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1. Introduction

The interplay between various topological properties of a space X and certain types of ideal in the ring C(X) of con-
tinuous real-valued functions on X is well known [15], and is intimately involved in the definition and study of real
compactness. When seeking to establish a corresponding theory for bitopological spaces, the second author considered
in [2, Chapter 3] the set P(X) of pairwise continuous functions from a bitopological space (X, u, v) in the sense of Kelly [17]
to the real bitopological space (R,s,t), where s ={(—oco,r) |r € R}U{R, @} and t = {(r, 00) | r € R} U {R, @}. Unlike C(X)
this is not a ring, but an additive lattice, and this property of P(X) was further abstracted to the notion of a T-lattice, that
is a distributive lattice A with distinguished element 0 and a suitable family of translations T, : A — A, r € R. In the theory
developed in [2] the role of the ring ideals is played by the bi-ideals, pairs (L, M) consisting of a lattice ideal L and a dual
lattice ideal M satisfying O € L N M. Various notions of regularity for bi-ideals were introduced, including a notion of real
bi-ideal, and these were used to define bireal compactness. A characterization of bireal compactness was presented which
shows that this notion coincides with the bitopological real compactness considered by Briimmer and Salbany in [10], and
several other properties of this class of spaces were investigated.
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The aim of this paper is to carry over the concepts and some of the results given in [2] to the much more general
framework of ditopological texture spaces. As in the authors’ recent paper [23] on dicompact spaces we work within the
same general class of completely biregular bi-T, spaces, and this enables us to use many of the notions and results given
in that paper. Indeed, the layout of [23] was designed explicitly to provide the foundation necessary for the study of real
compactness in a ditopological setting, as well as presenting important results on the more specific class of dicompact
spaces. In particular the study in [23] highlights the importance for dicompact bi-T, spaces of the notion of a nearly plain
texture (S, 8, 7, k) and its associated plain space (Sp, 8y, Tp, kp), and also of x-spaces, the T-lattices BA(S) and BA(S;), and
the notion of a bi-ideal being difixed. All of these are of equal importance in the present study.

The layout of this paper is as follows. The remainder of this introduction is given over to some background material. No
attempt is made at completeness, our aim being to give just enough material to enable a casual reader to gain a general idea
of the contents of the paper, although an exception is made for the required material on bi-ideals from [2], since this is not
currently available as a paper. Section 2 gives the definition of B-real dicompactness for a bigenerating subset B of BA(S)
and various fundamental results are given, including a characterization in terms of powers of the real texture (R, R, g, kR).
Finally, Section 3 gives various results of a categorical nature. In particular, the relation between the ditopological theory
presented here and the bitopological study in [2] is investigated in some detail.

An earlier version of the main results given in Section 2, and the Hewitt Isomorphism Theorem from Section 3, occur
in the PhD thesis of the first author [22], written with the partial support of Grant Number 06 T03 604005 awarded by
Hacettepe University.

Ditopological texture spaces

There is now a considerable literature on the theory of ditopological texture spaces, and an adequate introduction to this
theory and the motivation for its study may be obtained from [4-8].

Briefly, if S is a set, a texturing 8 of S is a subset of 7P(S) which is a point-separating, complete, completely distributive
lattice containing S and @, and for which meet coincides with intersection and finite joins with union. The pair (S, 8) is
then called a texture. We regard a texture (S, 8) as a framework in which to do mathematics.

For a texture (S, 8), most properties are conveniently defined in terms of the p-sets Ps =[\{A € 8 | s € A} and the g-sets,
Qs =\/{A €8 |s ¢ A}. However, as noted in [3] we may associate with (S, 8) the C-space (core-space) [11-13,16,18] (S, 8°),
and then the frequently occurring relationship Py gZ Qs, s, s’ €S, is equivalent to swss’, where ws is the interior relation for
(S, 8. In this paper we will use whichever notation seems to be the more convenient in each particular instance.

In general a texturing § need not be closed under the operation of taking the set complement, so in the context of a
texture (S, 8) the notion of topology is replaced by that of dichotomous topology. A dichotomous topology, or ditopology for
short, on a texture (S, 8) is a pair (7, k) of subsets of 8, where the set of open sets T satisfies

(1) S,¥er,
(2) G1,Gaet=G1NGyeT, and
(3) Giet,iel=>\,;Gier,

and the set of closed sets k satisfies

(1) S, 0 ex,
(2) K1,Ky2 ek = K1 UK> €k, and
(3) Kiek,icl=Kiek.

Hence a ditopology is essentially a “topology” for which there is no a priori relation between the open and closed sets.
As will be clear from the references given above, ditopological texture spaces provide a unified setting for the study of
topology, bitopology and fuzzy topology. We will not be concerned with the links with fuzzy topology in this paper, but the
relation with bitopology will be considered in some detail in the final section. See also [20] in this context.

We recall the product of textures and of ditopological texture spaces. Let (S, 8;), j € J, be textures and S = Hje] S If
Ay € 8 for some k € | we write

Etk, Ay =]]Y; whereY;=

{Aj, if j=k,
jel

Sj, otherwise.

Then the product texturing 8 = ) I 8 of S consists of arbitrary intersections of elements of the set
€= {UE(j,Aj) ( Ajes;forje ]}.
jel

Let (55, 8;), j € J be textures and (S, 8) their product. Then for s =(s;) € S,
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Ps=()EG,Ps)=]]Ps; and Qs=|JE(,Qs).
jeJ jel jel
In case (7j,«;) is a ditopology on (S}, 8;), j € J, the product ditopology on the product texture (S, 8) has subbase {E(j, G) |
Gertj, je J}, cosubbase y ={E(j,K) | K e«j, je ]}

We recall from [8, Theorem 4.17] that a ditopological space (S, 8, 7,«) is bi-T, if given s,s’ € S with Qs ;(_ Qg there
exists He 7,K ek with HC K, Ps ¢ K and H ¢ Qg. This is the form of the Hausdorff property considered in [8], and it
arises naturally in various contexts such as that of separated di-uniformities and of dimetrics [19].

Various special classes of textures have been considered. Here we will be concerned primarily with plain textures and
nearly plain textures. The texture (S,8) is plain if § is closed under arbitrary unions, equivalently if the corresponding
C-space is an Alexandroff-discrete [9] or A-space [12], or if the interior relation ws is reflexive. The more general class
of nearly plain textures was introduced in [23]. The texture (S, 8) is nearly plain if given s € S there exists a point w € S
satisfying Q; = Qw and wwsw. This “plain” point w is necessarily unique, and setting ¢, (s) = w gives a mapping from S
to the set Sy, of plain points. The texturing 8 on S induces a plain texturing 8, on Sp, and if (7, k) is a ditopology on (S, §)
we obtain the induced ditopology (p,kp) on (Sp, 8p). The plain ditopological space (Sp, 8p, Tp, kp) Will play an important
role in this paper as it does in [23], and the reader is referred to that paper for a detailed discussion of the relation between
the spaces (S,8,7,k) and (Sp, Sp, Tp, kp). We recall from [23] the joint topology Jr, on Sp, which is defined in terms of its
family J¢, of closed sets by the condition

Weld, & (seSp. Gen's), Kep*s) => GNWZK) = seW,

where

n*(s)={A€8|3Gy et with G,  Qs, 1<k<nand G1N---NGy C A},

and

u*(s)={Ae€8|3IF, ek with PsZ Fy, 1<k<nand ACF{U---UF,}.

Nearly plain textures share with plain textures the property that a difunction [6, Definition 2.22] between them may be
represented by an w-preserving point function between their base sets [23, Theorem 2.10]. Here ¢ : S — T is w-preserving
as a function from (S, 8) to (T,7) if sjwssy = @(s1)wr@(s2) (often referred to as “condition (a)” in earlier papers). Note
that this condition does not guarantee ¢~ ![B] € § for B € 7, so the inverse image ¢ B,

9o B=\/{Pu|pw eB}=({Qv| o) ¢B}.

inherited from the inverse image for the corresponding difunction is used in its place. Hence ¢ : (S, S, ts,ks) —
(T, T, tr,kT) is bicontinuous if G € 11 = ¢~ G € s and K € k1 = ¢ K € ks. We note that when these textures are plain
we have ¢ B = ¢~ 1[B], and we will then use whichever notation seems the most appropriate in a given situation.

