equivalent norm in H? (R™) x L? (R"), it is
easy to verify that A is maximal dissipative operator in H? (R™) x L? (R™) and conse-
quently it generates a linear continuous semigroup {e‘4} >0 i H 4(R") x H? (R")
and H? (R™) x L?(R"). Since, by (1.4), the nonlinear operator ® : H? (R™) x
L? (R™) — H? (R™)x L? (R") is Lipschitz continuous on bounded subsets of H? (R™) x
L? (R™), by the semigroup theory (see, for example [1, p. 56-58]), for every (uq, u1) €
H? (R™) x L? (R™), the problem (1.5) has a unique local weak solution (u,u;) €
C ([0, Thnax); H? (R™) x L? (R™)). Moreover, if (ug,u;) € H* (R") x H? (R"), then
(u,uy) is a strong solution of (1.5), and consequently of (1.1)-(1.2), from the class
C ([0, Timax); H* (R™) x H? (R™)).

Let u € C ([0, Thax); H4 (R™)NC* ([0, Timax); H? (R™)) be local strong solution
of (1.1)-(1.2). Multiplying (1.1) by u; and integrating over (s, t) x R™, we get

B @ (®)+ 5F (IV0 0 e

/( txd:c—!—// ) ug (7, 2)|? dedr

s R~

= B (u () + 3F (190 ()] 2aque)

(1.6) —/h(x)u(s,x)d:c, t>s>0,

Rn

where F (2) = [ f(y/s)ds for all z € RT and
0

E(u(t)) = % /(|ut (t, x)|2 + |Au (¢, x)|2 + Mu (¢, x)|2)dsc.
RTL

Taking into account (1.3) and (1.4) in (1.6), we obtain

[[Cu () 5 we ()| r2 ey 22 (e

(1.7) < ¢ (0wl gs gy ey )+ £ 0,

where ¢ : Rt — R is a nondecreasing function. The last inequality yields that the
local solution u can be extended to [0, c0).
Now, let v) € C ([0, 00); H*(R™))NC* ([0, 00); H? (R™)) be strong solutions of

.1)-(1.2) with initial data (vy”, v € X , 1 =1,2. Putting v
1.1)-(1.2) with initial d W o) e H* (R") x H? (R™ 1,2. Putting v
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and v instead of w in (1.1), subtracting the equations, multiplying the obtained
equation by (v; — w;) and integrating over (0,t) x R™, we find

o) —o@ ) o [o ) - P )

H?(R™) L2(R™)

<ET.7) ( o = of?)

where ¢: Ry x Ry — R4 is a nondecreasing function with respect to each variable

~_ (1) (1) 2) (2 :
andr—max{ (vg ' v17) H2(Rn)xL2(Rn)’H(UO , Uy )HH2(Rn)xL2(Rn)}'The last in-

equality, together with (1.7), implies that the problem (1.1)-(1.2) generates a bounded
strongly continuous semigroup {S (t)},~, in H? (R") x L? (R™) by the formula
(u (1) e (£)) = S (2) (g, ur):

The problem of investigating the asymptotic behavior of evolution equations
modeling many physical phenomena has been attracting more attention over the
last few decades. It is well known that the asymptotic behavior of these equations
can be described by means of the attractors. The attractors for plate equations
has been one of the intensively studied topics in recent years. We refer to [2-11]
for attractors of plate equations with local and nonlocal nonlinearities in bounded
domains. In the case of unbounded domains, there are obstacles in applying the
methods given for bounded domains due to the lack of Sobolev compact embedding
theorems. To overcome these obstacles one needs uniform tail estimates. One of the
ways to obtain the tail estimate is to use weight functions as it was done in [12] for
the reaction diffusion equation. However, the specificity of the plate equation does
not allow to apply the method introduced in [12]. So as to handle the obstacles
caused by the lack of Sobolev compact embedding theorem, the authors of [13-16]
established the tail estimates in the time average form for the plate equations with
local nonlinearities and then used the energy method.

