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ABSTRACT. In this paper the long time behaviour of the solutions of the 3-D
strongly damped wave equation is studied. It is shown that the semigroup
generated by this equation possesses a global attractor in Hg () x L2(Q) and
then it is proved that this is also a global attractor in (H2(Q)NH () x HL ().

1. Introduction. We consider the following initial-boundary value problem for the
strongly damped wave equation:

wy — Awy + o(w)wy — Aw + f(w) = g(x) in (0,00) x Q, (1.1)
w=0 on (0,00) x 99, (1.2)
w(0,-) = wo , we(0,-) = wy in Q, (1.3)
where  C R? is a bounded domain with sufficiently smooth boundary and g €

La(9).
As shown in [6] and [13], equation (1.1) is related to the following reaction-
diffusion equation with memory:

we(t,x) = /K(t,s)Aw(s,x)ds — f(w(t, ) + g(x). (1.4)

Namely, if K(¢,s) = 1770‘6_? + 2a6(t — s) then (1.4) can be transformed into
Ay — adAwg + (1 4+ A f (w))wy — Aw + f(w) =g,
where A > 0, a € [0,1) and ¢ is a Dirac delta function. This equation is interesting
from a physical viewpoint as a model describing the flow of viscoelastic fluids (see
[6] and [13] for details).
When o(-) = 0 the equation (1.1) becomes
wy — Awg — Aw + f(w) = g. (1.5)

The long time behaviour (in terms of attractors) of solutions in this case has been
studied by many authors (see [2], [5], [7], [14], [15], [19], [22] and references therein).
In [14] the existence of a global attractor for (1.5) with critical source term (i.e. in
the case when the growth of f is of order 5) was proved. However, the regularity of
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the global attractor in that article was established only in the subcritical case. For
the critical case, the regularity of the global attractor of (1.5) was proved in [15],
under the assumptions
feCYR), |f(s) <c(l+]s|*), Vs € R and l‘irlninff’(s) >-\ (1.6
S|—00
or
feC*R), |f"(s) <c(1+|s*), Vs € R and 1‘ir|ninf—f(s) > =\, (1.7)
s|—oc0 S
where A; is a first eigenvalue of —A with zero Dirichlet data. In that article the
authors obtained a regular estimate for we; (when w(t, ) is a weak solution of (1.5))
and then proved the asymptotic regularity of the solution of the non-autonomous
equation
—Aw; — Aw + f(w) = g — wy.
In [5] and [19], the regularity of the global attractor of (1.5) was proved under the
following weaker condition on the source term:
feCR), |f(u)—f)] <cd+u)*+|v|*)|u—0v|, Yu,v € R and 1|iminf® > =1
s|—o0 S
In [8], the authors investigated the weak attractor for the quasi-linear strongly
damped equation

wy — Awy — Aw + f(w) =V - ¢’ (Vw) +g¢
under the following conditions on the nonlinear functions f and ¢:
feCYR), —C+ails|?<f'(s)<Cls|?, Vs €R,

3
_ 9%p(n _
peC.m), al et < Y. SENeg < anl+ bl el e
ij=1 "1
for some a; > 0, (i = 1,2,3), C > 0, ¢ > 0 and p € [1,5). When P _ 0,

On;i On;
(i,7 = 1,2,3), the strong attractor has also been studied. Recently, in [3], the
authors have studied the global attractor for the strongly damped abstract equation

wy + D(w, wy) + Aw + F(w) = 0.
However, the approaches of the articles mentioned above, in general, do not seem
to be applicable to (1.1). The difficulty is caused by the term o(w)w;, when the
function o(+) is not differentiable and the growth condition imposed on o(+) is crit-
ical. In this paper we prove the existence of the global attractors for (1.1)-(1.3)
in 3H&(Q) x Ly(Q) and (H*(Q) N Hy(Q)) x Hy(Q). Then using the embedding
H2>2(Q2) C C(Q) we show that these attractors coincide.

2. Well-posedness and the statement of the main result. We start with the
conditions on nonlinear terms f and o.

o fEO), If(s) = fO)l <ec(+s|"+]8]")[s — ], Vs,t € R, (2.1)
Vol
. liminfﬁ > —)\p, where \; = in ”(pgw , (2.2)
[s|>00 8 PEH(),97#0 H@”LZ(Q)
e 0 €C(R), o(s) >0, |o(s)| <c(1+]s*), VseR. (2.3)

By the standard Galerkin’s method it is easy to prove the following existence the-
orem:



GLOBAL ATTRACTORS 121

Theorem 2.1. Let conditions (2.1)-(2.3) hold. Then for every T > 0 and every
(wo, w1) € H := HY(Q) x La(R), the problem (1.1)-(1.3) admits a weak solution

w € C([0,T); Hy (), wy € C([0,T]; La(R2)) N Lo (0, T; Hy(Q)),

which satisfies the following energy equality
t

B(w(t) + [ 19wrr) o dr + [ (otur)n(r), (7)) dr + (Flw(t) 1 -

S

g w() = B@(®) + (Fw(s). 1) — {g.w(s)),  0<s<t<T, (24)
where B(w(1) = 3(IV() 0w ()1, o)), .0) = [ ulaoa)de and Flw) =