It will transpire that, as for dicompact bi-T; spaces, real dicompact bi-T, spaces are nearly plain, so it suffices to consider
w-preserving point functions in place of difunctions. Such functions are also of interest in a wider context and in particular
we recall from [23] the following characterization of complete biregularity [8].

Proposition 1.1. Let (S, S, 7, «) be a ditopological texture space. Then (t, k) is completely biregular if and only if the following
conditions hold:

(1) Given G € T, a € S with G € Qq there exists an w-preserving bicontinuous point function ¢ : (S, 8, 7,k) = (R, R, Tr, kr)
satisfying —1 < ¢ < 1, and for which P, C ¢ P_1and 9~ Q1 CG.

(2) Given K € k, a € S with Py € K there exists an w-preserving bicontinuous point function ¢ : (S, 8,7, k) = (R, R, Tr, kr)
satisfying —1 < ¢ < 1, and for which Q1 € Qgand K C ¢~ P_;.

Our attention will be focused on the set BA(S) of bicontinuous w-preserving point functions from (S, S, 7, k) to the real
ditopological texture space (R, R, Tr, kr) wWhich is defined by R = {(—o0,r] | r e R}U{(—00,7) |r € R}U{R, @}, Tr = {(—00,7) |
reR}U({R, @} and kg = {(—oo,r] | r € R}U({R, @}. This is a T-lattice under T,(¢) = ¢ + (—r), where r denotes the constant
function with value r € R. This will be the T-lattice we use in place of P(X), although we will show that it is equivalent, as
far as real dicompactness is concerned, to consider BA(S,) instead.

For ¢ € BA(S) we recall from [23] the functions ¢,, ¢* € BA(S) given by

@« (s) = sup{p(v) | vass}, @*(s) =inf{le) | swsu}, VseS. (1.1)

In general we have ¢, < ¢ < ¢*. We note also the equalities

(@V)e=@ Vs and (9 AY) =@" AY™, Vo, €BA(S), (12)
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the inequalities

VYT < (V) and (@ AY)e < Qs Ay, Yo, €BA(S), (1.3)

with equality if ¥ is constant, and the relation

0« <V & <Y, Yo,y eBA®S) (14)

for future reference. We note that (S, 8, t,«) is called a x-space [23] if ¢, = ¢* for all ¢ € BA(S). A plain ditopological
space is clearly a x-space, so for a nearly plain space (S, 8,7, «), (Sp,8p, Tp, kp) is always a x-space.
Finally, we recall the basic constructs fTex and fDitop from [6,7], respectively.

Bi-ideals in T -lattices

We will require a little more of the theory of bi-ideals in T-lattices from [2] than is given in [23].
We recall that a distributive lattice [14] A with a distinguished element 0 is called a T-lattice if there exists a mapping
T:R x A— A for which the mappings T, : A — A given by T,(a) =T(r,a) Va € A, r € R, satisfy:

(i) Tr: A— A is a lattice homomorphism for each r € R.
(ii) TroTs=Tso T, =Trqs forall r,s e R.
(iii) Tr(@)=a < r=0, for all a € A.
(iv) Tr(a) <a forallae A and r > 0.

We note in particular that the mapping r +— T_;(0) is an injection of R into A which takes 0 € R to the distinguished
element O € A. For this reason, T_,(0) may be denoted by r.

Definition 1.2.

(1) The binary relation p on A is a dispersion if for all a,b,d’,b’ € A it satisfies:

(i) apb, a<a’ and b > b = d’pb’, and

(ii) apb, apb’, ' pb and d’pb’ = (and’)p(b Vv b').
(2) A bi-ideal in A is a pair (L, M) consisting of a lattice ideal L and a lattice dual ideal M with 0 € LN M.
(3) If p is a dispersion on A, the bi-ideal (L, M) is p-regular if (L x M)N p =0.

Bi-ideals are partially ordered by (L, M) < (L'’,M’) < L C L’ and M C M’. By Zorn’s Lemma each p-regular bi-ideal has a
maximal p-regular refinement.

Definition 1.3. On the T-lattice A the dispersions p. and p, are given by

pe={@byeAxA|IreRwithb<r<Oor0<r<a},
pp={(a,b)e Ax A|3r>0with T,(av0)>bA0}.
Note that, since p. C pp, a pp-regular bi-ideal is also pe-regular. Also,ae L= T,(a) ¢ MVr>0andae M = T,(a) ¢ L Vr <0

are both necessary and sufficient conditions for (L, M) to be pj-regular.
For a fixed bi-ideal (L, M) the equivalence relation ~ on A is defined by

a~b & (Tr@el& T (byel) and (T-(a) €M< Tr(b) e M).

The quotient set A/(L, M) is partially ordered by

[a<[b] & (T/b)el=Tr(@el) and (T.(a)eM = T.(b) €M),

and if (L, M) is pe-regular, r — [r] is an order preserving injection of R into A/(L, M). In case the image of R under this
mapping is the whole of A/(L, M) the bi-ideal is called real. For a p, regular bi-ideal (L, M), (L, M) is real if and only if
given a € A there exists a unique real number « such that T,(a) € LN M < r = «. Each real bi-ideal is maximal pj-regular.
It is also prime, that is L is a prime ideal and M a prime dual ideal.

If (L, M) is a bi-ideal the bi-ideal (L™, M) is defined by

Lt={acA|T/(@elVr>0} and M*"={aeA|T (a)eM Vr<0}. (1.5)

We note that (L, M) < (LT, M), and that (L, M) is pe-regular or p,-regular if and only if the same is true of (L*, M™).
Hence, if (L, M) is real, (L, M) = (LT, M™1).
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The element [a] of A/(L, M) is called finite if [r1] < [a] < [r2] for some r1,1; € R, it is infinite if [r] < [a] for all r € R or
[a] < [r] for all r € R. The element a € A is finite or infinite at (L, M) when [a] has the corresponding property in A/(L, M).
Finally, (L, M) is called finite if every element of A is finite at (L, M).

According to [2, Lemma 3.1.7, Corollary], if (L, M) is pe-regular then the only infinite elements of A/(L, M) are the
greatest and least elements, when these exist. We shall also need the following result:

Proposition 1.4. (See [2, Proposition 3.1.7, Corollary 2].) Any maximal py, regular refinement of a finite bi-ideal is real.

Now let B and C be sub-T-lattices of A and suppose that B C C. Then any dispersion p on A induces a dispersion on B
and C which we continue to denote by p.

If (L, M) is a bi-ideal in C then clearly (LN B, M N B) is a bi-ideal in B. Moreover, if (L, M) is maximal p-regular in C,
(LN B, M N B) is maximal p-regular in B.

On the other hand suppose that (L, M) is a p-regular bi-ideal in B and assume that p, C p. Let

Lc={ceC|3abel and € > 0 with c A € < b},
Mc={ceC|3beM and € > 0 with b<cV (—e)}. (1.6)

Then (Lc, Mc) is a p-regular bi-ideal in C which is contained in every prime p-regular bi-ideal in C whose restriction to
B is (L, M). Hence if (L, M) is maximal p-regular in B there exists at least one maximal p-regular bi-ideal in C whose
restriction to B is (L, M).

With B, C as above, C is called a (finite) p-refinement of B if every (finite) maximal p-regular bi-ideal in B has a unique
extension to a (finite) maximal p-regular bi-ideal in C.

B is called (finitely) p-complete in A if it has no proper (finite) p-refinement in A. A (finitely) p-complete (finite) p-
refinement of B will be called a (finite) p-completion of B.

It is shown in [2, Theorem 3.1.3] that every sub-T-lattice of A has a unique pp-completion and a unique finite pp-
completion in A.