The situation becomes more difficult when the domain is unbounded and the
equation includes nonlocal nonlinearity, for example f(||Vu ()| 12 gn))Au(t) as in

vgl) _ v§2)’

) , Vt €1]0,T],

H2(R) L2(R")

the case of equation (1.1). When f(s) = s?, this nonlocal term becomes famous
Berger nonlinearity (see [17]). In the unbounded domain case, the operator F(u) :=
f(IVullp2(gny)Au which is determined by the nonlocal term mentioned above, be-
sides being not compact, is not also weakly continuous from H? (R") to L? (R™).
So, in order to establish the asymptotic compactness which is necessary for the
existence of the global attractor, we are not able to apply either the standard split-
ting method or the energy method devised in [18]. To overcome this difficulty, we
apply compensated compactness method introduced in [19] and prove the asymp-
totic compactness (see Lemma 2.2) which, together with the presence of the strict
Lyapunov function, leads to the existence of a global attractor. Then, by using the
invariance of the global attractor and the structural property of the set of stationary
points, we establish the regularity (see Theorem 3.1) and consequently, the finite
dimensionality (see Theorem 4.1) of the global attractor.
Our main result is as follows:

THEOREM 1.1. Under conditions (1.3) and (1.4) the semigroup {S (t)},~, gen-
erated by the problem (1.1)-(1.2) possesses a global attractor A in H? (R™)x L? (R™)
and A= M"“(N). Here M“(N) is unstable manifold emanating from the set of
stationary points N (for definition, see [20, p. 359]). Moreover, the global attractor



264 ZEHRA ARAT, AZER KHANMAMEDOV, AND SEMA SIMSEK

A is bounded in H* (R™) x H? (R") and it has finite fractal dimension.

REMARK 1.1. We note that by using the method of this paper, one can prove
the existence, regularity and finite dimensionality of the global attractor for the
initial boundary value problem

g + A%u + a(x)ug + Au

- f(HVU( Mrz)Au=h(z), (&) € (0,00) xQ,

u(t,z) = 2 sou(t,x) =0, (t,x) € (0,00) x 09,

wl0,7) = o), 1w (0,2) = ur(2), req,
where 2 C R™ is an unbounded domain with smooth boundary, v is outer unit
normal vector, A > 0, h € L? (Q), the function f(-) satisfies the condition (1.4) and
the damping coefficient «(-) satisfies the following conditions

ae L), al)>a>0, ae inQ.

(1.8)

REMARK 1.2. We also note that we critically use the strict positivity of «f(-)
(see (1.3)) in the proof of asymptotic compactness of the semigroup {5 (t)},~, (see
Lemma 2.2). In the case when the function a(-) is not strictly positive, for example
if «(+) vanishes in a set of positive measure, our method is not applicable. Another
obstacle in this case is related to unique continuation of solutions which is important
for the construction of a strict Lyapunov function. To the best of our knowledge, the
unique continuation of solutions for the equations (1.1) and (1.8)1-(1.8)2, especially
in the case when the force term h(-) vanishing in the damping region, is also an open
question (see also [21]). Thus, in the case when «(-) vanishes in a set of positive
measure, the questions about long time dynamics of (1.1)-(1.2) and (1.8), in terms
of attractors, are completely open.

2. Existence of the global attractor

In this section, we will show the existence of the global attractor. To this end,
we first prove the following lemma.

LEMMA 2.1. Let the conditions (1.3) and (1.4) hold. Also, assume that the
sequence {vy, }oo_; is bounded in L* (0,7 H?(R"™)) N W1 (0,T; L*(R")) and
the sequence {HVUm ()] 2 (R")} is convergent, for all ¢t € [0, T]. Then, for all

m=1
v > 0, there exists some c, > 0 such that

/ [ 7 (2 (190m 0V 200) Avmrs) = 7 (1900 (72 ay) A 2))
0 R»
(Ve (1,2) — v (7, 2)) dedT
< ”y/TE (U () — v (7)) dT + ¢4 / E (v (1) — v (7)) dT
0

0
t

+Cv/TE (vm (1) = 00 (7)) [ome (P 2 geny d7 + K™ (2),
0
for all t € [0, T], where K™! € C[0,7] and limsup hmsup HK

m—o0

ZHC[O,T] =0.
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ProoOF. Firstly, we have

/ [ (7 (190m 0Vl 200) Avmria) = £ (190 (7 2ay ) Aui(r2)
o (Ve (1, 2) — v (7, 2)) dedT
- / 7 (190 () 2y ) e (190 () = Veu() e )
oy LK™ (1),

where

Ky / [ (2 (190m @) = £ (190 Ol ) %

0 Rn
Avy (7, 2) (Ve (1, 2) — vy (7, 7)) dadr.
By the conditions of the lemma, we obtain

(2.2) limsup limsup HKm)lHC[O = 0.
m— o0 l—o0 ’