0

Now using the method of [16, Proposition 2.2] let us prove the following unique-
ness theorem:

Theorem 2.2. Let conditions (2.1)-(2.3) hold. If w(t,-) and W(t,-) are the weak
solutions of (1.1)-(1.3), determined by Theorem 2.1, with initial data (wo,w;1) and
(Wo, w1 ) respectively, then

[w(T) — @(T)H?{l(sz) + [Jwe(T') = @t(T)”?rl(Q) <
< o, R) (Jlwo = ol g3y + wn = @1l g1y )

where ¢ : Ry X Ry — Ry is a nondecreasing function with respect to each variable
and R = max {|[(wo, w1)ll3, , | (@Wo, W1)[[5}-

Proof. By (2.1)-(2.4), it follows that
[(w (), we ()5 + (@ (), W (D), < ca(R), V=0,

¢
Denote u(t, ) = w(t,-)— w(t,-) and a(t,-) = [u(r, )dr. Integrating (1.1) for w(t,-)
0

and @(t,-) on [0,t] and taking the difference, we have
t

wp — Aut S(w) — S(@) — AT+ / (Fw(r,)) — f(@(r,))) dr =
0
= 2(100) — E(’l/ﬁo) — A(’wo — ’l/ﬁo) +wyp — @1, Vvt >0, (25)

where X(w) = [o(s)ds. Testing (2.5) by u and taking into account (2.1), (2.3),
0

(2.4) and monotonicity of 3(-), we find

d . 1 9
aE(U(f)) t3 IVu®)[|7, ) <

< ca(R) (I1V(wo = o) 7, + llws = @110y ) +

t
—i—cQ(R)t/ IV, 0 dr, V>0 (2.6)
0

and consequently

d ~, I . =P
ZB(@(t) < ea(R) (Ilwo = Bolli @) + lwr = @310 ) + 2e2(REEG(E)),
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N ¢
where E(u(t)) = E(u(t)) + %{ ||Vu(T)||iQ(Q) dr. Applying Gronwall’s lemma to the

last inequality, we get

~ ¢ 2 - /\
E(i(t)) < c3(R)e" (||w0 - on?p(Q) + flwr = w1||§{,1(9)> (2.7)
By (2.1), (2.3), (2.4) and (2.7), it follows that
d

aE(ﬂ(t))‘ < e (@), w(®))| + [(Va(t), Vu(t))] <

< ea(R) (Jlu®)ll (@) + VIO | 0y ) <

co(R)t2

< es(R)e™ 5 (Jhwo = ol g1y + 1w = Bill sy ), V2> 0.
Taking into account (2.7) and the last inequality in (2.6), we obtain

2 ~
VU1, ) < co(RYA + e P (o = @oll g +

+ = @il gry) 0.
Now, from (2.5), we have

el 0y < IVl 0y + VA gy + 5@ (0) = @) g1 0y +

+ / | £(w(r.)) = F@()) ] s d7 + [S(uwo) — £(@o)l| 1 (0 +
0

+ IV (wo — wo)ll 1,y + llwr = @1l -1 5
which due to the above inequalities gives

2 c 2 ~
”ut(t)HH*l(Q) < cr(R)(1+t)e (R (||w0 - wO”Hl(Q) +

¥ Jhwy — mlnH,l(Q)) . vE>0.
O

Thus by Theorem 2.1 and Theorem 2.2, it follows that by the formula S(t)(wo, w1)
= (w(t),w(t)), problem (1.1)-(1.3) generates a weakly continuous (in the sense, if
©n — @ strongly then S(t)p, — S(t)¢ weakly) semigroup {S(t)},~, in H, where
w(t, ) is a weak solution of (1.1)-(1.3), determined by Theorem 2.1, with initial data
(wo,w1). To show the strong continuity of {S(t)},-, we firstly prove the following
lemma:

Lemma 2.1. Let ¢ € C(R) and |p(z)] < c(1 + |z|") for every x € R and some
r > 1. Ifv, — v strongly in Lg(Q) for g > r, then p(v,) — ¢(v) strongly in La(£2).

Proof. By the assumption of the lemma, there exists a subsequence {v,, } such that
Up, — v a.e. in ). Then by Egorov’s theorem, for any € > 0 there exists a subset
Ae C Q such that mes(A:) < € and vy, — v uniformly in Q\A.. Hence for large
enough k
[vn (@) <1+ [o(z)] in Q\A
and consequently
|o(on, ()] < er(1+[o()]") in Q\A..
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Applying Lebesgue’s theorem we get
dim [le(en) = 0(0)] 0,y = O (28)
On the other hand since we have
klggo lonillzgean) = IVlzgeay »
the inequality

q
limsup [l (v )} o ) < sle + [012,0a.))
k—o0 i

is satisfied. The last inequality together with (2.8) implies that

4 .
limsup |p(vn,) — ()}, (0 < calim(e + ollL,a.,) = 0.

k—o0

O

Theorem 2.3. Under conditions (2.1)-(2.3) the semigroup {S(t)},~, is strongly
continuous in H. B