An element a € A is bounded if r{ <a <ry for some ri,r; € R. The set of bounded elements of A is denoted by A*.
Clearly, A* is a sub-T-lattice of A. It is shown in [2] that A* is finitely-p, complete, and that the pp-completion of A* is A.

Now let B be a subset of A containing 0. We denote by (B) the smallest sub-T-lattice of A containing B. Its elements
are obtained from those of B by a finite number of applications of the operations v, A and T;.

Let g: B — R be a function satisfying g(0) =0, and define

n
ng{ae(B) |1, by e B, r>0withanr< (\/Tg(bi)bl)\/O},
i=1

n
ME = {ae (B) ‘ 3by,...,bp€B, r>0withav —r> </\Tg(bl.)bi) /\0}. (1.7)
i=1

Then (L%, M&) is a bi-ideal. If this bi-ideal is pe-regular, g is called a B-resolution and (L%, M%) the corresponding B-
derivative. The set of all B-resolutions is denoted by Rjp.

A real bi-ideal (L, M) in (B) determines a (B)-resolution g: (B) — R by Tz (a) € LNM, and (L, M) is the (B)-derivative
of g. It is shown in [2, Proposition 3.2.1] that a (B)-resolution g has a real derivative if and only if belongs to H g, the set
of T-lattice homomorphisms of (B) to R considered as a T-lattice under T,(x) =x—r, r,x € R. Hence, H g, is in one to one
correspondence with the real bi-ideals in (B).

If g € Hipy we have the equalities

18 ={ae(B)|g@) <0} and M®={ae(B)|g) >0},

and we also note that in this case (L85, M&I8) = (L&, M$).

Finally we mention some concepts from [23] specific to the T-lattice BA(S). For s € S we define L(s) = {¢ € BA(S) |
©(s) <0}, M(s) ={e € BA(S) | ¢(s) > 0}. Then (L(s), M(s)) is a real bi-ideal in BA(S) and a pp regular bi-ideal (L, M) in
BA(S) is called difixed if there is a (necessarily unique) element s € Sp, satisfying (L, M) = (L(s), M(s)).

A bi-ideal (L, M) in BA(S) is called a *bi-ideal if L and M are closed under the operations , and *.

There is an important link between real bi-ideals in BA(S) and difilters [21] in the space (S, 8, 7, ). In particular, if
(L, M) is a pp-regular xbi-ideal then Z4(L, M) defined by Z4(L, M) =F| x G,

F={Ae8|Ipel, r>0with o= P, C A},
Su={AeS|IpeM, r>0withACpQ_},

is a regular difilter. Moreover, if (L, M) is a real xbi-ideal, then Z4(L, M) is diconvergent if and only if (L, M) is difixed.
Naturally, in a *-space these properties hold for a bi-ideal (L, M) with the appropriate property.
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2. Real dicompactness of ditopological texture spaces

Throughout the remainder of this paper, (S, 8, 7, ) will denote a completely biregular bi-T, ditopological texture space,
unless stated otherwise.

We will be interested in subsets of BA(S) which are “bigenerating” in the sense that they contain enough functions to
determine the topology T and cotopology k. The following lemma and the definition that follows will make this concept
exact.

Lemma 2.1. For B C BA(S) the following are equivalent:

(1) (i) the family {¢ Q| ¢ € B, r € R} is a subbase for T, and
(ii) the family {p< P, | ¢ € B, r € R} is a subbase of k.

(2) Foreachs € S°,
(i) n*() ={A€8|3¢1,....0n €B, €1,....€n > 0 With Ty 5) (1)~ Qe; £ Qs Vi and (i_; Ty,(s)(9)) ™ Q¢; € A}, and
(i) W () ={A€8|3@1,....0n B, €1,...,€n > 0With Ps & Tys) (@) Pg; Viand A S\, Ty (@) P_e;).

Proof. Straightforward. O

Definition 2.2. A set B C BA(S) which satisfies 0 € B will be called bigenerating if it satisfies one, and hence both, of the
conditions (1) and (2) in Lemma 2.1.

The set BA(S) itself is bigenerating. Indeed 0 € BA(S), so take G € T and s € S with G gz Q. By Proposition 1.1 there
exists ¢ € BA(S) with Ps S 9 P_1 C (p‘_Q_% C @< Q1 € G. This shows that the family {¢“~Q, | ¢ € BA(S), r <0} is a

base for 7, whence Lemma 2.1(1)(i) holds, and (1)(ii) may be proved likewise.
Definition 2.3. For s € S the mapping § : BA(S) — R is defined by 5(¢) = ¢(s).

Clearly, § € Hpa(s). Take B C BA(S) with 0 € B. To give a necessary and sufficient condition for B to be bigenerating let
us define:

n
LE‘K(S) = {(p € BA(S) ‘ @1, ..., ¢n € B, § >0 with g, A < \/Tg((pi)«pi) \/0},
i=1

n
M;L‘\*(S) = {q) € BA(S) ’ dp1,...,¢0n € B, § >0 with ¢* v —§ > /\Tg(wl.)(goi) /\0}.
i=1
See (1.1) for the definitions of ¢, ¢*. Using (1.2) and (1.3) it is easy to see that (Lé',f(s), M;‘K(S)) is a bi-ideal. Moreover, by
(1.6) and (1.7), in a *-space this bi-ideal coincides with ((L§|B)BA(5), (M§|B)BA<5>).
Proposition 2.4. The following are equivalent for 0 € B C BA(S).

(1) B is bigenerating. A
(2) Fors. t € S with twss we have (L(s), M(t)) < ([Lga s, 1T [Maa s 1.

Proof. Necessity. To prove the first inclusion take Pg ;(_ Qt, ¢ € L(s) and € > 0. Then ¢(s) € Q¢ and so Py € ¢ Q¢, whence
©< Qe ¢ Q;. Since B is bigenerating we now have ¢1,...¢, € B, 11, ..., € R satisfying

ﬂgﬂeri C9 Q¢ and mq)i&Qﬂ' ,¢_ Q.

i=1 i=1

From the second relation we have ¢;(t) € Q;,, hence ¢;(t) <r; and we may choose § > 0 for which ¢;(t) + 8 < r; for
1 <i<n. Itis now easy to verify that

(pxs —€)NE <

.

(@i —@i®) V0,

i=1

whence Te (@)« A8 < \{?:1 TE((pi)Wi) Vv 0. This gives T¢(p) € ng(s), and since € > 0 is arbitrary, ¢ € [Lg/‘i(s)]’“. as required.
The proof of M(t) C [Mglj\‘(s)ﬁ is dual to this, and is omitted.
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Sufficiency. Since the sets ¢~ Q; form a base for 7, take s € S with ¢ Q, 5Z Qs. We must show the existence of
®1,...,¢0p € B and rq,...,r, € R satisfying

n
Psgm(PieQr,- SfpeQr- (2.1)
i=1

Choose t € S with ¢ Q, ¢ Q; and P; ¢ Qs. By hypothesis L(t) € [Lg:(s)]*, and @(t) <r. Choose o € R with ¢(t) <o <.

Then Ty (@) € Lé';{(s), and so there exist ¢1,...,¢p, € B and § > 0 with Ty (@), A8 < \/’,7:1 Ty (@i) v 0. If we choose 6 € R
satisfying 0 < 0 < min{§, r — ¢} it is not difficult to verify (2.1) for these ¢; € B and ri = ¢;(s) +0 R, i=1,...,n.
This verifies that B generates the topology 7, and likewise it generates the cotopology k. O

Definition 2.5. Let (S, 8, T, k) be a ditopological texture space and B C BA(S) bigenerating.

(i) (B)* denotes the smallest T-lattice containing B which is also closed under the operations , and *. That is, the elements
of (B)* are obtained from B by a finite number of applications of the operations Vv, A, Tr, . and *.
(ii) (S, 8, 7, k) will be called B-real dicompact if every real bi-ideal in (B)* is difixed.

In particular a BA(S)-real dicompact space will be called real dicompact.