Now, let us estimate the first term on the right side of (2.1). For any £ > 0, by
integration by parts, we have
t

[ 77 (190m ) 72 (190m(0) = T ) d
0

= [ (7 (190m Oy = 7€) 5 (1900 () = V() ) d

d
+H(E) / = (IV0m() = V() ey ) dr
= [ (s (1ven <:>||L2<Rn>) 7 @) 2 (IVom () = Ver( 22 a)
AfL
+ /( | (£ (190m o)) = £ ©)) 2= (190m() = Va(Dlagany) dr
o +f () [[Vom(t) = Vo ()l 2 )
(2.3) ~f(e) / V0 (7) = Vo ()| 72 ny dr

A7) = {7 € 0,6): IVom(T)l oy <}
AL () = {7 € 0,6): IVom(T)l gy >}
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Let us estimate the term
d
/ (5 (IVom P2y ) = 7 @) = (190m(7) = Vor (1) 2a ey )
AR _(t)

It is enough to consider the case A% (t) is nonempty. Since, thanks to v, €
C([0,T); H' (R™)), the set A%’(t) is open, it can be shown that it is a countable

union of disjoint open intervals {(tk,?k}iil (see, for example [22, p. 39]). Then

[ 7 (£ (190m Ollaen) = £©) 52 (190m(7) = To(3eey) d
AR (1)

-y / 7 (190 Ol gagay) ~ £©)) 2 (190 (7) = Fou() By )

k=07,

If [[Vvm ()]l L2 (gny < € then by continuity of f, we have
7 (I90m @)l 2gam)) = F(€), k=12,

f (vam (ftvk)HLz(Rn)) = f(E), k= 1,2, cee .

Hence, by integration by parts, we obtain

[ 7 (£ (190m Olln) = £©) 32 (190m(7) = To( ) d
AR (1)

- Ztk (F (1570 @) o gsy) = £ ) 190 E8) = V01008 2 e

—Ztk (# (17 ()l 2y = £ ©)) 1190 (05) = ot e

5 / 7 (190m Dllgagary ) = £ ©)) 190 (7) = Tor() 3o g dr

k=1,

o 1 (190m ()l p2geny)

2/

p [Vm (T)ll L2 &n)

Um (T) 5 Ut (7')>L2(Rn) x

(Vo (1) — V’UZ(T)Hig(Rn) dr

=- / (7 (I90m P2y ) = £ ©)) IV0m(7) = Verlr) [z d
AR (1)

o R (|va<f>|Lz<Rn>)<

IVUm ()l L2 @)

U (T), Vme (T)) 2 (rny X

Az (1)

yE

(2.4) IVom(7) = Vou(r) |7 gny dr,
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where (-, )7 2(gn is an inner product in L* (R™). If |V, ()l L2(rny > € then the

maximal element of {fk k=12, } is equal to ¢t and consequently, we have

[ 7 (£ (190m Ollaen) = £©) 32 (190m(7) = To( ) d
AP _(t)

= Ztk (f ( ‘V'Um tk)HLz(Rn)) - f(E)) vam(f{k> V'Ul tk HL2(RTL)

—Ztk (£ (190m ) 2gn) = £ 1)) 1V0m (8 = Vot e

By / I90m (D)l gagaey) = £ €)) IVom() = T 22y dr

k=17,

Om (7)) Umt (T)) 2y X

5 / 7 (190m ()l 2qam)) <
.
=1;, Vv (7')||L2(Rn)

||va(7-) - V’UZ(T)Hiz(Rn) dr
=t (1 (IV0m Ol 2y ) = £ (©)) IVom(®) = Vor®) 32

= (F (190 Olleen) = £ ) 1V0m () = Verlr) [z gy dr
Az (1)

7 (190m (7))l 2qam))
< [ - I¥om Olry

U (T), Vme (T)) 2 (rny X

Az (8)

yE

(2.5) [Vom (1) — VUZ(T)Hi?(R") dr.
Hence, by using (1.4), (2.4) and (2.5) in (2.3), we find

t

d
- / 7f (V0 Dl 2y ) 2= (190 (1) = V(D)2 gy ) dr
<7E) [ 190m(7) = Tu(r) Fageny
12 / IV0m(r) = Vor(r)|2 gy d7

+2 max |f(s1)— f(s2)] /TE (v (1) — v (7)) dT

s1,82€[0,€]

¢
C;
+ ; TE (vm (1) = 01 (7)) [|vme (7)[| L2 ny A7
0
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e)+731) / Vv (T) — VUZ(T)Hi?(R") dr
t

+(2 max |f(51)—f(52)|+515>/TE(vm(T)—vl(T))dT

s1,82¢€[0,¢]
0

(2.6) —|—% /TE (U (T) — 0 (7)) | Vme (7’)”%2(Rn) dr, Vt €10,T].