Proof. Let (won, win) — (wo,w1) strongly in H. Denoting (wy, (t), wen(t)) =
S () (Won, win), (w(t),wi(t)) = S(t)(wo,w1) and u,(t) = wy(t) — w(t), by (1.1) we
have
Untt — At + o(wp)wne — o(w)we — Auy + f(wn (7)) — f(w(t)) = 0.
Since, by Theorem 2.1, every term of the above equation belongs to Lo (0, T; H ~1(Q)),
testing it by u,¢, we obtain
t
Bl (1) < B(un(0) + ello(w) = ()0 11 e+ [ Eluns))ds, vt € 0.7,
2
0

Applying Gronwall’s lemma we have

E(un(T)) < <E<un<o>> T eflorwa) - a<w>||éqo,T];L§<m>> T VT >0, (2.9)
2
By Theorem 2.2, it follows that

nlgngo llwn = wll (0,17 L6(02)) = O-

Now applying Lemma 2.1 it is easy to see that
A floCwn) = o(llogo.ryLy @) =0

which together with (2.9) yields that S(T)(won,w1n) = S(T)(wg,w1) strongly in
H, for every T' > 0. O

Now let us recall the definition of a global attractor.
Definition ([17]). Let {V(¢)}:>0 be a semigroup on a metric space (X, d). A
compact set A C X is called a global attractor for the semigroup {V'(¢)},-, iff

e A is invariant, i.e. V(t)A = A, Vt > 0; -

e lim sup inf d(V(t)v,u) =0 for each bounded set B C X.

t—o0 vEB ueA

Our main result is as follows:
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Theorem 2.4. Under the conditions (2.1)-(2.3), the semigroup {S(t)}i>0 gener-
ated by the problem (1.1)-(1.8) possesses a global attractor A in H, which is also a
global attractor in Hq := (H*(Q) N H () x HL(Q).

Remark 2.1. We note that if the condition (2.3) is replaced by
o€ C(R), o(s) >0, |o(s)] <e(1+4]s]"),0<p<4,Vs€E€R,

then using the methods of [5] , [19] and [21] one can prove Theorem 2.4. If we
assume

o€ CYR), a(s) >0, |o'(s)| <e(l+]s]), Vs € R,
instead of (2.3), then the method of [15] can be applied to (1.1)-(1.3). In this case,
as in [20], one can show that a global attractor A attracts every bounded subset of
H in the topology of H}(Q) x H}(Q).

Remark 2.2. We also note that problem (1.1)-(1.3), in 3-D case, without the
strong damping —Aw; was considered in [11] and [16]. In this case, when o(-) is
not globally bounded, the existence of a global attractor in the strong topology of H
and the regularity of the weak attractor remain open (see [11] and [16] for details).

3. Existence of the global attractor in . We start with the following asymp-
totic compactness lemma:

Lemma 3.1. Let conditions (2.1)-(2.3) hold and B be a bounded subset of H. Then
every sequence of the form {S(tn)en}rey, {Pn}hey C B, t, — o0, has a convergent
subsequence in H.

Proof. By (2.4), we have

supsup [|S ()|l < oo,
t>0p€B

b 2
sup [ [|PS(#)¢llz o) dt < oo,
PEB O

(3.1)

where P : H —L2(Q) is a projection map, i.e. Py = po, for every ¢ = (¢1,p2) € H.
So for any Ty > 1 there exists a subsequence {ny};-, such that t,, > Ty and

{ wy, — w weakly star in Lo (0, 00; H} (Q)),

wge — wy  weakly in Lo (0, co; HY(S2)), (3.2)

for some w € Lo (0,00; HE(Q)) N W20, 00; La(2)) N W,L2(0, 00; HA(R2)), where
(wi(t), wre (t)) = S(t + tn, — T0)¢n,.- Now multiplying the equality

(Wi — Wi )t — A(Wit — Wint) + 0 (W )Wkt — O (Wen ) Winte — Alwi, — wi,) +
+f(wg) = fwm) =0
by (wkt — Wyt + %(wk — wp,)) and integrating over (s,T) x ), we obtain
1 T
SEL(T) ~ (1) + M [ Blun(®) — wn(®)de+

S

T
+ / (o (wr(8))wrt (8) = o (wm () wme (1), Wkt () — Wi (2)) di+

S
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T
2L (S (1) + S (1)),1) — 2 / (0w (£) e (£), 1w (£))

\)q

T
- [ (), wnelt

), wit (1)) dt+

< M) Bwnls) = w0 ) + 2 (Swn() + Sl (9).1) +

+ (F(wg(s)) + F(wm(s)),1), 0<s<T,

where $(w) = [so(s)ds. Integrating the last inequality with respect to s from 0 to
0
T we find

gE(wk(T) —wn(T)) + M [ sE(wi(s) — wnm(s))ds+

o\ﬂ

§ (0 (W (5))wmi (s), wi(s)) ds + T (F(wy(T)) + F(wm(T)), 1) =

|
kg
O\’ﬂ

T T
- / 5 (F (w(s)), wme(s)) ds — / 5 (F (wn(s)), wee(s)) ds+
0 0
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By (3.1)1, it follows that

T
0

A1
Ty

342\
M

(3.4)

Q‘-~5H

sE(wg(s) — wp(s))ds, VT >

3427
A1

Since for every £ > 0 the embedding H'(Q2) C H'~¢(2) is compact (see for example
[12, Theorem 16.1]), applying [18, Corollary 1] to (3.2), we have

wy, — w strongly in C([0, T]; H'~5(2)).