Example 2.6. Consider the space (R, R, Tg, kg) and put B = {tg, 0}, where (g is the identity function on R. Lemma 2.1(1) is
trivially satisfied by B, so it is a bigenerating subset of BA(R). We show that (R, R, tr, kr) is B-real dicompact.

We begin by noting that (R, R, Tg, kr) is plain and hence a *-space. Hence (B)* = (B), and we take a real bi-ideal (L, M)
in (B). For some o € R we have Ty (tr) € LN M. We show that (L, M) is difixed by «. However for ¢ =tgr € B and ¢ =0€ B
we have T, (¢) € L < ¢(a) <1 and T;(¢) € M & @(«) > r, while a simple induction argument on the form of the elements
of (B) shows the same to be true for all ¢ € (B), so we deduce (L, M) = (L(x), M()), as required. This establishes that
(R, R, TR, kR) is B-real dicompact.

Proposition 2.7. Let B, C C BA(S) be bigenerating and suppose that (B)* C (C)*. Then if (S, 8, T, k) is B-real dicompact it is C-real
dicompact.

Proof. Let (L, M) be a real bi-ideal in (C)*. Then (L N (B)*, M N (B)*) is a real bi-ideal in (B)*, and hence difixed by
some s € Sp. Hence (LN (B)*, M N (B)*) = (L(s) rj (BY*, M(s) N (B)*), while as swss, (P(s), M(s)) = ([L;';\f(s)ﬁ, [M;Lf(s)]ﬂ by
Proposition 2.4 and the definitions. Set L?‘CB)* = L;',f@ N (C)*. We wish to show that Lig* C L. Suppose on the contrary that
there exists ¢ € L?‘C“)* with ¢ ¢ L. Then L' = {y € (C)* | 3 € L with ¥ < u Vv ¢} is an ideal in (C)* properly containing L.
Suppose that (L', M) is not p,-regular. Then we have ¢ € L', # € M and r > 0 for which T;(y» v 0) > 6 A 0. Take u € L with
Y< UV, 91,...,0n € B and § > 0 satisfying ¢, A8 < \/?:] T3 (@i) V 0. Finally, choose " € R with 0 <’ < min{r, §}.
Bearing in mind that ¢, A § < \/’,7:1 T3 (®i) V 0 is equivalent to ¢ Ad < (\/?:1 Ts(pn(@i))* vV 0 by (14) and (1.3) as § is
constant, it is then straightforward to verify that

n *
OA0L Ty (u v (\/ Tg(q,i)(go,-)> v o).
i=1

However, (\/{_; Tz, (¢i)* € Lg}{(s) N (B)*, 50 i v (\/i_1 Ts(g (@)* € L and we have a contradiction to the fact that (L, M)
is pp-regular. Hence, (L', M) is pp-regular, and since it contains (L, M) properly this contradicts the fact that (L, M) is
maximal pp-regular. Hence L?‘CB)* C L and so
_rySls 7t + _
L(s)N(C)* = [L(Q*] cLt=L.

Likewise we may show that M(s) N (C)* € M and so (L, M) is difixed by s. Hence, (S, 8, T, k) is C-real dicompact. O
Corollary 2.8. A B-real dicompact space is real dicompact.
Proof. For a bigenerating set B we have (B)* C BA(S) = (BA(S))*, so the result follows from Proposition 2.7. O

In particular, it follows from Example 2.6 and the above corollary that the real ditopological texture space (R, R, Tg, kRr)
is real dicompact.

Proposition 2.9. If (S, 8, T, «) is B-real dicompact then it is a nearly plain x-space.
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Proof. By Corollary 2.8 we may assume that (S, 8, 7, k) is real dicompact. Take s € S. Then (L(s), M(s)) is a real bi-ideal in
BA(S) and hence difixed by some w € S;. Since L(s) = L(w) we have ¢(s) = ¢(w) for all ¢ € BA(S). Hence, since @, € BA(S)
and wwsw we have @, (s) = @, (W) = @(w) = ¢(s). Since s is arbitrary ¢, = ¢, and likewise ¢* = ¢, so (S, S, 7,k) is a *-
space.

To show that (S, 8) is nearly plain it will suffice to show that Q; = Q.. Suppose that Q,, ;(_ Q;. Then since (S, 8, T,k)
is bi-T, we have H € 7, K € k with H C K, Py, £ K and H € Qs by [8, Theorem 4.17]. By complete biregularity we have
@, ¥ € BA(S), r1,r2 € R with ¢~ Q;, € H, ¢ Qp ;(_ Qs and K S Y < Pp,, Pyy £ Pr,. Now @(s) <11, Y(W) > 12 so we
may choose § > 0 with @(s) +8 <r1, ¥(w) — 8 > rp, and it is then easy to verify that

(W —yw)+8) A< (9 — ()" Vo.

Hence, § = (Y (W) — ¢ (W) +3) < (@ —@(s))*(w) V0= (¢ —¢(s))(w) v0 =0 since ¢(w) = ¢(s), and we have a contradiction.
Hence Q. C Qg, and the opposite inclusion is proved likewise. O

Remark 2.10. If for a bigenerating set B we assume only that the real ideals in (B) are difixed the latter part of the above
proof may easily be modified to show that (S, 8) is nearly plain. However, to conclude that (S, 8, 7, «) is a *-space would
seem to require the stronger assumption used in the definition of B-real dicompactness, namely that every real bi-ideal in
(B)* is difixed.

Naturally, if it is known in advance that (S, 8, T,x) is a completely biregular bi-T, *-space then (B)* = (B) for all
bigenerating sets B, so the B-real dicompact spaces are characterized by the condition that all the real bi-ideals in (B) are
difixed. Moreover, since all bi-ideals are then *-bi-deals, it is equivalent to require all the real *-bi-ideals in (B) are difixed.

Proposition 2.11. Let B, C C BA(S) be bigenerating sets with (B) C (C) and suppose that (S, 8, T, k) is C-real dicompact. Then the
following are equivalent:

(1) The space (S, 8, t, k) is B-real dicompact.
(2) The bi-ideal (L(cy, Mc)) is finite for each real bi-ideal (L, M) in (B).
(3) The T-lattice (C) is a finite pp-refinement of (B).

Here, (Licy, M(cy) is defined as in (1.6).

Proof. (1) = (2). Let (L, M) be a real bi-ideal in (B). Then (L, M) is difixed by some s € Sp, so (L, M) = (L(s), M(s)) =
(L85, M315) and we obtain

(Liey, M) = (L") ¢ (M%) ). (2.2)

Since B is bigenerating we may apply Proposition 2.4 to give (L(s), M(s)) = ([Lé'lf(s)]’“, [M§BI;\3(S)]+) since swss. Hence, bearing
in mind that we are dealing with a x-space we have (L(s) N (C), M(s) N {C)) = ([(L§|B)<c>]+, [(M§|B)<C>]+). Comparing this
with (2.2) now gives

([Lo]". M]") = (L&) N (C). M) N (C)).

It follows that ([Lic)]*, [M(cy]™) is real in (C), and hence in particular finite. Hence (L(c), Myc)) is finite also.

(2) = (3). Let (L, M) be a real bi-ideal in (B), and (L', M’) any maximal pp-regular extension of (L, M) to (C). Since
(Licy, M(cy) < (L', M"), and (L(cy, M(c)) is finite by hypothesis, we have from Proposition 1.4 that (L', M’) is real. Since
(5,8, 7,k) is C-real dicompact, (L', M’) is difixed by some s € Sp, and so (L', M’) = (L(s) N (C), M(s) N (C)). In particular,
(L, M) = (L(s) N (B), M(s) N (B)), so (L, M) is difixed by s.

Now if (L, M) is also difixed by s’ then since the points s and s’ are plain, the argument used in the proof of [23,
Lemma 4.9] gives (L(s) N {B), M(s) N{(B)) = (L(s")N{B), M(s') N (B)) = swss’ and s'wss = s = s’. This means that (L(s) N {C),
M(s) N (C)) is the unique maximal p,-regular extension of (L, M) to (C), and hence (C) is a finite pp-refinement of (B).