Thus, setting v = 2 max |f(51) f(s2)| +¢cie and ¢y = max{f—;, f
S1,
by (2.1), (2.2) and (2. 6) we get the claim of the lemma.

E) —|—81},

d

Now, let us prove the asymptotic compactness of {S(t)} - in H* (R™)xL* (R™).

LEMMA 2.2. Assume that the conditions (1.3)-(1.4) hold and B is a bounded
subset of H? (R™) x L? (R™). Then for every sequence of the form {S(tx)or}re; s
where {¢x}re, C B, ty — oo, has a convergent subsequence in H? (R") x L? (R™).

PROOF. Since {¢y}r—; is bounded in H?(R™) x L? (R"), by (1.7) it follows

that the sequence {S (.)¢r}ro; is bounded in Cy (0, 00; H? (R") x L? (R™)),

where

Cy (0,00; H? (R™) x L? (R™)) is the space of continuously bounded functions from
[0,00) to H? (R™) x L?(R™). Then for any T > 0 there exists a subsequence

{km},o_, such that t;,, > T, and
2.7 Vo ()% 2mny — ¢ (t) weakly star in W1 (0, 00),
L2(Rm)

for some g € W1 (0, 00), where (v (1), vme (t)) = S(t + tr,, — T)ex
Taking into account (1.3) and (1.4) in (1.6), we find

(2.8) /vat(tmiz(m dt < e, VT >0.
0
By (1.1)1, we have

Vet (t, ) — v (8, ) + A2 (v (t, ) — v (¢, 2))
Fa(z) (Vmi(t, 2) — vi(t, 2)) + A (vm(t, 2) — it )

29) =1V ()l o) Avin (b, @) + F(I V00 O] 2y Ar(t, ) = 0.

Multiplying (2.9) by (v, — v;) and integrating over (0,7") x R™, we get

T
/ 1A (0 (8) = 00 (8) gy + A / om (6) — 0 ()2 dt
0 0
T
4 / FUT0m Ol o)) V0 (8) = T ()] gy
0

<crt e / [[vme () — Ult(ﬂ”iz(w) dt
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T
4 [ 1090m Ol = £UT0 Ol ey
0

IVui(t, )| L2 @y [[VOm (8) = Vor ()] 2 gy di-
Taking into account (1.4), (2.7) and (2.8) in the last inequality and passing to the
limit, we obtain

(2.10) lim sup 1imsup/E (U (t) — v () dt <cg, VT >0.

m— 00 l—o0
Multiplying (2.9) by ¢ (vt — vi), integrating over (0,7) x R™ and using inte-
gration by parts, by (1.3), we find

T
T E (vm (T) — v, (T)) + oo / tome (T) = v (T)[|72gen It
0
T
< | E(vm (t) —u (t) dt
/

/ [ (1090 Oll ) A0 (t.2) = ST (02 ) Ar,2)) %

0 R»
(Ve (t, ) — vy (¢, ) ddt,
which, together with Lemma 2.1, gives

T
T B (v (T) — 0 (T)) + a0 / ot (T) = v1e (D)2 o
0
T T
< [ E@n @)= o @) dt 4~ [ tE @m (t) — v (1)) de
/ /

T
+ey | E(vm (t) — v (8)) dt
/

T

(2.11) +ey /tE (vm (8) = v (1)) [[vme (D)2 zmy dE + E™H(T),

0
for every v > 0. Multiplying (2.9) by et (v,, — v;) and integrating over (0,7) x R™,
we get