Applying Lemma 2.1 it yields that
{ o(wy) = o(w) strongly in C([0,T]; Lz _.(22)),

o2 (wy) = o2 (w) strongly in C([0,T]; Ls—()),
for small enough € > 0. The last approximation together with (2.3) and (3.2)9
implies that

{ o(wg)wer — o(w)wy weakly in Ly([0,T7; Le (2)),
% (wi)wre — 0% (w)w, weakly in Ly([0,T]; L2(9)),

by which we obtain

T

lim inflim inf/s (o (wr(8))wit () — 0 (Wi (8))Wmt (8), Wit ($) — Wine(s)) ds =

m—o0 k—oo

g 0 2 g 2
= likrgirolfzs O'%(Wk(s))wkt(s)’ L@ ds + 1}33&’{5 Haé(wm(s))wmt(s)’ L@ ds—
T
- 2/8 Haé(w(s))wt(s)‘ ZLZ(Q) ds > 0, (3.5)
T ’ T
Ai_r)nookli_)r{)lo s {o(wg(8))wit(8), wm(s)) ds = /s (o(w(s))wi(s),w(s)) ds =
0 : : 0
:T/ <§(w(s)),1>ds_/<i(w(s)),1>ds (3.6)
and i i
T T
im_im [ (ot wmels) wn() ds = [ (oluwls)wds),u(s) ds =
0 0
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Also applying Fatou’s lemma and using (2.1), (2.2), (2.3), (3.2), we have

hm 1nf < (wi(T)), 1>
. hkrgggf < (wk (T))7 1> i (3.8)
mind [ £ (s)) w5 ds > [ (F(w(s). () d.

Taking into account (3.4)-(3.8) in (3.3), we obtain

T
zlim inflim inf E(wy (T') — wm (T)) + ﬁlim infliminf [ sE(wk(s) — wm(s))ds < e+
m—oo k—oo 2 m—00 k—oo
0
g A A
+ 2lim inf <F(wk(s)) + éi(wk(s)) — F(w(s)) — —12( (s)), 1> ds,  (3.9)
—00
0

for T > 3+2A1. Now let us estimate the right hand side of (3.9). By (2.1), (3.1)1
and (3.2), we find that

1 @n(s) - Flus) |w<q/wm — ()] g s € cabea) loa(T)+
T
+£/s [lwm (s) )||H1 (@) ds < c3 + ca(e) log(T)+
1
+ Elikminf/s [[wm (s) — wk(s)H?{%(Q) ds, VT >1, VYe>D0. (3.10)
—00

By the same way, we have

/ ‘<§(wm(s)) — S(w(s)), 1>‘ ds < ¢5 + cg(e) log(T)+
0

+ Elikminf/s lwm () — wk(s)||§lé(ﬂ) ds, VT >1, VYe>0. (3.11)
—00
0
Now, choosing e small enough, by (3.9)-(3.11), we obtain

Jim inflim inf B (wy (T) — wyn (7)) < 18T o s o {17 34 2) } |

m—o0 k—o00 T ’

Choosing T' = Ty in the last inequality we find

lim inflim inf [ S(t)en — S(tm)@m |l < coy] St 28T0)

n—00 M—00 To ’

and passing to the limit as Ty — oo we have
lim inflim inf | S (¢, )n — S(tm)@mll4 = 0.

n—oo m—oo

Similarly one can show that

hkrnlnfhrnmf 1S (tn,, ) on, — S(tn,, ) nmlly =0, (3.12)

oco Mm—r
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for every subsequence {ny},,. Now if the sequence {S(t,)py },.; has no conver-
gent subsequence in #, then there exist g9 > 0 and a subsequence {ny},;-,, such
that

1S (trs ) Pns — S(tnm)<ﬁnm|‘ﬂ >eo, k#m.
The last inequality contradicts (3.12). O
Now since, by (2.4), the problem (1.1)-(1.3) has a strict Lyapunov function
L(w(t)) == E(w(t)) + (F(w(t)),1) — (g,w(t)), according to [4, Corollary 2.29] we
have the following theorem:

Theorem 3.1. Under conditions (2.1)-(2.8), the semigroup {S(t)}i>0 possesses a
global attractor Ay in H.

4. Existence of the global attractor in #;. To prove the existence of a global
attractor in H; we need the following lemmas:

Lemma 4.1. Let conditions (2.1)-(2.8) hold and B be a bounded subset of Hi.
Then

supsup [|S(t)plly, < oo. (4.1)
t>0p€B

Proof. We use the formal estimates which can be justified by Galerkin’s approx-
imations. Multiplying both sides of (1.1) by —Aw; and integrating over 2, we

obtain
d

1 1
o (31700l 0 + 5 180010 + (3 ) ) +

1
t5 1AW (D17 ) < I @E)Z, @) +
+ llo(@@)we (D7 40y > Yt 0. (4.2)
By (2.1) and (2.3), we have
1 @) a0 + o @O @ a0 < e1 (14 0@y @) + l0r® 0y ) +