(3) = (1). Let (L, M) be a real bi-ideal in (B) and (L', M’) its unique real extension to (C). By hypothesis (L', M) is
difixed, and clearly (L, M) is difixed by the same element of S,. Hence, (S, 8, T, «) is B-real dicompact. O

Corollary 2.12. Let (S, S, 7, k) be real dicompact and B C BA(S) bigenerating. Then (S, S, T, k) is B-real dicompact if and only if the
finite pp-completion of (B) is BA(S).

Lemma 2.13. Let (S, 8, T, k) be nearly plain, (Sp, 8p, Tp, kp) the associated plain space and ¢, : S — S, the bicontinuous surjection.
Then:

(1) For ¢ € BA(Sp) we have (¢ o ¢p)ls, = ¢.
(2) For ¢ € BA(S) we have ¢, < (¢[s,) o ¢p < @*.
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Proof. (1) is trivial since ¢, is the identity on Sy, so we prove (2). If the first inequality is false we have s € S with @.(s) >
(@ls,)(@p(s)). Let w =g@p(s) € Sp. Then @.(s) > ¢(w) so we have Ps ¢ Q, with ¢(v) > ¢(w). However P,,  Qy = Qs, so
Py ;(_ Q, and we have the contradiction ¢(v) < ¢(w) because ¢ is w-preserving. Hence the first inequality is established,
and the proof of the second inequality is dual and hence omitted. O

Proposition 2.14. Let (S, 8, T, k) be a completely biregular bi-T, space and B a subset of BA(S).

(1) Let B be bigenerating and (S, S, 7, k), B-real dicompact. Then (S, 8, T, k) is a nearly plain x-space. Denote by « the mapping
Y= @ls, from BA(S) to BA(Sp). Then « is a T -lattice isomorphism, o (B) is bigenerating in (Sp, Sp, Tp, kp) and (Sp, 8p, Tp, kp)
is a(B)-real dicompact.

(2) Let (S, 8, T, k) be a nearly plain x-space and define the isomorphism « as in (1). Let a(B) be bigenerating and (Sp, 8p, Tp, Kp),
o (B)-real dicompact. Then (S, 8, t, k) is B-real dicompact.

Proof. (1) Firstly, (S, 8, T, «) is a nearly plain *-space by Proposition 2.9. The mapping « : BA(S) — BA(S;) given by a(¢) =
@ls, is clearly a T-lattice homomorphism which is onto by Lemma 2.13(1). Since (S, 8, 7,«) is a *-space we have ¢ =

(¢ls,) op for each ¢ € BA(S) by Lemma 2.13(2), so « is injective and hence a T-lattice isomorphism. Moreover, the inverse

a1 is given by ¢ > @ o @p, ¢ € BA(Sp).

It is straightforward to show that «a(B) € BA(Sp) is bigenerating, either directly or by verifying o(L(s)) = Lp(s),

a(LE'K(S)) = L;'j.fég: ) and corresponding results for the dual ideals, for all s € S, and using Proposition 2.4. The space
(Sp,8p, Tp, kp), being plain, is a x-space so by Remark 2.10 we must show every real bi-ideal (L, M) in {(x(B)) is di-
fixed. However, (a~'L,«~'M) is a real bi-ideal in (B) and so difixed by some s € Sp, again by Remark 2.10, and it is easy
to verify that (L, M) is also difixed by s. Hence, (Sp, 8, Tp, kp) is a(B)-real dicompact.

(2) Under the given hlpl)thesis the properties of « stated above still hold. In this case for s € S we may verify o (L(s)) =

Ly (@p(s)), a(Lé'lg(s)) = L(gz((?;’;“”, etc., and the proof then follows similarly to that of (1). O

We now present an important characterization of B-real dicompact spaces. In view of Proposition 2.14 there will be no
loss of generality in considering a nearly plain s-space (S, §, T, «), and in restricting our attention to the plain space (Sp, 8;,
Tp, kp) and the T-lattice BA(S,). Throughout the discussion below, therefore, B will be a bigenerating subset of BA(S) and
we seek a necessary and sufﬁcient condition for (Sp, 8p, Tp, kp) to be B-real dicompact.

Denote by (R(B), R} TD§B) K]R ') the product of (B) copies of the ditopological texture space (R,®R, T, kr). Since a
product of plain textures is plain, this is a plain texture and hence its restriction to the subset H g, of R!B) is also a plain
ditopological texture space. We denote this space by (H gy, H(py, T(), K(8)), and define the mapping

&) Sp— Hp
by &igy(s) = §|(B) for all s € Sp. Note that in (H gy, H(py, T(p), K(B)) We have

Hpyn ﬂ (@, Preg)) Qh=H<B>”( U Ee. Qh@))), (2.3)

@e(B)

for h € Hepy by [6, Proposition 1.3] and the fact that the texture is plain, and the p-sets and g-sets in the subspace &py(Sp)
are given by the same formulae with H g replaced by &)(Sp). We have:

Lemma 2.15. For s1, s3 € S) the following are equivalent.

(1) s1wps.
(2) @(s1) < @(s2) Vo € (B).
(3) &y (s1) W, (5,)6(B) (52)-

Proof. (1) = (2) is immediate since the elements of (B) are w-preserving, and (2) < (3) follows from the formulae (2.3).
It remains to prove (2) = (1). Suppose @(s1) < @(s2) Vo € (B) but that Ps, € Qs,. Then Ps, ¢ Qs, gives Qs, € Qs,.
Since (Sp, 8y, Tp, kp) is bi-To we have H € 7, K € kp with Ps, CH C K and Py, SZ K, so since B is bigenerating we have
i, ¥j€B, €,5;>0 with

n m

ﬂ T‘P(Sz)(@) Qg CHCKC U (51)(1/”.)%1375]_.

i=1 j=1

However this implies s, € ij(sl)(lﬂ]) P_s; for some j, and hence we obtain the contradiction 0 < ¥(s2) — ¥j(s1) < —§;
since ¥j € BC (B). O
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Corollary 2.16. £ is a fTex isomorphism between (S, 8,) and the texture induced by (H gy, Hpy) on &g (Sp).

Proof. By Lemma 2.15, &) is a bijection between S, and the subset &) (S,) of Hpy since in a plain texture (T,7),
t1 =ty & Py, € P, and Py, C Py, & tiwrty and trwrty. Moreover, the same lemma shows that both &gy and its inverse are
w-preserving. For plain textures this is sufficient to ensure that &gy is a fTex isomorphism [6]. O

The following proposition considerably strengthens the above result.
Proposition 2.17.

(1) &y is an fDitop isomorphism between (S, Sp, Tp, kp) and its image in (H gy, Hpy, T(p), K(B)). Moreover, &) (Sp) is a jointly
dense subset of H p).

(2) Hypy is jointly closed in (R‘B), R{B), rﬂgﬂ, K]f{ Y

Proof. (1) The bicontinuity of &) follows from the evident equality

£ (&) (Sp) NE(@, A)) =9~ A, VAeRand Vg € (B),
and the fact that {£)(Sp) N E(¢,G) | ¢ € (B), G € tg} is a subbase for the topology and {£:5y(Sp) N E(p,K) | ¢ € (B),
K € kr} a subbase for the cotopology on &) (Sp). Likewise, the bicontinuity of the inverse mapping 5@} follows from
(E5) T A=Ep (S NE@, A), YAeR and Vg ¢ (B)

and Lemma 2.1(1).
Finally, we must show that if £y (Sp) S W € Hi( then W = H . Suppose on the contrary that there exists such a
set W with W # H gy, and take h € H(g, with h ¢ W Then we have G € n*(h), K € u*(h) satisfying GNW C K, and hence