T
E/tIIA(vm (t) — v (t))llizmn)dHE/\/tva (8) = v (D) T2y dt
0 0

T

< ecsTE (vm (T) — v (T)) + E/t [ome (8) = vie (D)1 72 gny dt
0



270 ZEHRA ARAT, AZER KHANMAMEDOV, AND SEMA SIMSEK

T
(2.12) tees / lom (8) = 01 (B gy e+ R (T)
0

where
t

B @)= [ (FUV0m (Ollagery = FUIV0 (i)
0
IVor ()| L2 @y [om (7) = v (7)[] L2 ey @7
and by (1.4) and (2.7), it is easy to see that
limsup lim sup le'm’l H =0.
m— o0 l— 00 C10,7]
Adding (2.11) to (2.12) and choosing v and ¢ small enough, we obtain
T
T E (v (T) —u (T)) < C4/tE (v () = v (1)) Jome (D) 72 geny dt
0

T
—|—C4/E(vm (t) — v (t)) dt + cq | K™H(T)| —|—C4’I~(m’l(T)’, vT > 0.
0

Now, denoting ym i(t) := tE (v, (t) —v; (t)) and applying Gronwall inequality, we
get,
Ym 1 (T)
T

<o /E(vm(t)_vl(t))dHHKm>lHC[07T]+Hz?m>lHC[07T] x
0

T
SN (12 2 g
e 3

which, together with (2.8), yields
T E (v (T) — v (T))

T
< /E(vm(t)—vl(t))dt+HKm’lHC[OyT]+HI~(’”’ZHC[07T] ,
0

for every T' > 0. Passing to the limit in the above inequality and taking into account
(2.10), we find

limsup limsup T E (v, (T) — v (T)) < cg, VT >0,

m— oo l—oo
which gives
. . cr
lim sup h?iigp 15tk ) Prm — S(k)Pri | g2 mr ) x L2 (R7) < Nial VT > 0.

Consequently, we have

liminf Iiminf [[S(tx)or — S(Em)om | g2 @nyx p2gn) = 0-

l—oo m—oo

Thus, by using the argument at the end of the proof of [23, Lemma 3.4], we complete
the proof of the lemma. O
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Since, by (1.3) and (1.6), problem (1.1)-(1.2) admidts a strict Lyapunov function
1
@ () = E@®) + 5F (IVa Ol aen) = [ h@)uto)ds

Rn

applying [20, Corollary 7.5.7], we have the following theorem.

THEOREM 2.1. Under conditions (1.3)-(1.6) the semigroup {S (t)},, generated
by the problem (1.1)-(1.2) possesses a global attractor A in H? (R™) x L? (R™) and
A=M"(N).

3. Regularity of the global attractor

To prove the regularity of the global attractor, we start with the following
lemma.

LEMMA 3.1. Assume that the conditions (1.3) and (1.4) hold and B is a bounded
subset in H* (R™) x H%(R™). Then there exists a constant C' > 0 such that

sup |5 (t) @Il ga gy x g2y < C,
peB
for all t > 0.
PROOF. Let (ug,u1) € B and (u(t),u; (t)) := S (t) (uo,u1). Then, as men-

tioned in Introduction,
u € C([0,00); H* (R™)) N C* ([0, 00); H* (R™)) N C? ([0, 00); L* (R™))
is the strong solution of (1.1). Defining

t —u(t
v(t,x)::u( +72) u(’x),7'>0,
T

by (1.1), we get
'Utt(ta 'r) + AQU(ta 'r) + OZ({E)’Ut(t, 'r)

+x0(t, ) = £ (I 0l p2geny ) Av t,2)
FUVu+ ) gagan) = F (192 Ol o))
X

T

(3.1) Au(t+7,2) =0, (t,z)€ (0,00)xR"

Multiplying (3.1) by v; and integrating over R™, we find
d
GO+ [a @) (o) do

R’n

(Va0 a) o (190 () )
- f

FUV+ ) gagam) = F (V2 Ol g2y
X

T

(3.2) Au(t + 7, z)v (¢, ) dz = 0.
/
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Since
7 (190 Ol e
Ve @)l 2@y

d
pred (HVU (t)HL?(R"))’ = Vu (t), Vug (1)) p2rny

<

7 (19 Ol gy ) | 190 )l 2oy » a6 in (0,0),
considering (1.3) and (1.7) in (3.2), we obtain

& (B0 + 57 (190 0am ) IV Ol ) + 0 Ol e

< e (Va0 Ollagary 10 Ol 2y
+[|Vv (t)HL?(R") / Au(t + 7, x)v; (¢, x) d:c)
Rn

< e (IVue Ol 2y 10 Oy 10 Bl 2y

1 1
+ (v (t)H;p(Rn) [[v (t)sz(Rn) [|ve (ﬂ”m(w)) .
Since, by (1.7),
u(t+7,2)—u(t,x)
T