8 2
+c2 Hw(f)HLm(sz) Hwt(t)”Lm(Q) , Yt > 0. (4.3)
On the other hand, by the embedding and interpolation theorems, we find
1 4
6l gy < €2 il g8 ) < 5 I9llGaey 9l oy Yo € 2@, (44)

Taking into account (2.4), (4.3) and (4.4) in (4.2) and applying Gronwall’s lemma,
we obtain

[(w(t), we ()3, < CE )1+ [[(wo, wi)ll4,), V=0, (4.5)

where C': R4 x Ry — R,y is a nondecreasing function with respect to each variable
and r = sup [|¢||;,. Since the embedding H; C H is compact, by (4.5), it follows
peB

that the set . (t)B is a relatively compact subset of H, for every T' > 0. This

U S
<i<T
together with Lemma 3.1 implies the relative compactness of tL>JOS (t)B in H. Now

using this fact let us estimate [[w(t)[|;, (o)

(@) < m'*mes(@) + fu(t, )| dr <

{z:z€Q, |w(t,x)|>m}
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=

< m'"mes(Q) + w(t,z)|® do ||w(t>||§/12(ﬂ) <

{z:2€Q, |w(t,x)|>m}

< m'%mes(Q) + ¢4 / jw(t, )| da | [w(®) 720y w510 -
{z:zeQ, |w(t,x)|>m}
So for any € > 0 there exists ¢. > 0 such that
1
w100 < €NAWE)E,q) + cer VE20,
which together with (4.2)-(4.4) yields
d

1 1 1
T (5 IVwe ()17, @) + 3 1AW, ) + <97Aw(f)>) +t1 1Aw ()17, <

2 2 2 ~
< ¢5 [V ()7, o) 1w, @) + e llAw)lL,q) +C +cs5, VE=0.

Now multiplying both sides of (1.1) by —pAw (u € (0,1)) and integrating over €2,
we obtain

d (1

" (§u 1AW(D)[3, 0y + 1 (Vewr(t), Vw(t)>> +p | Aw(t)][], o) <

< wllglln, @) 1AW 1,0+ 1 ||th(t)||iz(n) +ullo(w®)we (O 1,0 1AW 1, @)

ol f (@) Ly ) 1AW Ly)»  VE=0.
Taking into account the relative compactness of tL>JOS (t)B, similar to the argument

done above, we can say that for any € > 0 there exists ¢. > 0 such that

LF @I 0 + o w®)wn )} 0y < = (1A} 0 + 1Aw®I ) +

~ 2 2 ~
T [ Aw(t) 20 [V DI, gy + . Ve = 0.

By the last three inequalities we have
d

= (% ||th(t)||i2(g) + %(1 + 1) ||Aw(t)||i2(g) + (Vi (t), Vo (t)) + (g, Aw(t)))

1 1
+(1 — pice — €) ||Awt(f)||iz(n) + (ZN - 2¢) ||Aw(f)||i2(sz) <

< (o5 +2) | Aw(®)||7, 0 VWil ) + ¢6 + C + 2, Yt > 0.
Choosing y small enough and € € (0, 1), we obtain

d
01+ cr@(t) < es [ Vur (t)][7, ) B() + es(1+ |V (t) |7, 0)): ¥t >0,

where ®(t) = 1 [Vun()]2, 0y + 30+ 1) [Aw(®)]2, q + 1 (Vonu(t), V() +
+ (g, Aw(t)). Multiplying both sides of the last inequality by

t
Jer—csl|Vwe (D7, ))dT
co @ , integrating over [0,7] and multiplying both sides of ob-

cr—cg||Vws (t)]|2 dt
tained inequality by e fer=eoll Ve Olizaco) , we find

o=

T
— [(cr—cs||Vwe ()] dt
B(T) < 3(0)e Jer—es Ve ()]} )
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T
— [ (er—csl| Vwe ()13, c))d

+es [ (14 [Vur(®)]7,@))e dt, ¥T >0,

o~~—N

which together with (2.4) yields (4.1). O

Lemma 4.2. Let conditions (2.1)-(2.3) hold and B be a bounded subset of H.
Then every sequence of the form {S(tn)ontry, {n}trry C B, t, — 00, has a
convergent subsequence in Hj.

Proof. Let us decompose {S(t)},~, as S(t) = U(t) + C(t), where U(t) is a linear
semigroup generated by the problem
ugg — Aup — Au =0, in (0,00) X Q,
u =0, on (0,00) x 99, (4.6)
u(0,-) =wo , w(0,")=w1, in Q
C(t) is a solution operator of
vy — Avy — Av = g(x) — f(w) — o(w)w, in (0,00) x Q,
v =0, on (0,00) x 99, (4.7)
'Uk(Ov ) =0 ) vt(Ov ) = Oa in Q
(ice. (u(t),us(t)) = U(t)(wp,wr) and (v(t), v:(t)) = C(t)(wo,wr)) and (w(t), we(t))=
S(t)(wo,wr). Multiplying (4.6)1 by (us — %Au — pAuy — vtAu,) and integrating
over (), we obtain
d

1 1 1
& (B0 + {18000y = 5 (v 80+ 504 10) 90 0+

1 1 1
50+ v) |Au<t>||ig<m) + 5 (1= ) [Vus®)llz 00y + 5 (1 =) |Au(®)ll7,0) +

+(p+vt) [Aue(t)]] ) =0, VE=0.
Choosing (u,v) = (1,0) and (u,v) = (0,1) in the last equality, we find