GNé&p(Sp) SK. (2.4)
By the deﬁnition of the product ditopology we have ¢; € (B), rje R, i=1,...,n with P, CH;y N ﬂl 1E(@i,Qr) €G
and ¥j e (B), kjeR, j=1,...,m with K € Hg N (UT=1 E(yj, Pr;)) S Q. ThlS gives h(g;) < i, h(wj) > k; and so we

may choose € > 0 with h((p,) + 2€ <3, h(l[/j) —2e >kj for all i and j. Let r,f =h(g;) + €, k} = h(y;) — € and consider
the real bi-ideal (L", M"), where L" = {¢ € (B) | h(p) < 0}, M" = {y € (B) | h(y) > 0} since h € Hp). We may apply [23,
Proposition 3.5(2)] to deduce that Z4(L", M™) is a regular difilter since we are working in the plain texture (Sp, 8p, Tp, kp).
However, we clearly have ¢; —r{ e L", i=1,...,n and y;; —K; e M", j=1,....m, so

m( PG 7¢— U Q —€

i=1
and taking s € (_; (¢ — 1/ NP, s¢ U - k’) Q_c leads easily to &gy (s) € G, &y(s) ¢ K, which contradicts (2.4).
(B) -(B)

(2) By the discussion in [23], a subbase for the joint topology on the plain space (R(&" R JTR KR >) is

{E(@, Q) |@ € (B), reR}U{RBI\ E(y, Py) | ¥ € (B), keR}. (2.5)

Take g in the closure of Hp) for this topology. We must show that g € H g,

If g(0) <0 then E(0, Qo) is a nhd. of g for the joint topology, so we may find h € E(0, Qo) N H(py. However, h(0) =0
for h € Hpy, which gives the contradiction h ¢ E(0, Qo). Likewise, g(0) > 0 leads to a contradiction and we have established
g(0)=0.

Let us verify that
glevy)=glp)v g
for all ¢, ¢ € (B). Suppose that g(¢ vV ¢) > g(¢) v g(¥) and let € > 0 satisfy g(p vV ¢) — € = g(p) vV g(¥) + €. Now
E(¢. Qggrre) NE(V, Qeiprre) N (RPN E(@V ¥, Paouy—e))
is a nhd. of g in the joint topology on R‘®), and so meets H g, in some element h. Hence h(p) < g(¢) +€, h(¥) < g(¥) +€
and h(p V¢) > g(p V) —€, so
glpvy)—e<hlpVvy)=h(p)vhy) <glp)VvegW)+e,

which is a contradiction. Likewise, g(¢ V ¥) < g(¢) V g(¥) leads to a contradiction, and we have shown that g(¢p v ) =
g(@) Vv g(). The equalities g(@ A ) = g(p) A g(¥) and g(¢ —r) = g(¢) —r, r € R may be proved likewise, and the details
are left to the interested reader. We deduce that g € Hg), so H g, is closed in R} for the joint topology, as required. O
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Corollary 2.18.

(1) For a real dicompact ditopological texture space (S, 8, T, k), (Sp, Sp, Tp, kp) can be embedded as a jointly closed subspace of a
product of copies of the space (R, R, Tr, kr).
(2) The joint topology on S of a real dicompact ditopological texture space (S, 8, T, k) is real compact.

Proof. (1) If (S, 8, 7, k) is real dicompact then by Proposition 2.14(1), (Sp, 8y, Tp, kp) is also. Hence, by Proposition 2.17(2)
it will be sufficient to show that whenever (Sp, 8p, 7p, k) is B-real dicompact we have &) (Sp) = H(py. For h € Hp) the bi-
ideal (L", M) is real in (B), and we have the equalities L" = {¢ € (B) | h(¢) < 0}, M" = {¢ € (B) | h(¢) > 0}. By hypothesis
(LM, M) is difixed by some s € Sp, whence (L", MMy = (L(s) N (B), M(s) N (B)) and we easily deduce that h = S|y € &By(Sp)-

(2) By (2.5) it is easy to see that the joint topology of (R(E} R(B), rﬂém, K]g;)) coincides with the product topology of the
spaces R with their standard topology. It follows that the joint topological space of (S, 8, T,«) on S, may be embedded as
a closed subspace of a product of copies of the space R under its usual topology, and hence is real compact by [15]. O

We now consider the converse of Corollary 2.18(1).

Theorem 2.19. A completely biregular bi-T; nearly plain x-space (S, 8, T, k) is real dicompact if and only if the space (Sp, Sp, Tp, Kp)
can be embedded as a jointly closed subspace of a product of the spaces (R, R, Tr, kR).

Proof. Necessity is just Corollary 2.18(1), so we prove sufficiency. To simplify the notation we assume without loss of
generality that (Sp,8p, Tp,kp) is a jointly closed subspace of some product (RS, RJ, rﬂé,xﬂé) of copies of (R, R, g, kR).
Denoting the projection mappings by 7; it is clear that B = {mj|s, | j € J} U{0} is a bigenerating subset of BA(Sp) and so
by Proposition 2.14(2) and Corollary 2.8 it will be sufficient to show that (S, 8, Tp, kp) is B-real dicompact.

Let (L, M) be a real bi-ideal in (B), and let h € Hg) be the (B)-resolution of (L, M). For j € J let s; = h(mj|s,) and
consider s =(s;) € RJ. We first show that s € Sp. Suppose this is not so. Then, since S, is jointly closed in R we have a
joint nhd

() EGa Q) 0 () (R®)\ Eig, Piy)) (2.6)
a=1 B=1

of s which does not meet Sp. Now s;, <rq, Sj, > kg so we may choose € > 0 for which sj, +€ <o, sj;, —€ > kg for
all 1 <o <m and 1< g <n. By definition L = L" = {¢ € (B) | h(p) <O}, and h(wj,Is, — Sj,) = h(7Tj,|s,) — Sj, =0, so
VAmjls, = Sj, | 1 <a <m}vO0el. Likewise, A\{mj,ls, —sj, | 1< B <n}A0ecM. On the other hand, since (L, M) is
pp-regular we have TG(\/{nja|gp —Sj, 11<a<m}v0)¢M, so

Nimigls, = sj, 11 <ﬂ<n}A0¢Te(\/{7Ua|sp = Sia !1<0‘<m}\’°)'

We now have t € S, for which (7, (¢) —sj,) A0 > (75, —sj,) V0 —¢€ for all & and B. However, this implies that ¢ is in the
nhd. (2.6) and this contradiction shows that s € Sp.

For ¢ € B it is immediate that ¢(s) = h(¢), and a simple induction argument of the form of the elements in (B) shows
that ¢(s) = h(gp) for all ¢ € (B). Hence

(L(s) N (B), M(s) N (B)) = (L", M") = (L, M),
and so (L, M) is difixed by s € S, as required. O

An important special choice for B is BA*(S), the set of bounded elements of BA(S). It is easy to verify that this is a
bigenerating sub-T-lattice of BA(S). In parallel with the topological and bitopological cases we refer to a space (S, S8, T, k)
with BA*(S) = BA(S) as pseudo dicompact.

Proposition 2.20. The following are equivalent for (S, S, T, k).

(i) Pseudo dicompact and real dicompact.

(ii) BA*(S)-real dicompact.
(iii) B-real dicompact for all bigenerating B < BA*(S).
(iv) Dicompact.

Proof. (i) = (ii). Immediate from the definitions.
(ii) = (iii). This follows from Proposition 2.11 since in BA*(S) all p,-regular bi-ideals are finite.
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(iii) = (iv). Let B € BA*(S) be a bigenerating sub-T-lattice of BA*(S). By the proof of Corollary 2.18(1) we may em-
bed (Sp,8p.7p,kp) as a jointly closed subspace of (RE,RB, 8 «f). Moreover, each ¢ € B is bounded and if we take
a, <@ < by it is not difficult to see that we may replace the (pth factor in this product with ({lay by Jay.by» Tay.by» Kay.by,)
(see [8, Notes 5.4(4)]). These are dicompact plain spaces and hence their product is a dicompact plain space. By [23,
Proposition 4.6(2)] the joint topology of this space is compact, and hence the jointly closed subspace corresponding to
(Sp,8p, Tp, kp) is also compact. This proves that the joint topology of (S, 8, Tp, kp) is compact. Hence (Sp, Sp, Tp, kp) is
dicompact by [23, Proposition 4.6(2)], and so (S, 8, T, k) is dicompact since these spaces are isomorphic in dfDitop.