< sup Hut(t)||L2(R")<6a

l[o (Ol L2 gny =
L2(R™) 0<t<oo

by the previous inequality, we get

d
T (E(U(t)) + %f (HVU (t)HL?(R")) [Vv (ﬂ”iz(u{n)) + ag [|ve (ﬂ”iz(u@n)

< ¢ (19 (Ol 2y 10 Ol g2

1
(3.3) 10 ey o () 2gan)) -

Multiplying (3.1) by ev and integrating over R", we find

e (700,90 @) oy + 5 [ @@ v 0o
A

e | AV (B)]122gny + M 10 (Ol 22

(3.4) < el ()72 @m) + a1 O g1 gy

Considering (3.3) and (3.4), for sufficiently small ¢ > 0 and applying Young in-
equality, we obtain

d
(3.5) 7Y O B () < oo+ e[V (Ol Z2@ny »

where ¢5 > 0 and

(1) = B 0) + 57 (VO V0 (1) 2y

+e (Vv (t), Vo (1)) pogny + % /a () v (t, z)| da.
RTL
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Since € > 0 is sufficiently small, there exist constants ¢ > 0, ¢ > 0 such that
(3.6) CE (v (1) < W (1) < B (v (1)).
Then, by (3.5) and (3.6), we have

d
TV (1) +er¥ (t) < co + o ||V O 2@n) »

which yields

t
U(t) <ecs+ 67C7t08/ |V, (5>Hi2(Rn) €“?ds
0

< cstes sup (lu Ol g e Ol agen))
t€[0,T]

for every T' > 0. Taking into account (1.7) and (3.6) in the last inequality, we find
E(v(t) <cotco sup |ug ()l gzny, VE€0,T],
t€[0,T]

for every T' > 0. Passing to limit as 7 — 0 in the above inequality, from the
definition of v, we obtain
E (ut (t)) < co+co sup |ug (8)| gaggny» V¢ € [0,T],
t€[0,T)

for every T > 0. Thus, after taking supremum on [0, 7] and applying Young in-
equality, we have
E(ut (t)) S C10, Vit Z 0.

Taking into account this estimate in (1.1), we find that

() sy < e,

which, together with previous inequality, yields

CIG R0 P ———e)

for some constant C' > 0. O
Now we can show the regularity of the attractor.

THEOREM 3.1. Under the assumptions of Theorem 1.1, the global attractor A
for the problem (1.1)-(1.2) is bounded in H* (R™) x H? (R™).

PROOF. Let 6 € A. By the invariance of A, it follows that (see [24, p. 159])
there exists an invariant trajectory v = {U (¢t) = (v (¢),us(¢)) : t € R} C A such
that U (0) = 6. By an invariant trajectory we mean a curve v = {U (¢) : t € R}
such that S(t)U (1) =U (t+7) for all t > 0 and 7 € R (see [24, p. 157])

In the case when h = 0 in equation (1.1), by (1.4), it follows that the stationary
point set ' = {(0,0)} . By Theorem 1.1 and the definition of unstable manifold,
we have
(3.7) tim_inf U () — wll sy ey = 0.

t——o0
Then, from the monotonicity of the Lyapunov function @ (-), we have A = {(0,0)}.
So, we will consider the case h # 0. In this case, it is clear that A does not
contain (0,0). Since N is compact (because it is a closed subset of A), we obtain

min ||V ny = CO,
(@,O)GNH ‘PHL2(R y = Co
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for some ¢gp > 0. This inequality, together with (3.7), yields that there exists
to € (—00,0) such that

C
(3.8) [Vu @)l 2 ey = 50, vt < to.