U 2320 20,y < Me™t, ¥t >0, (4.8)
and
M
IO 22 @) @) x La (@) #1) i vt >0, (4.9)

respectively, where M > 0 and w > 0. Also applying Duhamel’s principle to (4.7),

we have
t

C(t)(wo,wr) = /U(t = 5)(0, @ (g,wy)(8))ds, (4.10)
0
where @0 ,)(5) = g— f(w(s)) —o(w(s))w:(s). By Lemma 4.1 and equation (1.1),
it follows that the set of functions {® (g w,)(s) : (wo,w1) € B } is precompact in
C([0,t]; L2(€2)). So, from (4.9) and (4.10) we obtain that the operator C(t) : Hi —
H1, t > 0, is compact. Since
S(tn)s"n = U(T)S(tn - T)Spn + C(T)S(tn - T)Spn

for t, > T, by (4.1), (4.8) and the compactness of C(t), we obtain that the sequence
{S(tn)en},- has a finite e-net in 4, for every € > 0. This completes the proof. [

Now by Lemma 4.2, similar to Theorem 3.1, we obtain the following theorem:



GLOBAL ATTRACTORS 131

Theorem 4.1. Under conditions (2.1)-(2.3), the semigroup {S(t)}1>0 possesses a
global attractor Ay, in Hi.

5. Regularity of the Ay . To prove the regularity of Ay we will use the method
used in [9] and [10]. Since Ay is invariant, by [1, p. 159], for every (wo,w;1) € Ay
there exists an invariant trajectory v = {W(¢t) = (w(t),w:(t)), t € R} C Ay such
that W(0) = (wp,w1). By an invariant trajectory we mean a curve v = {W(t),
t € R} such that S(E)W(r) = W(t+7) for t > 0 and 7 € R (see [1, p. 157]). Let
us decompose w(t) as w(t) = ug(t, s) + vi(t, s), where

Vgt — Avgt + o (W)vge — Avg + fr(w) = g(x), in (s,00) X §Q,

v =0, on (s,00) x 09, ,  (5.1)
vg(s,s,-) =0, Vgt (s, 8,+) =0, in Q
Ut — Auge + o(w)wy — o (w)vge — Aug =
= fi(w) — f(w), in (s,00) xQ, (5.2)
ur = 0, on (s,00) x 0, ’ ‘
up(s,s,-) = w(s,-), ugt(s, 8,) = we(s,-), in Q
f k), s>k, o(k), s>k,
fi(s) = f(s), Is| <k, , ox(s)= a(s), |s] <k, andkeN.
f(=Fk), s < —k o(=k), s < —k

Now let us prove the following lemmas:

Lemma 5.1. Assume that conditions (2.1)-(2.3) are satisfied. Then
(v (t, 8),vke(t, s)) € Hi and for any k € N there exists T, < 0 such that

128
ot (t )Ly + 08, ) g2y < ok &, ¥s <t < T, (5.3)
where the positive constant o is independent of k and (wg, w).

Proof. Multiplying both sides of (5.1); by vg: + pvr (u € (0,1)) and integrating
over (), we obtain

& (Blon(t,5)) + 2 [0kt )12, )+ 1 (e, 5), (e, 5)) +

1 2 2 2
5 IVore (8, $)lI 7, ) = # loke (E $) 17, 0) + (01— c1p?) [V (t, )z, ) < 02 VE> s,
Choosing p small enough in the last inequality, we find
lore(t )l Ly + vkt )l ga o) < es0 VE=s. (5.4)

Multiplying both sides of (5.1)1 by vk, integrating over (71, 72) x Q and taking into
account (5.4), we have

1909yt < ot [ 1 itwle)wn(t) e sl de < cat

T2
+c5/ IVl dts Yr > 71 > s (5.5)
T1

On the other hand, by (2.4), we have

[ 19001 0 dt < . (5.6)
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which together with (5.5) yields

1
/ ||Vvkt(t75)”ig(ﬂ) dt S 06(1 + (7'2 - 7'1)2), VTQ Z T1 Z S. (57)

T1

Multiplying both sides of (5.1); by —Awvg — pAvg (p € (0,1)), integrating over
and taking into account (5.4), we have

d (1 1
i <§ | Vore (t, S)HiQ(Q) T3 [ Avg (t, S)HiQ(Q) + pu(Vore(t, s), Vvk(t,s)>> +

1 2
+(§ — crp) [[Avke (2, 5)||L2(Q) + (n = 1) | Avk(t, S)HL2 @ S et

+ et |l (w(®)vke (¢, 817, 0y + e | fu(w(®) |0y, > 5. (5-8)

Now let us estimate the last two terms on the right side of (5.8). By (4.4) and
(5.4), we find

o (®)ea (b 5)1 0y < (D et IF ) <

2 ]
< e ||Uk(w(t))||i§(ﬂ) ||”kt(t75)||132(g) ||”kt(t75)||131(g) <
2

4
< ¢g ||Uk(w(t))||L5 (@) T co l|Avke (2, S)Hiz(sz) [ Vore (¢, S)Hiz(sz) +

+ . ||Avkt( )||L2 (@ Yt =5 (5.9)