(iv) = (i) This is just (1) = (2) in [23, Theorem 4.2]. O

Corollary 2.21. A completely biregular bi-T, nearly plain x-space (S, 8, T, «) is dicompact if and only if (Sp, Sp, Tp, kp) may be
embedded as a jointly closed subspace of a product of spaces of the form (Iy,p, Ja,p, Ta.b» Ka,b)-

3. Categorical results

We begin by recalling the construct ifNpDitop of nearly plain ditopological spaces and w-preserving mappings, the
adjoint functor J : ifNpDitop — Top given by

¢ls
3((5’ S, Ts, ks) i) (T, 7, TTJCT)) = (Sp, Jrsis) —3 (Tp, Jrrir)

and its co-adjoint

(X, D) 5 (Y, V) = (X, P(X), T, T) 5 (Y, P(Y),V, V)

from Top to ifNpDitop [23, Theorem 4.4, Corollary 4.5]. By Corollary 2.18(2) we see that J may be restricted to a func-
tor J:ifRdiComp, — RComp, where ifRdiComp, denotes the construct of real dicompact bi-T, spaces and RComp the
construct of (Hausdorff) real compact topological spaces.

We wish to show that if (X,T) is real compact then T(X,T) is real dicompact. Clearly BA(X) = C(X), and denoting
this set by B the characterization theorem for real compact spaces [15, 11.12] says that X may be embedded as a closed
subspace of RE under the mapping &g : X — RE, where the spaces R have their usual topology. We have already noted
that the product topology on R® coincides with the joint topology of the ditopological texture space (R, RE, ¢ «£), so to
establish the real dicompactness of (X, P(X), T, T) by Theorem 2.19 it will suffice to show that for Y € P(X) there exists
a set Yq € RE satisfying Y1 N&p(X) = £g(Y). However

Y= U ( ﬂ E(p, Pq)(y)))

yeY “¢peB

is easily seen to have the required properties and we have established:

Theorem 3.1. The functor J : ifRdiComp, — RComp is an adjoint and ¥ : RComp — ifRdiComp, its co-adjoint. In particular,
% embeds RComp as a coreflective subcategory of ifRdiComp,.

Next we extend [23, Theorem 4.8] to the real dicompact case. The names used for the categories are an obvious modifi-
cation of the ones used for the dicompact case. The proof follows the same lines as the proof of [23, Theorem 4.8], and is
omitted.

Theorem 3.2. The functor B : ifRdiComp, /~, — Tlatpr is faithful and creates isomorphisms.
This leads at once to analogues of the Hewitt [somorphism Theorem [15].

Corollary 3.3 (Hewitt Isomorphism Theorem). Let (S, Sk, Tk, ki), k = 1, 2, be real dicompact bi-T spaces. Then these spaces are
isomorphic in dfRdiComp, (resp., in ifRdiComp, /~) if and only if the T -lattices BDF(Sy) (resp., BA(Sy)), k =1, 2, are isomorphic.

As mentioned in the introduction, the theory of T-lattices and bi-ideals was first conceived in a bitopological context.
We conclude this paper by looking in greater detail at the relationship between the ditopological and bitopological cases
insofar as real compactness is concerned.

We begin by defining a functor 4 from ifNpDitop to Bitop by

I
(S, 8. 5.65) 5 (T, T, 71, k7) = ((Sps (15)ps (5)5) =5 (T, (21D, (k7)5))-

It is trivial to verify that this is indeed a functor and we omit the details. Clearly, it generalizes the functor with the same
name from fPDitop to Bitop given in [7]. To define a suitable functor in the opposite direction we restrict ourselves to
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weakly pairwise Tq bitopological spaces (X, u, v), and consider the smallest subset X, of P(X) which contains u U v® and
is closed under arbitrary intersections and unions. Clearly the elements of J,, have the form

A=(Aj. where Aj=U;U| J{(v]) |v]ev}). Ujeu, jey. 3.1)
jeJ ielj
To show that X, is a (plain) texturing of X it remains only to verify that it separates points. For x1, x; € X with x1 # x, we
have x1 ¢ X" Nx;" or xy ¢ x1" Nx7Y by the weak pairwise Ty axiom, whence xi, x, are separated by a set in u U v® C K,
as required. We consider the plain ditopological texture space (X, Xyy, u, v¢) and define & by

£(X, ux, vx) 2 v, uy, vy)) = ((X, Kuyvy, ux, v§) LN (Y, Kuyvy. uy, vy)).

Now yvheq (X,ux, vx) N (Y,uy, vy) is pairwise continuous, (X,ﬂCuXv{(,ux, v$) N (Y,J{uy.vy,u;/, vy) is w-preserving
and bicontinuous. Indeed, take xjwxx,. Now from (3.1) we clearly have, since (X, Xy,vy) is plain,

X1wxXy & X1 € Py,
& (elUcuxy=xieUrnxieVevyx=xeV). (3.2)

Hence, p(x) e U cuy = xp € @~ ' [U]leuy = x1 € o [U] = @(x1) € U, and likewise ¢(x1) € V € vy = @(x3) € V, whence
@(x1)wy @(x2). This shows ¢ is w-preserving, and bicontinuity is an immediate consequence of the pairwise continuity of
(X,ux, vx) N (Y,uy, vy) and the fact that for A € Xy,y, we have 9 ~A = @~ 1[A] since the textures are plain. Hence &
is a functor.

We consider the preservation of certain properties under the functors 4 and &.

Lemma 3.4. With the notation as above:

(1) If (X, u, v) is weakly pairwise T, then R(X, u, v) is bi-T,.

(2) If (S, 8, T, k) is bi-T, then (S, S, T, k) is weakly pairwise T».

(3) If (S, 8, T, k) is completely biregular then (S, S, T, k) is pairwise completely regular.
(4) If (X, u, v) is pairwise completely regular then R(X, u, v) is completely biregular.

Proof. (1) Take x1,x2 € X with Qy, g Qx, in (X, Kyy). Now Py, ;(_ Py,, that is x1 ¢ Py, and from (3.2) we deduce that
X1 ¢ X" or xp ¢ X1". Since (X, u, v) is weakly pairwise T, it is pairwise R1 and hence in both cases we have U eu, V € v
withx; €U, x2 €V and UNV =@. Now U Z Qy,, UCK=X\V €v® and Py, ¢ K so &(X,u, v) is bi-T.

(2) Left to the interested reader.

(3) First we note that U(R, R, tr, kr) = (R, s,t) and that the elements of BA(S) are precisely the ifNpDitop morphisms
from (S, 8, 7,k) to (R, R, TR, kR).

(S.8.7.k) ——(Sp. Tp. kp)

(R, R, TR, kp) ——=—> (R, 5, )
It will clearly suffice to show that B = {¢ls, | ¢ € BA(S)} is a bigenerating subset of P(Sp). Certainly B C P(Sp) since i
is a functor. Let F € S be tp-closed and take u € Sp with u ¢ F. Then ue€ H= S, \ F € T, so we have Hy € T with
H=HiNSy, and clearly H1 ¢ Q, in (S, 8, T,k). Since (S, 8, 7,«) is completely biregular, by Proposition 1.1(1) we have
@ € BA(S) satisfying —-1< ¢ <1, P, S P_q and ¢~ Q1 € H1. Now ¢ls, € B, ¢[s,(u) = —1 and ¢ls,[F] C {1}, so the
functions in B generate the topology 7, on Sp. Likewise they generate the topology K;, so B is bigenerating and in particular
(Sp, Tp, KIC,) is pairwise completely regular.
(4) On noting that AR, s, t) = (R, R, T, kr) we obtain the diagram below.