Now, again defining

ut+72)—u(tx)

v(t,x) =

3

we have equation (3.1). Multiplying (3.1) by v; and integrating over R™, by using
(3.8), we get

;%(E@ww»+§meu@mva@m;mﬂ)+aowk@m;mﬂ

< L AvVe @)

< iTa g 1A Ol e O IV 0] e

+e1 [V @)l 2 o) /Au(t + 7, 2)v (¢, x) dx
RTL

<@ |Vo ()l 72@n) + 2 V0 (Ol g2y Ive @)l] 2 n)

1
(3.9) < C v ()l gzny + 110 Ol Frz @y 100 Ol L2 () -
By using (3.4), (3.6) and (3.9), we find
d

7Y (t) +ca¥ (t) <e5, VYt <to,

which yields
U () <42 (s), s<t<to,

where ¢4 > 0. Then, passing to limit as s — —oo and taking into account that
UterU (t) C A, we have

U (t) < g,
which, by (3.6), gives
E (b)) <&
Now, passing to limit as 7 — 0 in the last inequality, we obtain
(3.10) E(us (t)) <c7, Vt<tp.
Considering (3.10) in (1.1), we find
llw ()| o ny <G5, VE < to,

which, together with (3.10), yields

1 (8) it () sy ooy < o VE < o
Thus, applying Lemma 3.1 to the set B = {(u (t),us (t)) : t € (—o0, to]}, we obtain

||9HH4(R")><H2(R") < Ca

where C' > 0 is a constant independent of 6. O
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4. Finite dimensionality of the global attractor

In this section, we will use the idea of the [14] to obtain the finite dimensionality.
Let us start with the following lemma.

LEMMA 4.1. Assume that the conditions (1.3) and (1.4) hold and
u e Wh™(0,00; H* (R"))
such that
(11) e eqay + (0 ey d < c

for some constant ¢ > 0. Also, let {T'(t,7)},, be the process generated by the
problem

v + A% + a(z)v + M

(4.2) — 1 (190 Ol goqan)) Ao =0, 27,
o(r) =vo, v (r)=vi, T>0

in H? (R™) x L? (R™). Then there exist M = M (¢) > 1 and w = w(c) > 0 such
that
7 (¢, 7')||L(H2(1+i)(Rn)XH2i(Rn)) <Me @t vt>r7,

where ¢ = 0,1 and L (X) is the space of linear bounded operators in X.

PROOF. By using the multiplier (v;+ev) as in Lemma 3.1, for sufficiently small
€ > 0 and applying Young inequality, we get

SO 475 ©00) < e 170 Oll ey 190 0 ga

for some v > 0. Then, by using interpolation, (3.6) and (4.1), we find
1
7Y O+ (v (1)) < callur (O f2gny ¥ (2)-
Hence, by Gronwall inequality and (3.6), we have,
t 1
c2 [llue(o)|| 2, ., do—vy(t—T

(4.3) E() < B (r)e! vz 17T
Since, by Holder inequality and (4.1),

Bl

/Hut HLQ(RH do <cy(t—1)7,

from (4.3) it follows that
(4.4) 1T (&, ) a2y 2oy < Mae ™7, ve>

for some M; > 1 and w > 0.
Now, let us define w := v;. Then w is the solution of the following equation

wie(t, ) + A%w(t, x) + alx)w(t, z)
aw(t,w) = f (IVu @)l o) ) Aw (¢ 2)

(17 Ol .
[Vu (Ol L2 @ny

Ut (t) ’ VU’ (t)>L2(Rn) A’U (ta 'r) = Oa t Z T, X € Rna
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and by the variation of parameters formula, we have
t

W(t):T(t,T)W(T)+/T(t,5)G(s)ds,

T

where W (t) := (w (t) ,w; () and

IV u(t L2(RP .
G(t) = (0, % (Ve (£), Vau (8)) gy Av (t)). Therefore, by using
(4.4), we find

W (t>||H2(R")><L2(R") <7 )W (T)||H2(R")><L2(R")

t
L AEACR IO P—r

t

< My W (7)) g2 ey e 2 ey +C5/67M(H) IG ()l 2 ey x L2 ey 45

T
t

< Mie W () 2 ey e 2 my + Cﬁ/eiwis) v ()l g2 ey s

T

< Mye @7 1144 (T)||H2(R")><L2(R")
t

ter / e~ (0 (), vp (7)) | g gy L2 ey 45

< cge (77 (HW (T g2y x 2 wny + 10 (7) 5 v (T))||H2(R")><L2(R")) V> T
Thus, the last inequality, together with (4.2);, gives
IT (& )| g by 2 gy < Mae™ 7 Vi > 7,
for some My > 1. O

Now, we can give the theorem about the finite dimensionality of the global
attractor.

THEOREM 4.1. The fractal dimension of the global attractor A is finite.