Also by the definitions of Uk( ) and fi(-), we have

5 5
Jork (o ||z§m—/|ak (ta))|F do <
2

< [ eweoler [ o))<
{z:2€Q, |w(t,z)|<2m} {z:2€Q, |w(t,x)|>2m}
<eom' [ @l )des
{z:2€Q, |w(t,x)|<2m}
+erok? / |w(t,gc)|6 dr < cpym*+
{z:2€Q, |w(t,x)|>2m}

+ crok? / lw(t,z)|®dz, VkeN, Vm>1andVte R (5.10)

{z:2€Q, |w(t,z)|>2m}

)]0y = [ ittt o)) do <

Q
< ergm / (1 + [w(t, 2)|%)dz+

{z:2€Q, |w(t,z)|<2m}

+epokt / |w(t,3:)|6d3: < cigmi+

{z:2€Q, |w(t,x)|>2m}
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ciok? lw(t,z)|®dz, VkeN, Ym>1andVte R. (5.11)

{z:zeQ, |w(t,x)|>2m}
w(t,z) —m, w(t,z) >m

Now denote w(™ (¢, z) = 0, [w(t, )| <m . Since,

lw(t,z)| < 2 ‘w(m)(t,x)’ . V(o) e{(ta) e RxQ, |w(tz)>2m},

we have
w(t, )|° da < 2° lw™(t,z)[® dz <
{z:2€Q, |w(t,x)|>2m} {z:2€Q, |w(t,x)|>2m}
2
< 26/ lw™ (t, 2)|® dz < 14 HVw(m) (t)‘ , VteR. (5.12)
- L2(Q)

So, by (5.8)-(5.12), it follows that
d

(317000 9 o+ 5 1808080y + 1 (Tona(t.9), T )
_l’_

1
+(g —crp) [|Avge (2, s

32
)||L2(Q + (= 12) [ A (t, 8)||L2(Q < cism®
s [| Aok (¢, )17, 0y [IV0ke (E, )17, (0 +
2
+Cl5]€% ‘Vw(m)(t)‘

, Vke N, Ym > 1 and Vt > s.
Lo Q
On the other hand, testing (1.1) by w(™, we obtain

CZ (wi(t), 0 (1)) + [Tl (1) o™ o) ;(Q) + (T (t), Vo™ (1)) =

= (g, (1)) = (o(w(®)wi (), w™ (&) = (fw(t)), w™ (1), Yt € R (5.14)

Let us estimate each term on the right hand side of (5.14). By the definition of
w(™) | we have

(5.13)

2

(9.0 ) < [ et

{z:2€Q, |w(t,x)|>m}

< 2 fourmo)

<
Le(£2)

ot

, VteR.
L2(9)
y (2.3), it follows that

[ (o) (t), 0™ @) < err Vw0l g | V™ @)
Also by (2.3), we obtain

(), w™ @) > =2 (w(t), w™ 1) >

5
6

Sy [ o] |omo)

{z:z€Q, |w(t,x)|>m}

, VteR.
L2(Q)

Le(Q) —
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> —iiHVw“”)(t)} . VieR,
m Ly(R)
for large enough m. Taking into account the last three inequalities in (5.14), we

have

d 2
- t (m) t HV (m) t ‘ <
% (.00 @) + e[ vu)| <
C
< e20 [V ()70 + ﬁ Vt € R. (5.15)

for large enough m. Now multiplying (5.15) by ?T;k%’ adding to (5.13) and then

choosing m = k%, we get

d ~ A
M t) + s (1) £ B () [Tt 5) ) +

13
(w0.0*0)
for large enough k and small enough u, where ¢; and ¢ are positive constants

2 2
and Aa(t) = 3 [Vora(t, )12, ) + 3 180k ()%, 0 + 1 (Vora (. 5), Vor(t,8)) +
8
o ;% <wt(t),w(k 13)(t)>. Since

Ci6

2

1Bk + Bk [Vuy ()2, ) + k' , V>,

oo

8 6

(0.0 0)| < a0 T

{zweq, fwit,o)|>k 15}
C3
< = IVwi ()L, VEER,
by the last differential inequality, we obtain
d

i Ma () + Bub s (1) < Bk () [Vore(t )17 0) +

kS 4+ ak® [V ()]}, ), Yt > s.

¢1—C2||Vv ,(‘r,s)||2 dr
Multiplying both sides of the above inequality by e{[ e L) , inte-

grating over [s, T'], multiplying both sides of the obtained inequality by

T
—[ler—| | Vore (£,9)]12 . o ] dt
e {[ P b and taking into account (5.7), we find

Ares(T) < &R <wt(5), w(m>(s)>‘ + Ck T 4

T
+85k:8/ Vw7, dt, VT > s, (5.16)

for large enough k& and small enough p. On the other hand, since Ay is compact
subset of H and problem (1.1)-(1.3) admits a strict Lyapunov function, we have

w(t) — 0 strongly in Ly(2) as t = —o0 (5.17)
Thus, by (5.6) and (5.17), for any k € N there exists Ty, = Tk () < 0 such that