(X, 1, v) —E = (X, Ky, u, vO)

‘P\L \L‘P
R,s,t) — = (R, R, r, kR)

Clearly £ is full, so P(X) = BA(X). The remainder of the proof is straightforward, and is omitted. O

The above lemma shows that with respect to these functors our basic assumption that (S, 8, 7, k) € ObifNpDitop is a
completely biregular bi-T, space is fully consistent with the assumption in [2, Chapter 3] that (X, u, v) is pairwise com-
pletely regular and weakly pairwise Hausdorff. Moreover, the additional requirement that (S, S, 7, k) should be a *x-space
will not cause a problem as the image of (X, u, v) under R is plain and hence also a *-space.
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For the purposes of this paper we denote the construct of pairwise completely regular weakly pairwise Hausdorff bitopo-
logical spaces and pairwise continuous functions by pCReg,,,, and the category of completely biregular bi-T, nearly plain
(*-) spaces and w-preserving bicontinuous functions by ifNpCbiR, (respectively, ifNpCbiR3).

Theorem 3.5. {1 : ifNpCbiR; — pCReg,,, is an adjoint functor and & : pCReg,,, — ifNpCbiR; a co-adjoint of L.

Proof. Take (X, u,v) € ObpCReg,,. We show that (tx, (X, Kyy,u, v%)) is a YU-universal arrow with domain (X, u,v). It
is clearly a -structured arrow, so take (S, 8, 7,«) € ObifNpCbiR; and ¢ € pCReg,, (X, u, v), (Sp, Tp, (kp)°)). We verify
first that ¢ : (X, Kyy, u, v¥) — (S, 8, T, k) is an ifNpTex morphism, whence it is the unique such morphism for which the
following diagram in commutative.

(X, u, v) —X = (X, Ky, 1, vE) = (X, 1, V)
7 W)
Ll(S,S,r,K):(Sp,tp,Kf,)

Suppose on the contrary that ¢ is not w-preserving. Then we have x1,x; € X with x;wxx, and Py(xp) € Qpxy)- Since
@(x2) € Sp we have Py x,) ¢ Qy(xy), Whence Qyx) Q Qg(x,)- Since (S, 8, 7,k) is bi-Tp we have H € 7, K € k with H C K,
Pyxp) ¢ K and H¢ Qpxy)- Now U = e 1HN Spl € u by pairwise continuity, and x, € U so by (3.2) we have x; € U and
hence the contradiction ¢(x1) € H € K.

On the other hand, for A € § we have ¢~ 1[AN Spl =@ A since (X,Xyy) is plain and ¢ maps into S,. Hence ¢ €
ifNpChiR; (X, Kyv, u, v), (S, 8, T, «)), and since (X, Kyy, u, v¢) = K(X, u, v) the proof is complete by [1, Remark 19.2]. O

We next note that by the proof of Lemma 3.4(3) the set {¢[s, | ¢ € BA(S)} is a bigenerating subset of P(Sp). However
this set is just BA(Sp), and so is a T-lattice, while a bi-ideal in BA(Sp) is difixed if and only if it is fixed by the same point
of S, in the sense of [2]. Hence, by Proposition 2.14 we see that if (S, 8, T, «) is real dicompact every real bi-ideal in BA(Sp)
is difixed, whence (Sp, Tp, Kg) is BA(Sp)-bireal compact, and hence bireal compact in the sense of [2] (equivalently, in view
of the characterization theorem [2, Theorem 3.3.2], real compact in the sense of Briimmer and Salbany [10]).

A similar argument for the functor & shows that if (X, u, v) is bireal compact, &(X, u, v) is real dicompact. Hence, using
an obvious notation:

Corollary 3.6. 4 : ifRdiComp, — biRComp is an adjoint functor and & : biRComp — ifRdiComp, the co-adjoint of Ll.
Making a restriction to plain textures we have the following stronger results.
Theorem 3.7. 4( : fPCbiR, — pCReg,,, is an isomorphism with inverse f.

Proof. We wish first to show that if (S, S, 7,k) is plain and ¢ : S — R is pairwise continuous then ¢ : (S, S, 7,k) —
(R, R, TR, kR) is w-preserving.

Take u,u’ € S with uwsu’ and suppose that Py € Qpu)- Then ¢(u') < ¢(u) and we take k € R with ¢(u’) <k < @(u).
Setting V = {r e R |r >k} € k§ gives ¢ 1[V] € k¢, whence ¢~ 1[V] ek € 8. But P,y S~ '[VC], s0 ¢ 1[V’]Z Qu and we
obtain the contradiction ¢(u) < k. This establishes that ¢ is w-preserving and hence a fPDitop morphism.

Now take (S, 8, 7, k) € ObfPCbiR;. Then (S, 8, 7,k) = (S, T,k°€), and so (Ko U)(S, 8, T,k) = (S, Krke, T, k). We must
prove that 8§ = K,c. By the proof of Lemma 3.4 and the above result we have BA(S, §) = P(S) = BA(S, K;c), where these
sets are taken for (S, 8, 7,«), (S, 7,4 and (S, K;.c, T, k), respectively, and we denote this T-lattice by B for short.

By Corollary 2.16, &g is an fTex isomorphism between both (S, 8) and (S, K;.c) and the texture induced on &g[S] by
(Hp, Hp). It is clear that Xy, € §, so take Ag € 8. By [6, Proposition 3.15], the mapping A — &g[A] from Kyic to Fp|gy sy
is onto, and £g[Ag] € Hplgy(s), so there exists A1 € Kyc with £p[A1] = &g[Ao]. However, Ag, A1 € § and be the same
proposition the mapping A +— £g[A] from § to J{p|g,[s7 is one to one, so Ag = A1 € K¢ie, as required.

This gives £ o U = idgpchir,, and U o & = idpcreg,, is trivial so the proof is complete. O

Corollary 3.8. For (S, 8, T, k) € ObfPCbiR, we have § = K.
Corollary 3.9. 4 : fPRdiComp, — biRComp is an isomorphism with inverse K.

We now turn to the question of characterizing those plain real dicompact spaces whose image under 4 is a trivial
bitopology, that is a bitopology of the form (X, u, u).

Lemma 3.10. For (S, 8, T, k) € ObfPRdiComp,, $4(S, 8, T, k) is trivial if and only if (S, 8, T, k) = (S, P(S), T, T°).
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Proof. If (S, 8, 7,x) = (S, 7,k°) is a trivial bitopology we have T =« by definition, so k = t¢. By Corollary 3.8 we have
8 = Ky =K¢r, and by (3.1) we deduce that § has the property A € § = A¢ € 8. However it is now clear that for s € S we
must have Ps = {s}, so since (S, §) is plain we obtain § =P(S). O

Corollary 3.11. The functor  induces an isomorphism from the full subcategory of fPRdiComp, whose objects are complemented
ditopologies on a discrete texture to the full subcategory of biRComp whose objects have trivial bitopologies. Likewise, £ induces the
inverse of this isomorphism.

It will be noted that the full subcategory of fPRdiComp, mentioned in the above Corollary is the same as the coreflective
subcategory of ifRdiComp, found in Theorem 3.1 by considering the joint topology.

We mention finally that if instead of restricting to plain textures we work with categories in which the morphisms
are difunctions we can raise Theorem 3.5 and Corollary 3.6 to an equivalence. More specifically, defining R4 : pCRegy,; —
dfNpCbiR; by

(fo:Fgp)
Rap (X, ux, vi) = (Y ty, vy)) = (X, Kugwy i, V) —— (

we have, using an obvious notation:

c
Y, Kuyvy, Uy, Vy)

Theorem 3.12. R4y : pCReg,,, — dfNpCbiR3 is an equivalence.
Proof. Clearly R4 may be written as the composition of the functors

¢
pCReg,,; > fPChiR; —> dfPCiRz <> dfNpChiR,.

Here 8 is an isomorphism by Theorem 3.5, ® is a restriction of the isomorphism between fPDitop and dfPDitop given in
[7, Theorem 2.7] and € is a restriction of the embedding of dfPDitop in dfNpDitop which was shown to be an equivalence
in [23, Theorem 4.3]. Hence R4y is an equivalence. O

Corollary 3.13. R4y : biRComp — dfRdiComp, is an equivalence.
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