PROOF. Let 01, 02 € A and (u (t),u:(t)) = S(t) 61, (v (t),ve (t)) = S(t)ba.
Define w (t) := v (t) — u (t). Then, we find

wie(t, ) + A%w(t, x) + alx)w(t, z)

Fw(t,z) — f (||vu (t)||L2(Rn)) Aw (t, z)

(45) = (F(IV0 Ol a@n) = (IV8 Oll ey ) ) Ao (t,2) = 0.

Hence, by the variation of parameters formula, we have
t

(w(t),w: (t)) =T (t,0) (w(0),w: (0)) +/T(t, )G (1) dr,

0
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where G (t) = (0, (f (V0 ()l ) = f (IV0 @l 2qgn) ) ) Av (1)) By Lem-

ma 4.1, we get
S (t) 02 = S () O1 | gra (o) pr2 ()
< Mem |02 = 01| gra ey 12 )
t

(4.6) +51/6*“(t77) 15 (7) 02 = 5 (7) Orll > () x L2 () AT
0
Applying Gronwall lemma to (4.6), we obtain

[15(t) 02 = S (£) O1 || zra gy 112 ()

(4.7) < Ml |9, — Oull s (nyxmr2my s V82 0.
Also, by (4.6), we have
S (t) b2 = S () O1 | gra (moy < pr2 )

< Mem 102 — 01l ga emy 12 )

t
a ~ —w(t—T
—|—; 0271_1; |S ()02 — S (1) 91||H2(B(O,T))><L2(B(O,r)) +c / e @)
0
(4.8) 1S (1) 02 = S (7) 011l gr2 (e B(0,r)) x L2 (R"\ B(0,r)) 4T> VE =0, V7 >0,

where B (0,r) = {z:z € R",|z| < r}.
Now, we will estimate the integral term on the right hand side of (4.8). Let
o0 n — 0’ |x| S 1 — x M M
neC*®R"),0<n(z)<1,n(z)= { 1 e > 2 and 7, (z) = n (£). Multiplying
(4.5) by 7, and denoting w, (t) = n,w (t), we get

Wree(t, ) + A%w,(t, ) + a(z)we(t, x)
+wp(ty) = (190 (0] 2y ) Awr (1)

= (£ (190 Ol geny) = £ (IV2 @l ) ) Ao t,2) = £1 (1),

where

fL () = A%nw + 280 Aw + 2 (An,), w,

i

1=1
+2 Z (1), Awg, + 4 Z (1) g1, Waiar;
i=1 i,j=1
~Anef (196 Ol o) w = 2 (IV0 Ol 2y ) 3 0,

i=1
Then, by the variation of parameters formula, we have
t

(4.9) (wy (&) ,wpe () =T (t,0) (wr (0), wee (0)) +/T (t,7) G, (1)dT,

0
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where
G (8) = (0,me (1 (IV0 Ol g2y ) = (IV0 Ol 2y ) ) A0 (0) + f1 () -
Hence, applying Lemma 4.1 to (4.9) and taking into account (4.7), we obtain

([ (wy (t) , wye (t))||H2(R")><L2(R") < Me " |10 — 91||H2(R")XL2(R")

t

+f53€7m/€m ||AU(T)||L2(R"\B(O,T)) Hw(T)HHl(R") dr
0

t
53 —w wT
F2 et [ o () g d

0
< 54 (efwt + Hre(a*w)t) ||92 — 91||H2(R")><L2(R") R Vit > 0 and Vr > 1,

where 1
II, :=sup |Av(t n N
tzg [|Av( )||L2(R \B(0,r) T .

Then, the last inequality, together with (4.7), gives
t

/ TS (1) 02 = S (7) 01l 12 e (0, x L2\ B0.19) BT
0

<75 (67‘” + Hre(gr“’)t) X
(410) t ||92 — 91||H2(R")><L2(R") 5 Vt Z 0 and VT' Z 1.
So, by (4.8) and (4.10), we have
[15(t) 02 = S (£) O1 || gra (w112 (mem)
< 56 (efwt + efwtt + Hre('cusz)tt) ||92 — 01||H4(Rn)><H2(Rn)

(411) +56 Os<uli ||S (T) 92 — S(T) 01||H2(B(O,T))><L2(B(O,T)) y Vit Z 0, Vr Z 1.
<7<t

From the compactness of A, it follows that II, — 0, uniformly with respect to the
trajectories from A , as r — oco. Thus, applying [20, Theorem 7.9.6], by (4.7) and
(4.11), we obtain the finite dimensionality of A. O
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