~ 7 32
C5]€ 5

T
<wt(T),w(m)(T)>‘ + skt / IVwr ()13, 0y dt < 1, VT < T,
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which together with (5.16) yields (5.3). O

Lemma 5.2. Assume that conditions (2.1)-(2.3) are satisfied. Then there exists
ko € N such that

S_lil_noo (Hukot(tv 3)||L2(Q) + [, (2, S)HHI(Q)) =0, Vt<Tj, (5.18)

Proof. Multiplying both sides of (5.2); by ug: + pur (u € (0,1)) and integrating
over (), we obtain

d p
= (Bt ) + 5 V() 70 + 1 (st ), uat, ) ) +
+||Vukt(t75)||i2(9) + 1| Vu(t, S)Hiz(sz e (t, s )||L2(Q <
< (0 ~ ok )l . v )l T )l +
+u ||U(w(t))||L§ Q) ||ukt(ta S)HLG Q) ”uk(tvs)HLﬁ(Q +
2

+pllo(w(t)) — Uk(w(t))”Lg(Q [|vke (t, s )”L6 Q) [k (2, S)HLG(Q +

I ®) = flwt)l g @) )l +
ol w®) = fe(wElle g @ lluxts $)llngy, VE2 s (5.19)
Taking into account (2.4) in (5.19) and choosing u small enough, we find
@ (Bluslt, ) + 2 10t )12 0 + Gt ), et ) +
o (Bun(t, ) + 5 1Vun(t 917, ) + # une(t ), ua(t, ) ) <

<c IIU(w(t)) — op(w(t ))”L%(Q) lowe (8, )17 o) +

+ el Fwlt)) = fuw®) gy, s <t T (5.20)

where ¢; and ¢y are positive constants. Now let us estimate the terms on the right
side of (5.20). Since H27¢(Q) c C(Q) and
1

)

1 1
i- i+
6l < €32 Iollir oy Ielidiny » Vo € HE(@), Ve € (0,5

from (5.3) and (5.4) it follows that

1
v, 9)llc@) < 51@, s <t < Ty,

for large enough k. The last inequality together with (2.1)-(2.4) yields that

3

lotw(®) s} @ ser [ walars
2
{z:zeQ,|w(t,z)|>k}
1
1
<es [ weaords) <

{z:zeQ,|w(t,z)|>k}

IS

<o / lw(t,z)|%de | <

{z:xeQ,|ug (t,s,2)|>|vi (¢,s,2)|}
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Al

< ¢ lu(t,s,z)|®dz | <

{z:2eQ,|uk (t,s,2)|>|vi (t,s,z)|}
3
< o || Vuil(t, S)”zz(g) , 8 <t < T, (5.21)
and
6
£@@) = fwO)f, @ <er [ o)l
’ {z:xeQ,|w(t,x)|>k}

4

5
< cs lw(t,z)|®de |

{z:xeQ,|w(t,x)|>k}

e

X lw(t,z)|®de | <

{z:zeQ,|uy (t,s,2)|>|vi (¢,s,2)|}

SRS

< cg lw(t,z)|® de |

{z:2eQ,|w(t,x)|>k}

=

X lu(t,s,z)|®dz | <

{z:xeQ,|u (t,s,2)|>|vi (t,s,2)|}
4

5

6
< e1o jw(t, o) de | | Vuk(t,9)[7,0) s<t<Th (5:22)
{z:2eQ,|w(t,x)|>k}

for large enough k. On the other hand, since Ay is compact subset of H and
(w(t),we(t)) € Az, we have

sup / lw(t,z)|®dz — 0 as k — oo (5.23)
tER{z:meQ,\w(t,m)|>k}
Thus choosing 1 small enough, k large enough and taking into account (5.21)-(5.23)
in (5.20), we obtain
d
dt
where ¢ and ¢, are positive constants and Ay, 4(t) = E(uy(t, 5))+5 [[Vu(t, s)||i2(ﬂ)
+ p (ugt(t, 8), uk(t, s)). Now multiplying both sides of the last inequality by

t
J [El ) H Vgt (7'75) ||2L2 (Q)]dT

Ak,s(8) + Cihg (1) < G || Vure(t, 8)||iz(gz) Aps(t), s <t < Ty,

es , integrating over [s, T);] and multiplying both sides of the
Ty
— [ 1=l Vore (£,5) )12 dt
obtained inequality by e [or =l o L) , we find
Ty, 5
- ~ — [ [e1 =l Vore (£,5) | dt
Ra(T) < Rals)e 2T mMaltt oy

which together with (5.7) yields (5.18). O
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By Lemma 5.1 and Lemma 5.2, we have (w(Tk,), w:(Tk,)) € H1 and
(Tl + 10T ey < o

where 7y is independent of (wg,w1). Now since w(t,z) satisfies (1.1)-(1.3) on
(Thy, 00) x Q, with initial data (w(Tk,), we(Tk,)), applying Lemma 4.1 and tak-
ing into account the last inequality, we find (wq,w1) € (H?(Q) N H()) x HH(Q)
and

[l (wo, w1)||H2(Q)xH1(Q) < Ro,

where the positive constant Ry is independent of (wp,w1). So Ay is a bounded
subset of (H2(Q) N H}(Q)) x HY(Q) and that is why it coincides with Az, .
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